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TES'l PAJM:KS and soli rinxs ON IlLLi'I’LlC AL 
KNOlNKKIMNt; *’ 

'Dp* p1m»vc ImkjK, aitliou^ii i.ssihmI srpariil (‘I_\ for tfu* aoii- 
\ pjnoric*' <A' tlio r( a<l<-r\ is an part uikI an *‘xt4*nsion ivf 

“ I'nntiplf's of Llocf rnal lai^itiunring H (Minfains llio full 
solutions to tip* iMtrf 'lost DiP‘sfi4>ns iiiiiiaiis] at tip* ond of tho 
pi(*s«*n( volinip*, and <*onst it lit t‘M a \alual>l<* ^iiidi* to tip* aotiial 
vvorkino out <d ininpM'KU I and ot hi‘r ox.mipk's. witlioiit wliali a 
!•< d t-'ia-'p *>f tip* pnnpi]>lus of’ rlurt n«*al un^^iip't'rinj/ cannot |p' 
olif aiipd 

'Tip- c\,inip!cs arc all <*hos<*n aial arran|jr«*d with ii v'i«*v\ to 
cl- kphasr/iiiL'^ the tlifh'nait aspi-cts of Up* )>rincipl4*s d<‘a!l with 
in tip* indi\idiial chapters of the pres«*nt \ olnnp* and to make 
c|*ai an\ yioints which inif/ht o^h^*rv^is^• Ip* ohsjun*. \\'hrr<*v or 
pos^ ihlc, 1 1‘<‘ (jiK'.sf ions and answi'rs havi* hern taken from actual 
p» at t p-< . 

Pnhiiuation of “ d’esf l*api‘rs and Solutions ’ as a si'parate 
\ olnnp* .diows tip* reader to ha\e lp*fore him tip* answer to the 
pr< •hlem Ip IS .«,( ud \ iim an< 1, at t he sanu* t inie, to Ip* a hie to r(*fer 
I > \atious se( t ions of the text whi<h ma\ have a lp*annLr on it. 
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PREFACE 


T HK aim of l><H)k is 1o proscait as com j)n‘h(Misi\ (‘ly ami in as 
limit(‘(l a space as may 1 h' |)ossil)le. an account ol tlu‘ basic prin- 
ci|)lcs of tlic scicnc(‘ ol‘ chH'ti'ical (MiiiiiaaMine-, a leading ‘idea 
t InouLdiotil iIh‘ book Ix'inir 1^> plact^ (MUj^iiasis on tlic id(M\tity of th(‘ 
I>rincipk‘s rc'latine to ))oth licavx current and li^ht -current (‘n^iiuxa-inii; 
practice*, 'flu* scope of modcMMi <‘l(H-trieal (Miiiiiaxaing is imnuaise* and 
it is oFil\' \\b(*n a ek'ar undea-standiim of t ht‘ fundanumtal })rinci j)l(‘s Ins 
be(*n obtained tliat sound pro^r(*ss ean lu* liopeal for in tlie study oi any 
nranci) of the sul>j(H*t. 

('haj)t«‘i- I inc!ud(‘s a luied’ histoiieal snr\(‘\ of the* developnuMit of 
vtamlards foi' unit s of measuremu'nt fi*om ilHnairliest da\softlu‘ industry, 
and it is hoped that siudeMits and otlau's will liuii this us(‘lul as t‘vid(‘nee 
ot the* \ ast amount ot work which has Ixa'ii done* in (‘lectrieal (Mi^inex'rine; 
to make })r('eision m<‘asur(‘m(‘nts possible*. It is ol sonu' importaiua* to 
note that in the* “(i(‘n<‘ral ( 'onlereaua* on W’ei^dits and M(*asures *' 

lesoKed that from danuai\ I. llUn, the* t(‘ehnieal mi!ts weae to lx* basexl 
on the absolute* ('.(bS. e‘i(‘e‘t rie*al units, and this re‘se)lut ie)n vvoulel nor- 
mall\’ ha\(‘ e-ome* into loie-e* ihiou^heait the* (‘i\ iliy.e‘d woild e)n that date': 
the* iimiie'diate* praeMie-al eonse‘ejue‘nee‘s e)f this ehanj/e* o\ (‘r are* indi(*at(‘d 
on ))a<ie‘ lo. No ace'ount of units would Ik* e*e)m j)le‘te‘ without ineludine* 
tlie* M.K.S. s\st(‘m. the* te'ehniead sijinitieanea' of wliie*h has beee)jne‘ e)f 
lapidly iiK*re‘aNin(^r irn j)t)i‘tanee* in |•(*ee‘nt ye'ais. 

t'hapters II and I include* an ae*e*e»unt e)! re'ce'iit d(‘v (‘lopme'iit s in 
iiir>edat ion te*e‘hni(jue‘. and ( 'haplea* \ ^i\ e*s a t re-at me*nt ol ii(‘t works w Inch 
it Is ho})(*d will be* Inimd Useful for t he* Melut ieai of a wide ranee e)l’ te‘(*linie*al 
j)roble*nis. 

in (1iapte*r \ II a ne*e*essaril\ biie-l ae*eount is ei\(ai e)j’ some* e^i’ the' 
meae* important ie*e*entl\ de\<-lop(*d majiiie'tie* mate*rials lor* both lii^di- 
}ie‘(jU(*nc\ anel low i‘r<‘<|Ue*n<*\ purpeese,-.. as we*ll as Ibr the* manufacture' 
o|’ jx'rmanent maunets. 

In diaptc'is I\ aiifl N the* u.se* ol (•ompl(*\ (piantitie*s is e*\|ilain(*d as 
we*ll as t h(*ir ajepiicat ions to a w iih* raiip* of j)re)ble*ms. and for t his purpe>se' 
it lias be*e*n thought ael\ isable* to make* u.se* of (ie*rman se*r-ipt le*tte*rs te> 
ele'iiote* sueli e-eanplex ejuant it ie*s. The* e‘.\tre‘me* simplilieat ie>n te> which 
many otlie*rwise* complie‘ate*d j)roble‘ms e*an be* r(*duee*el b\ this methe)e) of 
ti‘(*at m(*nt . sheailel make it nieire* wide‘l\ u.se'el than appe‘ars to be* tlie* e*as<‘ 
at ja‘e*scn1. 

Hridee* m(*the>dse)l me*asure*me*nt in beith he*a\’\ and li^dit e*urre‘nt vveirk 
ha\ e* ne)w b(*e'ome* eil oprat te'e-hnie-al sienificanee*. anel s(*\ e ral re‘pre*se‘nt at i vt* 
tyj)e*s of such bridees have* been sede*e*te‘el tor ele*script ion. 

t tse'illateay syste*ms ha\e* m‘e*e*ssarily re*e'e*i\ e*el tre*atme‘nt in e*e>nside*r- 
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al)](‘ in (liaptcrs JX and X in view of the* mullilude of the varietit 

of rival (‘u^n'iKM'rinf^ inaeliiiH's and a|)|)araliis vv ith vvliivfi sueli |)rol)len] 

aF'v now assovialed. 

In (’ha|)ler XII a ninnh(‘r of j^rapliieal inelliods for llu' solutions o' 
Ivvhnieai ])rol)l(‘»n^ ai‘(‘ (‘\j)lain(‘d, and thcM* methods will oft(‘n })(‘ foim ' 
to |)rovid(‘ a siin})le, avenratc*, and |)ow(‘rfnl nusans for solving ])rol)leni 
for wliich mathematical trc'atnuait would h(‘ im|)iactieabl(\ 'J'he tV(‘(‘ an 
confident iis(‘ of siich nudhods. w Iumi aj)|)roj>riat(‘, Avill fr(‘(jU(‘nt ly lead 
not onl\ to a simj)](' and (‘\act solution, hnt will also pro\ id(‘ a \alual)l 
iiiM^ht into th(‘ j)h\sical si<fnilicanc(‘ of tlu^ intcnmualiate stao(‘s hy vvhi(*''i 
the solution has Ix^cai r(‘ached. 

('ha|)t(‘r Xl\’ eojitains a detaihnl treatimml of skin eff(‘ct ", and th< 
attract i\e ])rosj)(‘cts of a])|)l\ inu this phenonaaion to a \ari(*ty of indu^ 
trial [>urpoM*s as are now in prosp(‘ct will ^i\(‘ i‘apidl\' incr(‘asin^ imj)oi*t 
anc<‘ to a stnd\ of t h(‘ suhsta»ict‘ ol’ this chaj)t(‘)’. 

Th(‘ prineipk's of th(‘ lon <2 distance hi^li t(‘nsion t lansmission of (‘1(*( 
ti'ic <‘n(‘rg\ ar(‘ consid(‘r(‘d in ('hapt(‘r X\' and should |)i‘ovid(‘ a sut‘fici(‘et 
foundation for those' who wish to pursue' in t'le'ate'i* ele'tail in\ e'stiuat leai' 
in this hranedi e)l‘ e'lead iie*al e*n,cine'e'rin^. 

The' basie* faeds and fnnelame'ntal niat hemat ie'al e'(juatie)ns re'latin^ to 
tlu' pre>})a^atie)n e)f eleedreFUia^/nedie* waxe's thre)uch s|)ae(‘ are' ^i\en i?i 
Chapter X\’l, anel a kne)W l(*ei^e‘ e)f the'se is esse'iitial tor any se‘i*ie)Us 
seie'iititic eliseussie)n eif raelie) t ransmissie)n and i‘e‘ce'}die)n. 

It is re'aliseel that onl\ b\ the' ae*tual we>i“kinj 4 e>ut e)f Jiume'iie'al and 
e)the‘i‘ e'xample's e*an a re'al iirasp e)f the subje'ed be e>btaine'd, and foi‘ this 
purpeise' spe'edal atte*ntie)n has bea'n uixe'ii le) the* jue'parat iein eif a se't eit 
e'xample's asvsoe-iate'el with tht' e'onte'iits e>l* e'ae'h e*hapte‘r. The* full seilntiem 
feir i aeh e'xaniple' is for the' re‘a<le‘r’s e'oiu e'uie'uce', in a se‘pa.rate‘ 

\e)lume‘. I n 1 he* e-as<‘ of a fe'W eef t hesc e‘\a m ple‘.s t he e)j)poid unity has be'e'n 
take'll tei ine*iude' witli the* sedution aelditioied infornKition tei su|)pl(‘memt 
the' be>ok we>rk. 

It is (h'sii'ed to make* ae*know le'il^me'iit lie'ie* e)l‘ the courte'sx eif the' 
Kelite)!- i)\' Fjn[fhni rhuf in pe'ijnittin^ the' ine*lusie)n of mate'iial take'ii iron* 
a Tiumbe'r eif artie*les b\ the' autheir anei whie-h haxe' b(*e.*n publisheel 
re‘e*e‘ntl^ in that jeannal • re-fere'iie-e's are' gixi'n in tlu* te'\t eif the* be)e)k to 
the elate's e)f issue* e)f the' article's e*e>ne‘e*rn('el. Mc'ssrs. Mclhue'n heivc also 
kinelly a^re'e'el te) the' re'preieluet iein e>l semu' elia^ranis anel e)ther matter 
take'll fremi the* autlmr's beieik, KUrtrical KiHjittu rlmj, which is neiw' (»at 
e)f niint. 

T. F. \V. 

SiinriiKM), 
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(dJAPTKH U 

nil (TPHP OP TUP Atom : ( !oNi)(’(Toiis and I\si i ^tous : d’np 
Kld-:(TK1(' ('PKKPNT : Klfxtkh IIpsistanc’P 

Tho Stnaduro of 1 ho Atom 'I'ho IMaaon I )isinl o;ji a( ion of i. 
Atom Conduclion of l^doot ricit \ through (Jum-^ Lfloct of' Po^di\^‘l\ 

( harood Parti(*l('^ (Ions) on tho Space ('har*n' 'I'lir (Jlow DischaiL'o 
Mi'clianisni of tlic (Jl<»w I )i.'>(*hargo (‘onduction of I'doid licit \ acro.-,^ a 
SparL (Jap TIk' Phot(d«‘ct ri(* Kffoct (’alhod<‘ Ka\s 'Pin' i)r\ Alolal 
I'lai c Kcct ifirr Mdi o Mcrcnr\ Arc lha-tili cr ( 'onductors ajid In.-^nlators ; 
()hm*s I.a\N ( Ji noral Notrs <in K( sis(an<*c Ki'sislanci^ l’nil^ Lnjuul 
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.ind (’oi>lniL’ Cnrxos Pnsrs Insulators hi .sidation Malta ad' - ' h 
Insidatois. Sxnthctii* lh‘sin Insulalinji: Materials Sona* ('•'I'ar '■ n , 
()tla‘r Insulators Oil Snhstitnfos l^uhlxa* Dielectric Streiijit 

CWAVTKli IJI 

‘Ploaib’s i.AW : Fiklds op Kj.pitkk' Fobcp : Fotpnt 
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in Sonic T>'j»ical ( 'a.se.s I'lie Pdoetric Force at ans' Point on'. .< 
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Distant rein, from tla- Axis of a ('har^^ed L<»n^ Straip:ht \Vir<‘ 'I'la* 
Kloctric Forc4‘ between 'Pvvo ( )j>j>o,sitely ('barged Di.scs aiTang<*<l l^iralii 1 
to OIK* anotlier and at a Small Distance ajiaii 'Phe |'d<‘ct r(»stanc 
Pri*ssiire, or tla* Pdectric Force on ca(‘li Flcjnent of a (diaiired ('ojulnclor 
Duo to the Homainder of tla* Charge FJeotrical Potonliul f^otentials uf 
Various Arrangena nts of (Conductors— i*Kpiipot(‘iit ial Surface.s. 
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PRINCIPLES OF ELECTRICAL 
ENGINEERING 


Chapter 1 

FUNDAMENTAL UNITS; TECHNICAL UNITS 

r llE fundamental units of length, mass, and time, whieli are now 
universally adopted for scientific ])uri)os(‘s, are those which were 
agreed upon by a Congress in Paris in 18S1, viz. 

Mt of Length : One Ontinietre (very closely equal to 10 ® times 
a quadrant of the earth measured from the Eqmitor to the l^ole). 
NIT OF Mass : One Cram (very closely equal to the inass of one (‘ubic 
centimetre of water at the temperature of its maximum density). 
MT OF Time : One Second (hoIoo P^rt of a mean solar day). 

It was agreed that units founded on these quantities should be called 
^ itimetre-Cram -Second absolute units or more briefly, (v.C.S. units, 
iiese units are sometimes much smaller, and, in other cases, much 
irger than the quantities whicli they are required to define, and in order 
> avoid the necessity of having to use very large numerical multi ])liers 
I divisors, tlie Congress agreed that multiplication by one million 
lould be ex])ressed by the prefix “ mega- ”, and division by one million 
’ the prefix “ micro- 

echanical Units 

RCE : The e.g.s. unit is the dyne, and is the force which is required 
to give an acceleration of 1 cm. per sec. ]}er sec*, to a mass of 
one gram. ^ 

).vK AND Energy : The e.g.s. unit is the erg, and is the work done 
when the point of a])f)lication of a force of one dyne is moved 
through one centimetre, 
ov ER : The e.g.s. unit is one erg per second. 

x’’ : The e.g.s. unit is the gram-calorie and is the heat necessary to 
raise the temperature of one gram of water through 1 C. 
(actually from 4° (\ to 5"" C., that is, at the temperature of the 
maximum density). 

Some useful approximate relationships between the magnitudes of 
units are given in the following list ; 
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LfiJNOTIl 


Forok 


Jl inch ^ 2*54 cm. : 13 in. - 33 cm. : 1 metre = 39-37 in. : 

[1 km. !; mile : I mil — jo\,„ in. — 0-0254 mm. 

/ 1 gm.- weight — 981 dynes : 1 mgm. -weight :i:i= 1 dyne : 

1 mega-dyne — 1,019 gm. : 1 kgm. -weight = 0-981 niega- 

dynes : 

I kgm.-wcight 2-2 Ibs.-weight. 

\1 lb. -weight = 0-445 mega-dynes. 

fl joule — 10’ ergs = 0-102 kg.m. — 0-737 ft. -lb. — 0-24 gm.- 
I calories : 


Work oh 
Energy 


1 m.kg. = 9-81 joules = 7-24 ft. -lb. = 2-35 gm. -calories : 
1 gm. cm. = 981 ergs : 1 ft.-lb. = 1-36 joules : 

1 gm. -calorie = 4-2 joules — 3-08 ft.-lb. : 


Power 


1 kWh. — 1 B.o.T. unit - 3,412 B.Th.U. — 860 x 10^ gm.- 
calories = 860 kg. -calories. 

ri kW. = 737 ft.-lb. per sec. = 1,000 joules per sec. = 102 
I m.kg. per sec. = 1-34 horse-] )ower : 1 ft.-lb. per sec. = 1-36 
watts. One Continental horse-power (PS) = 736 watts = 
75 m.kg. per sec. 

f l km. per hour = 27-8 cm ])er se(*. = 0-623 miles per hour : 
1 mile [)er hour = 1-6 km. per hour = 0-45 m. per sec. = 1-46 
ft. ])er see. 


C.G.S. Electric and Magnetic Units 

The c.g.s. electrical and magnetic units are derived from the following 
Laws, viz. 

(i) (Vnilomb’s Law for the force bet^^een two quantities of electricity, 
q and q\ which are res])ectively concentrated at points r cm. 
apart and situated in a medium of whic h the dielectric constant 
is e, 

Force =- ..... (1) 

^ .r- 


If this force is 1 dyne when q — q' : r — 1 cm. and e -- 1, then the 
magnitude of each of the concentrated quantities of electricity will be 
1 ('hcirontatic c q.s. unit. 

(ii) (Vmlomb’s Law for the force between two quantities of mag- 
netism (or magnetic poles), 7n and 7n\ which are resjiectively 
concentrated at ])oints distant r cm. a])art and situated in a 
medium of magnetic permeability //, 


Force 


m . rn 
/or® 


( 2 ) 


If tl#s force is 1 dyne when w = //i' : r = 1 cm. and // = 1, then the 
magnitude of eac h of the concentrated magnetic quantities will be one 
electrovmgtiet unit. 
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(iii) Laplace’s Formula defining th^ force on an elementary length 
of a current-carrying conductor when ])laeed in a magnetic field, 


For(*c = 


m .C vsin 6 


and is indejicndent of the medium in which the action takes 
])lace. 

The inter] )rctat ion of Laplace’s Formula will be clear from a reference 
to Fig. I, in A\hich a magnetic quantity m is assumed to be concentrated 
at the point P, distant r cm. from the elementary length ds = ab of 
a conductor which is c'arrying a current of C units. The angle 0 defines 
the inclination of the elementary length Sff of the conductor, and the 
line (»f action FO of tlie magnetic force at () and due to the magnetic 



quantity at P. From the expression (2) the magnetic force at O will 

be H and the expression (3) states that the force on the element ds 

will be given by the jiroduct of the current and the area of the jiarallolo- 
gram nhed where ab ~ ds \ ad = H and 0 is the angle between 
ab and ad. 

The direction of the mechanical force F will be perpendicular to the 
plane of the parallelogram abed. If the conductor is bent into the form 
of a circle, as shown in Fig. 2, of radius 1 cm., and if a unit magnetic 
j)oIe is ])laced at the centre P of the circle, then the magnetic intensity 
will be 7/ = 1 at every jioint of the conductor and its direction will be 
everywhere at right angles to the conductor, that is to say, the value 
of 0 in the exjiression (3) will be 90'. If the current C whiph flows in 
the conductor is of such a magnitude that the total force on the whole 
length of the conductor is 2jr dynes, then the force on each centimette 
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length of the conductor will be 1 dyne, and the magnitude of the current 
is then defined as ove electromagnetic unit, that is : 

The c.g.fi. electromagnetic unit of current is that current which, when 
flowing in a circular conductor of 1 cm. radius, will act on a unit magnetic 
pole at the centre of the circle with a force of "Itz dynes. 

The direction in which the force acts will then be perpendicular to 
the f)lane of the circle (see also Chaj)ter VIII, Fig. 234, Fleming’s “Left- 
Hand Rule ”). 

From the three expressions for electric force Avhich have already 
been considered in the foregoing, it will be seen that combining (1) 
and (2) gives, 

q.g .m.m! 

''•'-r'(JW)- ■ ■ ■ ■ 

and substituting (3) for (4), gives 

q.g' .m.m* _ ^ 

( Velocity )2’ 

sinc(‘ ; Quantity = Current x Time, i.e. q C x Time, 

from which it is clear tliat the dimensions of the product y.t are those of 
th(‘ rccij)rocal of a velocity squared, that is, 

^ (Velocity) 2. 

Direct experiment shovv'^s that this velocity in open space is 
c ~ 24)979 X 19^® cm per second, 

and this is the velocity of ek'ctrom ague tic waves in open space, and 
consequently also the velocity of light in o])en space (see Chapter XVI). 


The Dimensions of Units 

It is im])ortant to consider the dimensions of the various elc(‘tric 
and magnetic units, and these may be conveniently exjiresscd in the 
following way : 

(?) The vdocity of a body is measured by its time rate of displace- 
ment, that is to sav, it is given by the ratio so that the dimensions 

J line 

of a velocity are said to be (Length)^ : (Time) ^ or, more brielly stated, 

LT K 


(il) The acceleration of a body is the time rate of change of its velocity 

and is measured by the ratio change dimensions of an 

1 line 

acceleration are therefore said to be. 


LT K 
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(///) Forrf’ is measured by the product 

Mass X Acceleration, 

or, alternatively stated, 

Force =- Rate of change of (mr), i.e. rate of change of momentum, 
so that its dimensions are, 

MLT 2. 

[iv) This procedure may be ap])lied to Coidomb’s “ Inverse Square 
l^aAv” for two electric quantities, viz. 

Force : F = 

If the electric quantities are equal to one another, tlien 
f ^ or (7 — r. \t.F. 

The dimensions of an electric quantity are thus : 

(/’) Similarly from (kmlomb’s Law for two magnc'tie quantities, viz. 

it follows that the dimensions of a magnetic quantity (e.g. a magnetic 
pole) are 

^, 1 / 23 / 12 /^ 3 , 22 ^ 1 . 

Fro(*eeding from the foregoing res\ilts. it is possible to A\Tite dow^n 
the dimensions of all the ele(*tri(5 and magnetic quantities, and some of 
the more imjiortant (d these are given in Table 1. 

TABLE 1 


Item 


I >imen»ionft in Tvrnm of 


L, A/, 7\ e 


/>. A/, 7', fi 


f ric (^oiLstaiit t 

|Mn^n<*tjf* l*(*rnK>ability Ij • 

J Electric Quantity 'c' 

|MafXiu‘tic Quantity -6— 

J EltM-tric Potential or E.M.F “ 

iMajjjnctie Potential 

JEleetric* Foreo (Strenj'th of Eleetr ii- Kiol<f) i-i -W ■*T- i.-i .i 
I Ma^ne'tie Force (St rength of Magnetic* Field) “e' 

[El(*etrie Displaeonient (Surface Density) ^ L~^ '^T b' - 

1 Magnetic Induct ioii . ^ , * 2 ^ 1 ‘2^-* i 2 

Fllectrie Current -T 2^1 2 

jConductivity ' IjT 

(Hesistanco ' L 

(Capaeitaneo ' Le 

(Inductanco 1 

Magnetic Moment 1 L3/2JVfi/2£-i/*2 


L - ' 

L' --^A/' V"' 

2^/1 ‘^T V' ^ 
Jx' 2A/1 27’ ‘2,,1 ‘2 

Li nv ‘ 

- I «2A/1 ‘/p 1 / 4 - '^2 

L-^'i/'iMi V 
L i/«A/'^‘-iP 
yj/*2>/i IT 
L*^T^ » 

Ur ifi 

L-* 7 ’V ^ 

•L/t 
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It is to be observed that the pairs of items which are bracketed 
together in Table 1 are reciprocally analogous, the dimensions of one in 
terms of e being the same as the dimensions of the other in terms of //. 
It is further to be noticed tliat the dimensions of any one item 
must be the same, whether cx])ressed in terms of t or so that, for 
example, in the first item in the Table (the dielectric constant), 

f — L ^ : that is, t'.ju = 

and since the dimensions of a velocity are the dimensions of 

Vf.jii X (velocity) =a pure number. This gives again the very 
important result already pointed out in the foregoing, viz. tliat the 
dimensions of the product t,/i are those of the reciprocal of a (velocity) 
That is to say, although the dimensions of f and // are not sej)arately 
known, tlie dimensions of their product is known. As already stated 
in the foregoing, the value of the velocity c in the exju'cssion, 

c — ^ 2-9979 X 19’^ cm. ])cr second, 

Ve.jii 

which is the velocity of light in open sj)ace. 

That is to say, in any system of units, if is the magnetic* ])er- 
meability and t is the dielectric constant, then 

J 

V ./( — 

(velocity of light in that system of units) 
see also, expression (14), page 22. 

Maxwell made a remarkable ohsc^rvation redative to tliis result. It 
had already been shown by Rowlancrs e\])eriments that an infinitely 
long straight wire liaving a charge of q electrostatic units ])er unit length 
and moving in its own direction with a velocity r cm. j>er sec*ond would 

be equivalent to a current in electromagnetic units. If two such 


wires were to be ])laced ])arallel to each other at a distance apart d cm. 
and moving in the same direction with the same xcdocity, there would 
be a force of attraction l)etween them as defined by the expression given 
in Chaptc'r VI II, page 217, viz. 


Force of attraction = 



dynes ])er centimetre lengtli. 


Simultaneously, there will be a force of repulsion between the two wires 
due to the electric charges, of an amount as defined by Coulomb's Law 
(page 83), viz. 


Force of repulsion = 


272 

d 


dynes per centimetre length. 


Tlie force of attraction will be equal to the force of repulsion if 

c = %\ 
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that is to say, the velocity c is that with w’-hich each wire must move 
in the direction of its lengtli in order that the two wires shall have no 
action on each other. 

The Electrostatic C.G.S. Absolute System and the Electromagnetic C.G.S. 

Absolute System of Units 

If, for open space, it be assumed that the dielectric constant is f 1 
and the units of length, mass, and time are, respectively, the centimeter, 
gram, and second, then the electric and magnetic quantities w'lion 
c\])ressed in these units are said to be defined in electrostatic c.g.s. absolute 
units. Thus, tlie electrostatic c.g.s. absolute miity of quantity is that 
quantity which, when concentrated at a point distant 1 cm. in air, from 
an equal concentrated quantity, is repelled with a force of 1 dyne. 

Similarly, if for open space the value of the magnetic j)ermcability 
IS /I -rr I and the units of length, mass, and time are the c.g.s. units, 
tlien the electrical and magnetic quantities exqiressed in terms of these 
units are said to be defined in eUctiomagnetic c.g.s absolute units. 

For most technical ])urposes it is cemveuient to use multifiles of the 
absolute units, that is, powers of ten, and in liable 11 are given the 
techni(*al units and their relationships to the c.g.s. absolute units for 
some of the more inqiortant elec'tric and magiietie technical quantities, 
it is of interest to note that the names Ohm^ Volt, and Farady were pro- 
])osed by the British Association and ofii(‘ially ac^cejited by the Paris 
Fongress in 1H81, this CVmgress also having settled the names Am'pere 
and (^oulowb for the technical units of ciu’reut and electric quantity, 
rcspcc'tively. The name Henri/ for the technical unit of inductance 
was determined by tlie C1ii(*ago (Conference in 1891b Previously, the 
unit of inductance had been termed the Quadranty sinc'C, in the elc(*tro- 
magnetic c.g s. absolute system, it has the value 10® cm., and this is 
also very ap])roximately, the length of a quadrant of the earth measured 
from the Equator to the Pole. Another term which had been used for 
the unit of inductance was the aSVco^?/#, since the dimensions of the unit 
of inductance are 

T, Volt V Second , ... 

Henry ^ ~ Second x Ohm. 

Ampere 

It is of interest to note from Table I that electric resistance in the 
electromagnetic system of units has tlie dimensions of a velocity, whilst 
the dimensions of (electric current) ^ are those of a force. It will also 
be seen from Table II that the ohm is equal to 10® electromagnetic c.g.s. 
units, that is to say, the unit of velocity will be 10® of the c.g.s. unit. 
In other words, if the resistance of 1 ohm were to be taken as the absolute 
unit of resistance in place of the electromagnetic c.g.s. unit, the corre- 
sponding unit of velocity would be 10® times that of the c.g.s. unit. 

Suppose, then, that the resistance of 1 ohm is taken as the new 
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TABLE IT 


[hyn 


Technical 

Unit 


Number of 
Eli ctromaqtictic 
(\(LS. Absolute 
Umts 171 the 
Technical Unit 


Numbir of 
Electrostatic 
e.G.S. Absolute 
Units m the 
Technical J^mt 


Kloctnc Qnaiihty 
Klo(ttic (’uriorit . . . . 

Eloctru* Capacitau<*« . 
Kl<M*tnc Difforoiico 

Elect ni* lioMstanco 
Elect 1 1C (\)ii(luctivity 
liuhictauco 


(Viuloinb 

10-1 

Anipf'ro 

10-1 

Eaiad 

10 » 

Micro -farad 

10- IS 

Picofarad 

10- “ 

Volt 

J0» 

Ohru 

10® 

Sicrnoiis i 

1 10 ® 

Jloiiry 

10" 


3 X 10 » 

3 y 1 ()» 

9 y 10 “ 
9 y 10 ^ 

9 A 10 1 
1 

3 X 102 
1 

9 y 10 “ 

9 X 10 “ 

1 

9 y 10 “ 


Work or Eiicrgj 


Joule 
Wall 
Kilowatt 
Mogawat t 


10 ’ 

10’ 

10i» 

10 “ 


al)soluto iitlit of resistance, what must be the corresponding new 
units of length, mass, and time ? Assuming that the second is still 
retained as ll\e unit of time, the new unit of lengtli must be 10® cm. in 
order that the new unit of velocity shall be 10® time the e.g.s. unit. 
Further, reference to Table II shows that the new absolute unit of 


current will be times the electromagnetic e.g.s. unit, and since (as 

stated above) the dimensions of force are those of (electric current) ^ 

the new absolute unit of force will be ^ times the e.g.s. unit. Rut 

1()20 ^ 


Force “ Mass x Acceleration, 

and since the new unit of acceleration will be 10® times the e.g.s. unit, 
the new unit of mass will be, 

\n — 10"'^ gm. 

m 20 ® 


It is seen, therefore, that the new absolute system of units so obtained 
will be : 


Unit of length = 10® cm. : Unit of mass = 10“^^ gm. : 

Unit of time = 1 sec. 
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Absolute and Technical Systems of Measurement 

In the foregoing considerations the abstract definitions of the absolute 
(\g.s. electric and magnetic units have l)een explained. The measure- 
ment of quantities as defined by such an absolute system may he achieved 
in two different ways, viz. 

(i) The value of the quantity under consideration can ho olitained 
solely by means of the units of mass, length, and time, and one electric 
or magiK^tic (luantity, such, for example, as the cahailated inductance 
of a coil of known dimensions. 

{it) A standard of reference may first of all he ])r(q)ared, whidi shall 
he as nearly as is jiracticahle of the same magnitude as defined hy the 
corresponding absolute unit, and the (plant it y c‘oncerned can them he 
compared with this standard of reference. Such a svstem of measure- 
ment may he termed a rchilive, or f(rhrncaL or practical system. 

Lhitil the hivst few years, the ])rocedure (/) has jnvsented siu'h tor- 
midahle difficulties as regards the measurement of a qu intity in absolute 
units that it was not practicable to apply it, and, in r*onsequence, the 
nu^thod (//) has always been employed in pra(‘ti(‘e. As will be ])ointed 
out in what follows, however, the precision with which -the recpiired 
measurement can now be made in absolute units is such that the (\)n- 
fiTcnce generale des Poids et Measures which, before the War, met once 
(*viTV six \cars at Se\res, resolved that on January 1, 1940, measure- 
ment in absolute units was to be the legal mc'thod in all those countries 
which had sent re]m^sentatives to the “ Metre (^inference ”, and this 
comprised jiractically the whole civilised world. 

For the i(chnical system of measurement as hitherto carried out, it 
is necessary to have some concrete standards of reference which embody 
the respective absolute units as nearly as it is jiracticable to do so. Even 
before any absolute system of units was evolved, the ra])idly developing 
electrical engineering industry felt the need for some authoritative 
standard of n'sistance, and those firms which were concerned with the 
manufacture of machines and a])])aratus had constructed arbitrary 
standards of reference, although none of these satisfied the required 
conditions of reliable stability. 'For example, about 1841 Jacobi jiro- 
posed the first concrete standard for the unit of resistance, viz. a coil 
of wire of kno^\m length and cross-sectional area. This, however, was 
not satisfactory as it could not be diqJicated with any degree of precision. 

In 1860 Sir W. Siemens pointed out that, in order to overcome the 
difficulties due to non-homogeneity of solid metal, mcrcary, which is the 
only metal whicdi is liquid at normal temperatures, should be used, and, 
owing to its homogeneous characteristic, stands alone as being of the 
same and unalterable specific resistance, so that in duplicating such 
a standard, it was only necjessary to define ])recisely its geometrical 
dimensions (length and cross -se(*tion). This proposal was recognised as 
such an outstanding advance in comparison with all previous proposals 
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that it soon displaced them all. The proposal therefore made it possible 
to ])lace the practical unit of resistance on a firm and reliable foundation. 
Siemens’ proposal for the dimensions of such a mercury column was 
that the length should be 1 metre and the cross-section 1 square milli- 
metre, and for a long period of years this was known as the Siemens 
Unit 

In 1863 (Newcastle) the Appendix “ C ” of the Second Report of 
the Electrical Standards Committee by Clerk Maxwell and Fleeming 
Jenkin was issued. This Ajipendix dealt with the elementary relation- 
ship between the elec'trical quantities and is the historic achievement 
of Maxwell and the founders of the e.g.s. system. During the ])eriod 
1862-75 a Board of Trade (\immittee made efforts to ])roduce a more 
reliable standard of resistance from various alloys, of which the ydatinum- 
silver alloy was the most successful, and this was used for a long time 
and was known as tlic B.A. Unit. It was found, however, that this 
did not maintain its constancy over a long period of time and could 
not 1)0 duplicated with sufficient accuracy. 

During 1888 90 E. Weston an<l Dr. Heusler collaborated in a system- 
atic* search for a suitable alloy, and eventually produced ‘‘manganin”, 
which satisfied the most rigid requirements, and in consecpience of 
whi(*h it is, even to-day, in an unassailable position throughout the 
world as a material for f)recision and standard resistances. 

The ])osition with regard to the evaluation of the resistance unit 
was not so satisfactory. to the year 1881 of the various methods 
for measuring the value of the material standard in absolute units, 
only four results were available, viz. 


Year Observer 


Magnitude of the Ohm 
(X})nss(d as tfn Length of a 
('olmnii of Merrill y of 
1 sq. mm. Oross-section 


1873 Loronz 1 0710 metros 

1877 H. F. Weber 1 OoOO 

1878 Hem land 1 0010 ,, 

1881 Kayleigh and Schuster 1*0508 „ 


As regards the second electrical unit (i.e. current), uj) to the year 
1881 no absloute measurements had been reported which fulfilled the 
required conditions as they w’cre then understood. Whereas up to that 
date efforts had been concentrated on the definition of (absolute) inde- 
pendent units, a new deyiarture was now made. The aim now was not 
only the creation of units based on reliable foundations, but also to 
provide for their introduction into practice and, with this in view, the 
first Paris Congress of 1881 established the Ohm, the Am])ere, and the 
Volt, in place of the absolute units. The experience wiiich had been 
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acciiiinilated with regard to the ehoiee of suitable resistance material 
was now iTVstallised by the resolution of the Congress that a mercury 
column of stated dimensions should be chosen as the unit of resistance, 
but a statement as to what those dimensions should be was postponed 
and a commission was c-harged with the task of pre}>aring recommenda- 
tions regarding these dimensions. (It is of interest to note here that 
tlie (Vmgress of 1881 introduced the ])retixes “mega-” and “micro-”.) 

The Paris Congress of 1884 fixed the value of the technical ohm, in 
accordance with the existing state of knowdedge, as l-Ofi Siemens units. 
A dclinition of the ampere was also given, and in order that the t.'chnical 
(cm])irical) unit could be easil 3 " and satisfactorily du}dicated, it was 
defined by the amount of silver dejiosited in a silver voltameter by a 
quant it\^ of electricity of 1 coulomb in 1 second. A statement as to 
what that amount of silver should be w’as deferred, since at that time 
sufiicicntly rigorous measurements of the electrochemical equivalent of 
sil\cr had not been made. In addition to the two units of ohm and 
ampere, the joule and the w^att were defined by the Congress, as well 
as the unit of inductance for which the term “ (iuiwlrant ” had been 
introduced by Maxw'cll. This was re]>laced by the term “ henry ” at 
the (.'hicago Conference of 1893. Whilst at the time of the Paris Congress 
there w’as not sufficient experimental data available of the required 
jirecision, iit the few' years following, the number of exact determinations 
of the ohm and the anqiere Inul accumulated to such an extent that 
ad(*(juate material w'as available for stating the absolute values. 

Tlie assessment in terms of the mercury column of the absolute ohm 
on the basis of the many investigations w'hich IukI been made for this 
jnirpose, was a matter of some dilliculty, and it seemed to bo desirable 
to institute an expert critical survey of the results of the individual 
measurements in order to arrive at the most ])ro])able value, and the 
governing bodj" of the IM\R. (Ph>sicalische technische Reichsanstalt) 
entrusted this w'^ork to J)r. Dorn, wdio w'^as jiarticularly well qualified to 
undertake it. The result of his examination of the fifteen investigations 
which came under review' gave the probable v^alue of the absolute ohm 
as equal to the resistance of a mercury column between 1*00274 and 
10()292 metres long, and one sq. mm. cross-section at O'" C. In view of 
the degree of uncertainty which these margins of values defined, Dorn 
recommended that the value should be fixed with an accuracy of 1 jiart 
in 1,000 and for this reason he ])roposed the value of 1*063 metres as 
the (Jerman Legal Ohm, it being observed that this value had already 
been i)ro])osed as the British Legal Ohm. 

As regards the absolute value of the ampere, the matter was much 
simpler. For the purj)ose of fixing the legal value the P.T.K. selected 
the determinations of Lord Rayleigh and Mrs. Sidgwick for one basis of 
measurement, and that of F. and W. Kohlrausch for the other. In 
each case the determination was made by measuring the amount of 
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silver deposited in a silver voltameter by one ampere, the former value 
being 1*11794 milligrams and the latter 11 1820 mgm. As in the case 
of the ohm, it was not considered desirable to assume an accuracy greater 
than 1 ])art in 1,000, and the value w'as fixed as 1*118 mgm., it being 
observed that this value had also been decided upon by the British 
Board of Trade Committee. It is noteworthy that the mean value of 
all the reliable measurements wliich wore available at that time was 
1*118 mgm., and of these measurements, five wore made by means of 
the “ (‘urrent balance ” and one by each of the following instruments, 
viz. Tangent (Galvanometer, Sine Galvanometer and tlie Dynamometer, 
and although the value of 1*1 18 mgm. was spccifod as having an accuracy 
of 1 ])art in 1,000, it was realised that, actually, the value was conoct 
to within 1 ])art in 10,000, 

Having settled in this w^ay the values of the absolute ohm and the 
absolute ampere with an accuracy of 1 part in 1,000, and decided that 
this degree of ac(*ura(*y could be attained by techni(*al measurements, 
it ap[)eared that the time had arrived at which international agreement 
could be established with regard t.o the legal definitions of the technical 
units. 

The International Conference on Electrical Units in Charlottenburg, 1905 

At the suggestion of the Bureau of Standards, Wasliington, the 
P.T.R. issued invitations to those States w hi(*h \ver(‘ (*om*(Tne(i with the 
supervision and solution of the ]>roblems associated with the establish- 
ment of the electric units. Invitations were also issued to those special- 
ists who were, by reason of their experience in this kind of work, ]>ar- 
ticularly qualified to advise on this prol)lem. The State" Laboratories 
which were represented wen" R.T.H. ((Germany) : N.P.L. ((Great 
Britain) : \ienna : and Brussels, and the technical specialists Avero 
Professors F. Kohlrausch, E. Mascart and B. Garhart. The Ghi(*ago 
Gonference of 189.‘{ liad tixc'd the respe(*tive values of the three ejuantites 
which are related by Ohm’s Law, viz.: 

(/) Tiik Ohm. The unit of resistance shall be w hat is known as the 
‘‘ international ohm ”, which is substantially ecpial to one thoiasaiid 
million units of resistance of the e.g.s. system of electromagnetic units, 
and is represented by the resistance ottered to an unvarying electric 
(‘urrent by a column of mercury at tlie tem])erature of melting ice, 
14*4r>21 gm. in mass, and of a constant (Toss-sectional area, and of the 
length of cm. 

(ii) Tuk Awi’ekk. - The unit of current shall be w hat is knowm as the 
“ iuternati<inal ampere ”, w'hich is one-tenth of the unit of current of 
the e.g.s. system of electromagnetic units, and is the ]>ractical equivalent 
of tlu" unvarying current which, wdien passed through a solution of 
silver nitrate in water in accordance with standard specifications, de])osits 
silver at the rate of 0*001118 gm. per second. 
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(Hi) The Volt —The unit of eleetroniolive force shall be wliat is 
knovm as the “ international volt which is the e.ni.f. that, steadily 
a|)[)hed to a conductor wIk^so resistance is one international ohm, will 
])n>duce a current of one international ampere, and is practically equiva- 
lent to I 1*434 of the e.m.f. between the poles or electrodes of the voltaic 
cell known as Clark’s cell, at a tem])erat ure of 15’ C., and ])re]mrcd in 
the manner described in the standard s])eeifications. 

At the meeting of the (’harlot ten berg (’onference the most urgent 
matter under discussion was the lack of uniformity of electrical units 
in the difterent countries, whicli was largely due to the fact tiiat the 
Ciiicago (’onference of lSh3 had fixed the res])cctive valu(‘s of the ///rcc 
(piantities which are related by Ohm's Law, whereas not more than 
itro of these quantities should have been fixed by delinition, the third 
iH'iinr then determined by Ohm’s I^aw. The matter was dealt with by 
revolving that the value of the ohm and the anijicre shv'iild be specified 
l>\ resolution. As a standard of reference* for e.m.f. the (’admium cell 
was (‘hosem instead of th(‘ Clark's cell as pn'viously used. 

The (piestion w'as then considered as to w hat values w'ere to be assigned 
to the technical ohm and the technical ampere, that is to say, wluit 
were to be the dimensi<ins of the mercury column w'hich w'ould repr(\sent 
th(' resistance of I ohm and w'hat the amount of the silver voltamet(‘r 
(l(‘posit w^hich w'ould b(* j)roduccd by a current of 1 amp(M*e iji each case, 
with a margin of error not greater than 1 part in I, (MM). 

International Conference in London, 1908 

The didinitions issued by the (’hicago (’onfcrence of IS93 did not 
make the International l^nits distinct from the absolute values ex])ressed 
by the e.g.s. electromagnetic system. I’he l,»ondon (Conference made 
this distinction and adojited as the tw'o basic units ; (i) the ohm defined 
by nd'ercnce to the mercury column, and (//) the ampere defined by 
reference to the silver voltameter. 

Washington Conference, 1910 

At this date only the N.F.L. and the P.T.H. ])()ssessed a mercury 
column resistance, and in order to com|)ar(‘ th(\se with wun^ resistance's, 
the values of which had been measiwed by comjiarison, with tlic respective 
mercury columns w'ere then compared w'itli the follow'ing result : 

(0}im)ivpi^ — (()hm),,TK =1/10 

Tlie mean value of both units in combination wnth the results of the 
silver voltameter tests w^as made the basis of measurement for the e.m.f. 
of the Weston cell, and this value w^as then specified as 

1-01830 volts at 20^ C. 
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The International Conference of the Advisory Committee for Electric 
Units and the International Committee of Weights and Measures, 
Paris, 1928 

The first matter which this Conference liad to decide was whether 
the em])irical international units defined by the International Conference 
of 1908 in London should be maintained, or whether they should be 
rey)laced by the so-called absolute units. In favour of such a change- 
over was the fact that the degree of precision with which the absolute 
units could then be measured had reacl)ed such a stage that it was about 
of the same order as that with which the om])irical units could be 
measured, that is to say, about the same degree of ])recision with which 
it was possible to measure the resistance of a column of mercury of 
given dimensions and the weight of silver deposit in a silver voltameter. 
The single objectif)n to the change-over which gave rise to hesitation 
was the fact that a difference of 5 parts in 19,000 was known to exist 
between the emi)iri(!al ohm and the absolute ohm, and this was sufficiently 
large to involve a widespread readjustment of calibration and other 
consequences arising from the relatively long ])eriod of time for which 
the international ohm had been the legal standard throughout the world. 
The (Vmference fully ap])reciated this argument, b\it held the view that 
the great advantages which would accom])any the (‘hange-over were 
sufficient to outweigh the objections, and accordingly they resolved to 
recommend that i-he change-over should take j)lace. 

It was de(‘ided, however, that the (*hango-ovcr should not take effect 
before the relationship which existed between the international and the 
absolute units had been determined with the necessary and attainable 
precision. For this pur])ose it was agreed that those State Laboratories 
which were ade(piat(*ly equipped should carry out the necessary ex{)eri- 
mental work in ac’cordance with a programme devised by the Advisory 
Gommittee. As a result of these decisions, the Bureau of Standards at 
Washington lias obtained the following results, viz. 

(i) CuKRKNT B.\lan(’K Mkthod (Journal of BiseareJu 1934) : 

One Bureau of Standards International Ampere = 0-999928 Absolute 

Amjiere. 

The authors are of the opinion that this result differs from the 
true value by less than 20 parts in one million. 

(ii) GAi.crLATKD Inductanck of a Sixglk-Layer Solenoid (Journal 
of H(\senrch, 1938) : 

One Bureau of Standards International Ohm 1 -000408 absolute 

ohms. 

The authors are of the o])inion that this result differs from the 
true value by less than 20 pixi’ts in one million. 
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111 tlie year 1931^ the ‘‘ (Jeneral Oouferoiice for Weights and Measures ” 
resolved tliat tJie teehiiieal units- ampere, ohm, volt, watt, farad, henry 
from a speeitied date (i.e. January 1, 1940) shall not be based on 
measurements witli the silver voltameter and the mereury eolumu, but 
shall be derived from the eorres])onding absolute e.g.s. electromagnetic 
units by multijilication with appro])riate jiowers of 10. 

Acc ording to modern views of electrical theory there are four inde- 
pendent dimensions, ^\hereas in the domain of mechanics there are 
only three, viz. length, mass, and time. If, then, as is the case with the 
international units, the system involves current, resistance, length, and 
tim( , the unit of mass becomes a dependent unit, that is to say, it must be 
derived from the four accepted indejiendent units. In accordance with 
this requirement, the international am])ere, ohm, nutter, anJ second, 
lead to an international unit of mass which is l UOUJ times the kilogram 
— in other words, the kilogram is only an approxin.de unit. Since, 
hov\c\er, it is not practicable to change the definition of the kilogram 
as established by statute and involving all its decimal varieties, the 
objection to the international systmn of units is that it has one unit 
too many. 

The system of absolute technical units as established by the Con- 
ference of 1933 is free from this objection, since it is based on the gram, 
centimetre, second, and the inductance constant //(,, that is, four inde- 
pendent units inclusive of the kilogram (or gram). The following table 
gi\(‘s the resj)ective values of the international units in terms of the 
absolute unit, viz. : 

TABLE III 


Olio 

Intoriialioiial 

Anipero 

0 99!)9 

Alisoliito Arnporo 

Oiu^ 


(’ouloiiib 

0 9999 

,, C’ouloml 

< )1H‘ 


Ohm 

1 oeof) 

,, Oliins 

One 


Volt 

1 0004 

„ Volts 

()n<» 


Henry 

1 ooor> 

„ Henry 

( )iio 


E ai ad 

0 9995 

,, Kaiad 

Ono 


W(d)or 

1 0004 

,, W'obors 

Olio 

9 9 

Watt 

1 ooo:i 

,, Whitts 


== 4:^ X 10 » - l-2r)()037 V 10 « 


units. 


The absolute value of the Inductance (’onstant is (pag(^ 19) 

henry 
centimetre 

and the value of the international inductance constant is 
//j, = ] -25fiO() X 10 henry. 

Hence : 

, , 4 1/10 Absolute volt x Second ., * 

Absolute //q — 47rl0 ® . , , , , units . (5) 

Absolute ampere x Se(*ond 

The introduction of the absolute units will involve a certain jiractical 
simplification. For exam])le, the measurement of the international 
ampere by means of the silver voltameter to the required degree of 
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precision requires from (iOto SO voltameter tests each involving the observ- 
ance of rigorous (‘(mditions of ])roce(lure, whilst the measurement of tlie 
mer(‘ury column which dctines the technical ohm involves, if anything, 
even more exacting experimental skill. For the new system the current 
will be measured by means of a current -balan(*e and the inductance of a 
coil of known geometrical dimensions, and winding data, will be measured 
by the Maxwell Ilridge, involving the measurement of a capa(*itance 
and the time of vibration of a tuning-fork. 

The Experimental Determination of the Absolute Value of the Ohm 

The most recent absolute determination of the ohm is that carried 
out by tlie Bureau of Standards, Washington, the details of the measure- 
ment being given in the Jounial of Research, 193K, Vol. 21, ])ages 375-423, 
and the following is a brief outline of the procedure. 

(?) A single-layer solenoid was constructed, and from the dimensions 
and winding data the value of the inductance L could be calculated 
with an error of not more than one ])art in one million. 

(/i) The magnitude of this inductan(‘e was then measured in terms 
of a calibrated capacitance C. 

{Hi) The cajiacitance G was calibrated by the Maxwell Bridge in 
terms of a resistance R, 

The difference between the measured value of L and the calculated 
value was a im^asure of the error in the determination of (\ Tlie corro- 
s[ lending correc'ted value of C was therefore ii measure of the resistance 
R in terms of the accuracy of the Maxwell Bridge, and this bridge can 
be constructed to liave an error of not more than 1 jiart in 10^. 

The principle of the Maxwell Gajiacitance Bridge will be understood 
from th(» following considerations and liy reference to Fig. 3. 4110 

capacitance of a condenser is defined by the relationship, 



where C is in farads when Q is in coulombs and V in volts. 

Jf the condenser is siu*cessi\ ely (‘barged w'ith Q coulomb, then dis- 
charged, and re charged with Q coulomb, the sequence being repeated 
at the rate of w times per second, the mean \alue of the current in the 
condenser will be, 

1 ~ nQ ^ nCV .... (6) 

That is^to say, for a gi\en \alue of the applied jiressure T, the mean 
value of the current so ])rodueed will be })roportional to the cajiacitance 
of the (‘oiidenser. If, now, the expression ((>) is conqiared with the 
Ohm's Law' relationshi]), viz. 



( 7 ) 
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it will ])e seen tliat the eoiidenser system is equivalent to the resistance 
It w here 

A condenser whi(‘h is being charged and discharged })eriodically and 
.irranged in one arm (^f a Wheatstone Bridge as shown in Fig. 8, acts 
tlKMcfore like a resistance, and, by the use of a change-over sw'itch, the 
magnitude of the resistance R is easily found, since it is that resistaneo 
which when substituted for the condenser system in the arm of the 
bridi»(‘ gives the same balance. This ])rinci|)le for the measurement of 
a capacitance w’as first ])ro|)osed by Maxw'ell and is of an accuracy which 
appears to be limited only by that of tlie vibrating contact, e.g. an 
accuracy of one ])art in 100,000. 



3 . Ftg. 4 . 


The ]mnciple of the measurement of the inductance L in terms of the 
ca])acitance C is show'ii in Fig. 4. from which the relationship is found 
l>etw'een and L to be, 

L 

and 

Ti ^3 

and the derivations of these equations will be found in Chapter TX, 
page 809. 

The Production of Accurate One-second Time Intervals {Bureau of Stan- 
(lards Journal of R(search, V(j 1. 21, 1988, ])age 807) 

The quartz-crystal oscillator, wdien operatcnl under the most favour- 
able conditions, is ik^w' recognised as the most accurate known marker 
of time intervals. Pendulums and tuning-forks could possibly bo 
Oi}erated with compara])le precision, although greater difficulty would 
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probably be experienced in their use. Usually, standard piezo-oscillators 
operate at frequencies near 100 kHz., and lower frequencies are obtained 
by multi vibrators. Frequencies down to about 1,000 hz. are usually 
obtained in this way. 

Frequencies below 1 ,000 hz. are usually obtained by causing a 1,000-hz. 
synchronous motor to rotate a beam of light or drive a generator having 
the appropriate number of poles, or to drive reduction gears and con- 
tactors. With these methods the main sources of error are the hunting 
of the synchronous motor and mechanical imperfections. Time intervals 
obtained from a l,00()-hz. synchronous motor differ by something like 
l/2()0()th part of a second. 

The Bureau of Standards Research which is detailed in the Journal 
used multi vibrators for stepping down the frequency from 1,000 hz. 
to 1 hz. in three stages of 10: 1 for each stage, and a special circuit 
was devised by means of which time intervals of 1 sec. were obtained 
with an accuracy of not less than one part in a million. 

Formerly, the difficulty of measuring frequencies of very high values 
was the measurement of the time. The best standard clocks could not 
develop a greater accuracy than about one or two thousandths of a 
second per day. (Consequently, the idea was conceived of measuring 
time by frequency, and the first published account of such a “ clock ” 
was made in 1929. As a result of many years of research, a quartz 
clock has now been constructed which for long periods maintains an 
accuracy of one ])art in 100, ()()(), 000, and for short periods an accuracy 
of one jiart in 1,000,000,000, which is about 0 032 sec. per year. Such 
a quartz clock is now the standard for time and frequency to which all 
measurements can be refen-ed. The quartz oscillator generates 60,000 
hz., the temperature of the crystal being automatically maintained 
constant to C. 


The Inductance Constant //p 

In Fig. 5 is showm a closed ring provided with a uniformly distributed 
winding of w turns, of constant cross section and the mean length of the 
magnetic ])ath in the ring being I cm., and the cross-sectional area of 
the ring being sq. cm. 

If a current of 1 electromagnetic units flows in the winding of w 
turns, then 

Aniw = HI, 

also 

B = fiH : and Flux <f> = B.8. 

The inductance of the winding, that is, the number of flux-linkages per 
unit of current, is 


B.S,w 

1 


4ttS,iv 8,w 

' r / 


electromagnetic units, 
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that is 

or 

L =- ^ henry, 

V 

where //o is the inductamc con,sfant. For a 
non magnetic ring the inductance constant 
is 

47t lienry 

no — . units, 

^ 10® centimetre 



so tliat 

= 47r X 10 ® = l*2r)()()37 \ lO'® . . (9) 


or, cxpressoil in international units, the value of the inductance constant is 

henry 


Uq — 1-25600 10 ® units 

centimetre 


( 10 ) 


The M.K.S. System of Units 

An absolute system of units based on the metre, kilogram, and 
se(*ond, can, of course, be formulated, and for electrical engineering ])ur- 
] loses such a system has many advantages over the c,g.s. system, and 
vas first proposed by Professor (»iorgi about the year 1901. The fovr 
fundamental units (see ])age 1) for the ni.k.s. system are the metre, 
the kilogram, the second, and the inductance constant. 

The following Table IV summarises the mechanical units referred to 
the m.k.s. system and the e.g.s. system : 

TABLE IV 


Loiljrth 

1 metro 

10* c.g.8. units 


Mass 

1 kilogram 

10* „ 


Time 

1 second 



Velocity 

1 m.p.8. 

10* „ 


Moment um — mv ... < 

Force 

1 kg. at a velocity of 
[ 1 m.p.s. 

1 via or newton 

10» 

10® ,. 

(dynes) 

Energy j 

[1 via acting through 
[ 1 m. (1 joule) 

10^ 

(erga) 

Power .... . . 

1 watt 

BP „ 


In Table V are shown the relationships between the m.k.s. and e.g.s. 
systems of units for the electrical and magnetic quantities, viz. 


20 PRINCIPLES OF ELECTRICAL ENGINEERING 

'I'AIU.R V 


/ tf m 

1 

M.K.S. Vnit 

No. of V.G.S. 

1 M.K.S. 

Kl(»rtnc Quantity . 

. 1 

1 ctiulornli 

10-1 

(’iim‘nt 


1 ampere 

, 10- 1 

IM). and . . . 


] velt 

10* 

H(*smtanc« 


1 olim 

10» 

Jnductanro 


1 Jieury 

1()» 

♦e/apacilan(‘(i .... 


1 farad 

1 ' 10'» 

Magnet 1 C I^’lux 


1 weJ)or 

lo» 


hi 

Unit 


* 1 i'arad 


1 coulorub 
J vnit 


10 * c.p.s. units 

JO* s. units 


10- ® units. 


The m.k.s. unit of iiiapietic* flux i.s 1 Avoher - 10^ e.g.s. lines, and 

the m.k.s. unit of magnetic flux density is 

1 weber ])er scj. m. — 10^ o.g.s. lines per sq. em. — 10* gauss. 

One m.k.s. unit magngtie pole gives rise to a flux of 4rr wehers, that is, 
1 m.k.s. unit pole -- 10® e.g.s. unit poles. 

If a long straight air-(‘ore solenoid is uniformly wound, the m.m.f. 
at the eentral part of the core, that is, at a distanee from the ends which 
is large in comparison with the diameter of the solenoid (see also 
Ohapter VII), wall be : 

(/) In the e.g.s. elect romagneti(‘ system, 

‘4't 

m.m.f. -r- (ampere turns per cm. length of the solenoid]. 

(ii) In the m.k.s. system, 

(m.m.f.)' 4.T [am])ere-turns per 7ncfrf length of the solenoid]. 

The magnetic force at the central ])art of the solenoid core wall bo 
*4 T 

// ^’^[ampere-turns ])er cm. length} . . oersted 

that is to say, since i\, ampere - 1 electromagnetic (*.g.s. unit of current : 

One {e.g.s. unit current -t urn ] ])er cm. length 
wall ])roduce a magnetic field strength of 4.t oersted, so that 
Otie {ampere-turn ) per metro kmgth 
will produce a magnetic field strength of 4 .t \ 10’* oersted so that 
1 m.k.s. unit magnetic field strength — 10 ’* oersted . (II) 
If two m.k.s. unit magnetic poles are jilaeed at a distance a])art of 
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1 metre in o])en spaee, the force with which each will act on the other is 

I ///' ' Wi' 10” V 10” 

// (r'y^ (Woy^ 

since in the c.g.s. system the ])ermefihility is // — I for open space. 


F 


10*“« dynes, 

// — I for c 

If now the in.k.s. system of units is so chosen that when m' = w/ — 1 
and / - 1, tjie force between them is 1 vis or newton, that is, 10^* dynes, 

w li(‘n the ])ernieal)ility is given tiic ^alue of unity, then tlie permeability 
(A open s])a(‘e must be given the value //' in order that the force 
h(‘t\\een these two ])oles shall be 10*- dynes when in open space. That 
is to sav. 


„ I Fm' ////I , 

F — , , ' - dvnes 

F L 0’ )“ _ 


<ind as already stated. 


‘iynes 


it htllows tliat. 


that is, 


1 


jO'i = 1012 (]yn(v.s 


// - 10 


( 12 ) 


F.v(nn})I(. In the e.g.s. system the energy stored in a magn(‘tic 
held is (sec (^haptcr \111, page* 242) 

7 7 “ 

U ^ ^ ergs ])er e.cm., 

Htz 

where // is the magnetic ])ermeability, so that // for air - 1. 

In the e.g.s. system * 

jj _ 477 Iw 
" 10 / ' 

where / is in centimetres, and / is in anijieros. 

In the in.k.s. system 

AtiJ w 

V ‘ 


ir 


where //' is the magnetic force in in.k.s. units 

V ,, ,, length of path ,, ,, ,, (metres) 

so that 

^ = 1(/ = 10 X 102 _ io-’(for // in oersted), 

ij I 

that is to say, 1,000 m.k.s. units of magnetic force — 1 oersted. 
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The cner^yy stored in an cleetromagnetic field in air is 

IJ* - ^ joules per cubic metre, 

where // is the magnetic permeability of air in the m.k.s. system of unit. 
From the results derived in the foregoing it is known that 


10 - 


. (13) 


Further, if f' is the specific inductive capacity of air, then in order 
that the relationship 

1 1 V 

^ /Velocity of light\- \3 x 10^®/ 

\ in c.]).s. / 

as given on ])age 2 for the c.g.s. system, shall also hold for the m.k.s. 
system, viz. 

1 

/Velocity of lighty” 

I in m.p.s, J 

it is seen ihat the following relationsliip must also hold 

1 






1) X 10® 


. (15) 


Rationalised Units 

In Chapter Vll (see also ])age 175) it is shown that a consequence 
of Coulomb's Law of the force between two magnetic poles, the magnetic 
intensity at a point in open space distant r cm. from a magnetic pole 
of strength m el(*ctromagnetic (‘.g.s. units, is 


II “ oersted. 

fi.r^ 

If, however, in accordance w'ith the suggestion of Oliver Heaviside, the 
magnet i(* force is expres.sed as, 


7/ 


m 


units, 


w'here the permeability of open space is taken to be Lt, then this con- 
vention leads to a new system of units known as the “rationalised’’ 
system, in w hich the (*onstant disa})pears from a number of formulae 
and equations. In the following I’able VI is showm the relationship 
l)etween some of the umatioualised and the rationalised units. 
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Item 


Electromagneiic 

C.O,S. Vnrationalised Electromagnetic C.G.S. 
Unit Rationalised Unit 


Pole Rtrength 
Magnetic* intensity . 
Magnetic* pormeability . 
I)i(*l(‘c*tric eoiiRtant . 

Elect ric quantity 

Magnetomotive force . 


m 

H 


Q 

m.ni.f. 


m* 

H* 


- 47rfn 

H 

- 47TfX 
t 

47r 


q* 

(in.i f)* 


Q 

4n 

1 


i.f. 


It will bo seen from the foregoing table that the use of rationalised 
units leads to the disappearanee of the constant from many formulae 
and equations. Thus, in diapter VI II it is shown that the magneto- 
motive force round a closed ])ath whi<*h is linked once with an electric 
circuit, when measured in unrationalisod units, is given by the equation 

m.m.f. -= 471 1 

when I is the current in electromagnetic \inits, and w is the number of 
turns in the electric circuit. 

When ex])ressed in rationalised units tlic equation becomes 

(m.m.f.)* — Iw. 

Again, the capacitance* of a plate condenser in which air is the dielec- 
tric is knowm to be (sec (liapter TV, i)age 102) 

U = e.g.s. electrostatic units, 

47€(1 


when exj)ressed in the unrationalised system of units, whereas 

S 

C* = £*- e.g.s. electrostatic units 
a 


w’hen ex})resscd in the rationalised system. 

Further, on j)age 19, it has been scon that the inductance constant 
for open space, when expressed in unrationali8e<l electromagnetic e.g.s. 
units, is 

__ 47i 

/'<> Jf),> 

whereas when expressed in rationalised units this constant becomes 

fi„* = 10 «. 
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It will also be clear, however, that the constant in will appear in 
some of the rationalised units, whilst it is absent from the corresponding 
unrationalised units I’hus, in both systems the relationshiji for open 
space, viz. 

(Permeability) x (Dielectric constant) = ^ 

c* 

must hold, where c is the velocity of light, and for e.g.s. units, 
r =- 2d)979 X 10’" cm. ]»er sec. and 1. 

In the uurationaliscd electromagnetic e.g.s. system 

_ 1 _ 1 
^ “ (:$ y 10’«)2' 

whilst in the rationalised electntmagnetic c g.s. sy.stem /i* — 47r, so that 
^ 1 _ 1 
^ " l,*c^ " 4 . t (:{ a 10 ’")“‘ 

On th(' w'hole, therefore, it would appear that the rationalised system 
of units docs not have any outstanding practical advantages as com])ared 
with the unratioualisod system. 



Chapter II 


STRUCTURE OF THE ATOM ; CONDUCTORS AND 
INSULATORS; THE ELECTRIC CURRENT: 
ELECTRIC RESISTANCE 


The Structure of the Atom 


E ach atom of a material substance consists of a core or “ nucleus 
and one or more electrons which travel in orbits j*ound the nucleus 
and are se])arated from it by cmjity space. In the normal uneJec- 
triiied condition, the ])Ositive charge of the nucleus is equal in magnitude 
to the total negative charges of the electrons. The nucleus itself con- 
sists of ])rotons, that is, ])ositively charged j)arti(‘les, aial ncutions which 
are uncharged ])articles of tlic same mass as the proton. 

The magnitude of the charge of the electron is 

ri-59 X 10"*^® coulombs 

e =^<1*59 X 10 ~ 2 o electromagnetic units > . . (1) 

l4*77 X 10 electrostatic units J 

Catliodc rays (see ])age .‘10) consist of a stream of electrons, and by 
nu*asuring the defletdion of such rays in a magnetic field and in an electric 
ii(*]d, the ratio of the electric charge to the mass can be found, viz. 

^ = 1-7G X 10® coulomb per gram . . . (2) 

m 

so that the mass of the electron is 


m = 


f 

1-70 X 


10» 


i.f,q y 10 n> 

— 9-02 X 10 2® gm. 
1-76 X 10® ^ 




From the results of electrolysis measurements (see ])agc .50) it is known 
that 1 gm. of hydrogen ions have a total charge of 90,540 coulombs, so 


that 1 gm. of electrons will carry 


1-70 X 10® 
96,540 


— 1,845 times as much 


electricity as 1 gm. of hyilrogen, from which it follows that the hydrogen 
nucleus has a mass 1,845 times that of an electron, that is to say, the 
mass of the hydrogen nucleus is 


1,845 X 9 X 10 28 ^ 1.66 x 10 24 gm. . . (4) 

It is seen from the foregoing that the mass of tlie electron is so minute 
in comparison with that of the hydrogen nucleus that it may be looked 
upon as relatively of negligible amount and in consequence the mass of 
an atom is determined by the number of protons and neutrons in the 
nucleus. For example, the oxygen atom in its normal uncharged con- 

26 
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ditionR has 8 electrons moving in orbits round the nucleus, so that there 
are 8 protons in the nucleus. Since the atomic weight of oxygen is 16, 
the nucleus also contains 8 neutrons. It is seen, then, that the number 
which defines the atomic weight of an atom is exactly equal to the sum 
of the number of protons and neutrons which its nucleus contains. For 
a large number of elements this condition does in fact hold good, but 
for many elements there is a considerable discrepancy which can bo 
accounted for as follows. 

The chemist determines the atomic weight of an element by means 
of a sufficiently large mass of the chemically pure substance to enable 
him to make a ])recision measurement of the weight, and such a measure- 
ment of course gives the average of the atomic weight for an immense 
number of atoms. By means of the ‘‘ mass spectrograph however, 
Aston caused a stream of ions of the chemically pure element to be 
deflected, first by means of an electric field, and then by a magnetic 
field, finally allowing them to impinge on a photograi)hic plate. A 
measurement of the differing amounts of deflection of the individual 
ions then showed that elements of identical chemical ])ropcrties could 
have different atomic weights. This phenomenon is now accounted for 
})y a correspemding difference in the number of neutrons present in the 
nucleus. Thus there is the so-called ‘'light hydrogen’', ^H, of which 
the nucleus consists entirely of a single proton : and there are two 
so-called “ heavy hydrogen " atoms, 's^r^ioh have the respective 

atomic weights of 2 and 3. According to the ])rocess by which the 
hydrogen is prepared, the clement may a]>pear as of two kinds, viz. : 

(/) a mixture of and deuterons in the ratio of 5,000 : 1 

(//) A mixture of and -UI in the ratio of 200,000 : 1. 


Atoms of identical chemical properties hut of different atomic weights 
are knovm as “ isotopes ”. 

There is also knoviia mixture and of (‘hemically pure oxygen 
in the ratio 630: 1, and in addition to the normal or “light ” water 
there is a “ heavy ” water. Heavy water is highly deleterious to living 
organisms, and in contrast to the normal light water gives indications 
of a higher temiierature for the freezing-j)oint and a higher temperature 
for its maximum density. 

Another prominent example of this pheno- 
menon of niK'leus structure is the element chloride, 
/ f(w whi<di the atomic weight is found by chemical 

measurements to he 35*46, whereas it is now 
known that there are two ty]>es of chlorine atoms, 
viz. and 

Tlie atom of “ light hydrogen in the normal 
uncharged condition contains only one electron 

"" in orbital motion round the nucleus, so that the 

Fig, i. nucleus only contains one proton, and such an 


\ 

o 

T 

/ 
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atom therefore has the simplest structure of all elements, viz. 1 juoton of 
charge \ l-r)9 X 10 coulomb and 1 electron of charge 1*59 10 

coulomb revolving in an orbit round the mi(*lcus, as is shown diagram- 
niatically in Fig. 1. 1'hc atomic number of litlniim is 3, that is to say, 
there are normally 3 electrons moving in orbits n)und the nucleus, and 
consequently the nucleus contains 3 ]>rotons. The atomic weight of 
lithium, however, is 7, so that in addition to the 3 protons the nucleus 
of the lithium atom contains 4 neutrons, the diagrammatical repre- 
sentation being shown in Fig. 2. 



Another atom of shiqile structure wiiich is of great le(*hnical signifi- 
cance (see page 29) is the helium atom -He, of which the atomic number 
IS 2, so that there are 2 electrons normally moving in orbits round the 
nucleus. The atomic weight of helium, however, is 4 times that of 
hvdrogen, so that in addition to the 2 jirotons the nucleus of this atom 
contains 2 neutrons, as showii in Fig. 3. 

The Photon 

The foregoing account of the Bohr-Rutherford structure of the atom 
as a series of electrons revolving round the nucleus in a similar fashion 
to that of the ])lanets travelling in orbits round the sun docs Jiot suflicc 
to account for the energy transformations which take jilacc within the 
atom, and it is necessary to combine the Bohr view of the atom with 
the quantum theory, in accordance with which, of all the jiaths which 
are mathematically ])ossiblc, only a few arc actually available for the 
electron orbit. 

In the normal condition of the atom, each of the revolving electrons 
will occupy the orbit of lowest energy of all its possible i>aths, and this 
i^ its basic orbit. It is only by exciting the atom by conveying energy 
to it from outside that the electron can be forced into an orbit higher 
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energy quantum, and when the electron falls back into its normal orbit 
it emits a “ photon of energy whidi is defined by the equation 

t'-h / f (5) 

where h is Planek’s constant and equals (>*55 x 10 erg-see., 

/ is the frequency in hertz, 
t is the energy in ergs. 

hV)r exam])le, if a body is radiating violet light, that is light waves of 
frequency / ~ 758 x 10 hertz, then 

e - ((>*55 X 10 2’) X (758 x 10 ^ 2 ) 49() x 10 erg, 

and this energy i is only emitted in very minute time intervals, with 
a relatively long ])ause between successive emissions of energy. Jt can 
therefore be said that each atom of the radiating body must acquire an 
amount of energy i -- hj — 40() ^ 10 erg before it can emit vi()let 
light. Further, from the relativity theory it is known tliat mass is 
(‘quivalent to energy as defined by the following equation, viz. 

Energy in ergs — mass in grams / r2 . . (0) 

where c is the velocit y of light in o|)en space and is equal to 2*9987 / 10'® 
cm. per second. From the numerical data given in the foregoing, it is 
seen that the eipii valent mass of the photon of violet light is, 


490 ^ 10 " 

‘ (2*9987 N 10'®)^ 


10 2* gm. 


COSM/C 


"T 


■*yRArS* 


VISIBLE 

\LIGHT 

-X-BAYS t 

l^ES 

^idLEf -^infra-red 


“T"" ■| • I 
-/ o 


n-' - r j 

^ 3 4 


Fig. 4 . 


In Fig. 4 is given a chart showing the ranges of electromagnetic w'ave- 
lengths and frequencies which are of special technical interest, the 
relationship bet wren w'avelength and frequency being 

(w^ave-length A in cm •) X (frequency / in hertz) -- velocity of light 

== 3 X 10'® cm. ]>er second. 

The scale given on this chart is the logarithm to base 10 of the w’ave- 
length Av in Angstrom (A) units, viz. lA = 10 ® cm. Thus, for a w'ave- 
length of 10 * cm., 

Aa == 10^ A : so that logi© Aa = 4. 
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Disintegration of the Atom 

Kxainplrs of atomic* disiiitegratioii are found in the natural radio- 
activity of uranium and radium and, in a lesser degree, tliorium, ])otas- 
sium, rubidium and many other tdemeiits. Tlie atoms of these sub- 
stances must be considered as having unstable nuclei \\hi(*h tend to 
explosively disintegrate, and in consequence to eject portions of the 
.itomic structure. Such natural disintegration gives rise to the so-called 
y ra\^, /brays, and y-rays. Of these the a-rays are simply helium nuelei 
(s(‘c ]/age 27) which are ejected at a high velocity and are consequ(*ntly 
p<)siti\ely charged and wall }>e deflected by an electric field, fl’hc /brays 
are a stream of electrons ^\hich are emitted as a consecpience of the 
transformation of the nucleus protons and neutrons and are of the same 
nature as “ cathode rays ” (see ])age .*57), so that 
th(*\ will be defl(‘cted by either an electric or a 
magnetic held. Since the //-rays are negatively 
charged tlie deflection in an electric field w^ill be in 
the op{)osite direction to the deflection of the a-rays, 

<is IS show'll in Fig. 5. The y-rays are electro- 
mfigneti(‘ waves and are of tlie same nature as 
‘ Hontgen rays "( see page 87), from which they are 
<hstinguish(‘d ])y having a shorter v\ave-length. 

"I’hcsc rays are not deflected by either an electric 
oi a magnetic fi(*l(l. 

Such natural radiation is an examjile of the 
tiiinsformation of mass into energy in a(*cordan(‘e with the previously 
(onsidered equation (fl) (see ])age 2S), viz. 

Energy in ergs — mass in grams r'-, 

where c is the velocity f)f light, i.e. r — 8 - 10^*’ cm. ])er second. The 
l.iw’ of the rate of decay of radio-a(*tivity for radium was derived liy 
2bitherford and Soddy from exjierimental measurements, and it is 
Iviiow'n, for example, that radium will be reduced to one-half its original 
mass after about I,()00 years of radiation. The final ])roduct of the 
radiation of uranium ami of thorium is lead and, in the case of earth 
containing uranium or thorium, it is ])ossible, from a knowledge of the 
amount of lead found associated wuth these metals, to establish the time 
tor which the radiation must have been taking place. In this way an 
estimate of the age of geological layers in wdiich these substances are 
found can be made. 

In recent years great develo])ments have taken ])lace in methods for 
artificially disintegrating the atom, the most notable and jiowerful of 
these being tlie “ cyclotron of Ih*ofessor LawTcnce of California. Jn 
this ap])liance a target of the material to be disintegrated is bombarded 
w ith a stream of deuterons, that is the nuclei of atoms of heavy hydrogen, 
and as a result of such artificial methods of atomic disintegration it has 
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been found that, during the transformations of the protons and neutrons, 
secondary electric jiarticles, viz. the neutrino and the positron appear, 
but which ai)parently have only a transient existence. 

The magnetic characteristics of the ferromagnetic metals iron, cobalt 
and nickel can now be accounted for as a consequence of the spins ’’ 
which arc superposed on the electrons revolving round the nucleus, 
that is a motion similar to the revolution of the j)lanets on their axes. 
Further reference to this will be found in (Chapter VII. 


Conduction of Electricity through Gases 

The flow of (‘iirrent in a metal conductor is defined by Ohm's Law, 
which relates the potential difference with the (jurrent, as is explained 
on ])age 44. 1''his law, however, entirely fails when currents which are 
formed of free electrons or free ions arc considered. Fcrr such currents 
in of)en spatjo the (;ontrolling factor is the “ s])ace charge ”, and in })lace 
of the inexhaustible store of electrons wlii(*.h are available in a metal 
conductor, which in the case of currents formed by electrons in open 

space it is first of all necessary 
to ])rovide the electrified ])artieles 
of which the electr()ni(j and ionic 
currents are (;om posed. 



|-vww 


Fuj. r>. 



Suppose tw(^ electrodes as shown in Fig. 6 are respectively main- 
tained at positive and negative potentials, and that the space surrounding 
them is com])letely exhausted of gas. If the temperature of the negative 
electrode, that is, the cathode, is raised to a sufficient degree, electrons 
will be ejected and will travel towards the anode under the influence of 
the electrostatic field which exists between the electrodes. At first sight 
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it might be supposed that all the electrons wliich are ejected from the 
(cithode would reach the anode wlien only a small ]).d. was a])[)lied to 
llie electrodes : that is to say, the current strength would be \ery little 
ciiteeted by the magnitude of the j).d. Actually, however, the fact is 
(juite otherwise. At any point in the evacuated container an electroji 
will be under the control, not only of the held due to the charges on the 
i*i*spective electrodes, but also of the field due t(j all the other free elec- 
\]on> in the space between the electrodes, or otherwise expressed, the 
field due to the “ space charge The question then arises as to how 
tlie current value I will be related to the p.d. V between the electrodes. 
For small values of V the sjiacc charge will drive most of the electrons 
hack to the cathode so that the rate of increase of current will be ftinall 
as is show7i by the ])ortion Oa of the gra])h in Fig. 7 When the pressure 
V increases, the force exerted on the electrons by the field due to the 
electrodes will increase, and at the same time the conti oiling effect of 
the space charge will diminish owing to the increased speed of transport 
of the electrons across the space. By direct calculation it can be shown 
that the rise of current with the ajqilied p.d. will then be given by the 
eejuation, 

/ = . ... (7) 

where k is a constant. The ajiproxnnate range for whicli this equation 
liolds IS showm by ah in Fig. 7. When the ]).d. betw7*en the electrodes 
is still further increased, the rate of increase of the current diminishes 
ciiid eventually reaches a saturation value, as is shown by the ])ortion 
h( of the graph in Fig. 7. That is to say, as soon as all the electrons 
whicli are ejected by the cathode in unit time are actually transjiorted 
to the anode, the current can no longer be increased by increasing the 
ajjphed p.d. 

Effect of Positively Charged Particles (Ions) on the Space Charge 

It has already been seen that the deciding factor which determines 
tlie relationship between the p.d. and the current in an evacuated 
ujiitainer, is the space charge. If it is desired to influence this rela- 
tionship in order to obtain, say, an increased current for low values 
of the aiiplied p.d., it is necessary that the effective s[)ace charge 
^hall be reduced by the injection of jiositivcly charged particles. This 
effect can be obtained if a small quantity of gas is included in the 
evacuated chamber, since in this way the electrons will have the oppor- 
tunity of “ ionising ” the gas, that is, dissociating each gas molecule 
into an electron, and a positively charged particle, that is, an “ ion 
fhe consequence of this will be seen from the followdng considerations, 
f he magnitude of the space charge is determined by the net effect of the 
, total number of free positive and negative particles which are released 
l>er unit volume, that is to say, it depends not only on the number of 
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positive and n(‘gativ(‘ly eliarged particles which are released per second, 
hut also on the time for which these charged ])articles remain in the space 
between the electrodes or, in other words, u])on the speed with whnh 
the electrons and ions move in the electric field. For a given field strength 
this speed is inversely proportional to the square root of the mass of the 
particle, so that, for examjile, the ratio of the s])eed of the mercury ion 
of mass 332 10 24 speed of an electron of mass 

- 002 ' 10 2H ^rj]| 

0*02 X 10*^* _ 1 
332 < 102» “ 007‘ 

It follows, therefore, that a mercury ion will move at a speed of only 
„ ‘ „th of that of an electron. This fact explains the astonishingly large 

effect on the current -pressure char- ' 
act eristic (Fig. 8) when a minute 
amount of gas or vajamr is ad- 
mitted to the evacuated space he- 
tw'een the electrodes. Thus, if 
only suth(*ient mercury vapour is 
admitted to ])roduce ])ositive ]iar- 
ticles wdiich will account for (, 00 th 
])art of the total current, the sjiaee, 
charge w^ill become zero since the 
mercury ions will remain 300 times 
as long on their journey as the 
electrons on their journey across 
the s])ace between the electrodes. 

The reduction of the sjiace 
charge by means of jjositive ions is 
of the greatest jiractical import- 
Fhj. 8. anee since the requisite ]).d. for a 

given current will be reduced as the 
magnitude of the counteracting space charge is reduced, and this implies' 
a corresponding reduction in the pow'er loss in the apidiance. That is 
to say, there w ill be a corresponding reduction of the cooling necessary 
to dissipate the heat loss. Reducing the magnitude of the S]aice charge 
in this way makes it ])ossible to construct containing vessels with gas or 
vapour tilling w hich can be used for heavy currents. The use of highly 
evacuated containers must be contined to light current operation on 
aec'ount of the dillieulty of dissipating the heat when heavy currents 
flow' in such gas-free containers. 

The Glow Discharge 

The simj)lest type of glow' discharge is that in which electrons arc, 
discharged from the cathode by raising its temperature as has been 
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considered already in the foregoing. These electrons are accelerated in 
the electric field and, hy ionisation of the gas, ])r()duce j)()sitivc ions. 
IMic ions then travel towards the cathode, neutralising the negative 
sj)ace charge on the way, and so release those electrons in the neighbour- 
hood of tlie cathode which are bound ]>y tlie space cliarge, a state of 
ec|uilibrium being eventually reached which is de])eiident upon the 
magnitude of the ]).d. between the electrodes. 

There is another ty])e of glow discharge which is of great ])ractical 
significance and which does not de])end u])on a heated cathode for the 
])roduction of the electrons. This employs a cold cathode Avlii(‘h actually 
])roduces a glow discharge very similar to that vhieli is obtained from 
a hot cathode. This may be explained by means of the following 
considerations. In a highly evacuated chamber there will always be 
individual free electrons ])resent which may be due, for e.vample, to 
radio-active effects from wliich no sucli space will ever be entirely free. 
Such free electrons will become a(*celerated in the electrh* field between 
the electrodes and will ionise the gas. The released ])ositive ions will 
llien move towards the cathode with ever-increasing s])eed in the electric 
held and will also ionise the gas in their path. Tn this way a cumulative 
or “ avalanche ” effect develops at a very high s])ee(l until a (‘ondition 
of equilibrium is reac'hed. Tlie dilference between the glow disc'harge 
])roduced by a hot cathode and that ])roduccd by a cold cathode is not 
so great as might a])])ear at first sight since, fundamentally, it is a matter 
of indifference whether the jiositive ions release the electrons from their 
bound condition in the space charge, or from their bound condition in 
tlie atomic structure of the material of the cathode. 

Mechanism of the Glow Discharge 

The addition of a minute amount of gas or vapour in the evacuated 
container vessel greatly com])licates the ]>rocess by whic*h a glow dis- 
charge is produced. The electrified carriers newly released by ionisation 
])artake in the further ])rocess of ionisation, and this ])rocess is the most 
important factor in the excitation of a glow discharge. In order that 
the electrons shall acquire sulHcient energy to effect ionisation by impact 
with a molecule, they must travel across a definite ]>otential difference 
in the electric field : that is to say, for a given field a definite distance 
must be traversed. In order to siiiqilify the consideration as much as 
possible a highly idealised condition wdll be assumed in wdiich the two 
determining factors are (i) The distance x w'hich the electrons must 
travel when ejected from the cathode in order that they may acquire 
the requisite amount of ionising energy, and (ii) the so-called “ mean 
free path ” y, that is, the distance wdiich the electrons must travel on 
the average before they encounter a molecule, this distance being 
dependent upon the gas pressure in the evacuated space. 

Assuming that at the commencement of the process the potential 

D 
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difference i,s more or less uniform, and that x is considerably greater 
than y, for exam[)le, x - 2?y, so that only those electrons will be able to 
j)roduce ionisation whicli have been able to travel the distance x before 
im])act with a molecule. J)uo to this impact, however, a ])ositive space 
charge will l)e formed at the distance x from the cathode, and the potential 
at this p(;int will be raised relatively to the cathode. This implies an 
increase of the strength of the field in this neighbourhood and a conse- 
quent reduction of the distance x which an electron has to travel in order 
to acquire the requisite ionising energy. A little consideration will show 
that the general effect of this process will be that the centre of generation 
of the ])ositive ions will draw gradually closer to the cathode until 
eventually the criti(‘al condition will be reached for which x =- ?/. At 
tliis (listance from the cathode a strong ])ositive S])ace charge will be 
developed, since at this ])lace the electrons will nujst frequently collide 

with tlie molecule with adequate 
energy to ionise them. Further, 
the released ions will have their 
minimum speed in this s])ace and 
will therefore linger in this region 
for the maximum time. A large 
p.d. will thus be developed between 
this region and the cathode : in 
most cases this p.d. forms the main 
portion of the total ]).d. between 
the anode and the cathode. This 
p.d. is known as the “ cathode 
dro]) ” and both theoretically and 
technically is the most imj)ortant 
])otential factor in the formation of 
any glow discharge. This region can be seen as a dark space (CVookes’ 
Dark Spac(‘) and is bounded by the cathode glow on one side and by 
the negative glow on the other, as is shown in Fig. 9. 

}\y means of considerations which involve not only ionisation 
])heii()menon but also the losses at the walls of the containing vessel and 
the im])act of the electrons on the anode, it is ])ossible to account for 
the otlier main discharge formations shown in Fig. 9, sucli as the “ posi- 
tive column ” and the “ anode drop The fundamental consideration 
whi(*h controls these ])henomena is that a condition of equilibrium must 
be established between the various o])erating factors in the complicated 
sequence of processes. 

Transition from Glow Discharge to Arc Discharge 

As has been pointed out already, a complete statement of the con- 
ditions of equilibrium would involve highly complicated relationships, 
but it may be said that the space charge is locked with a definite current 
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<Ieiihit> , und consequently, for a given current, the sjiaee eliarge is locked 
with a definite surface area of the cathode. The consequence of this 
relationship is that the amount of the cathode surface which is covered 
by the glow discharge will increase pnqiortionally with the current 
strength so long as the total surface of the cathode remains uncovered. 
That is to say, so long as the total surface of the cathode remains 
uncovered, the cathode ])ressure dro]) will remain (‘onstant at its “ nor- 
11 ) il ” value as the current strength is varied. If. after the whole cathode 
surface has become covered by the glow discharge, the current is still 
furtlicr increased, an increase of the cathode pressure dro]) will take 
])Iace, and since tliere will be, in consequence, a greater number of 
cU'ctrons ejec ted per unit area of cathode surface tluin will be the case 
with the normal glow discharge, the whole character of the dis(*harge 
will be abru|)tly changed. The negative glow will contract to a single 
brilliant spot wliich will move restlessly over the surface of th(‘ i*athode, 
thus the glow discharge will have }>ecome transfoj i.icd into an arc 
(Ihschanjc. 

A general idea of the jihysical sequence of events ma\ be obtained 
as follows • Su])pose that the gknv discharge has comjiletely (‘overed 
th(‘ cathode Mirfac*e, or that the current strength has reached its tnaximum 
value consistent with the normal (*athode |)ressurc dro]). If, now^ at 
some s]mt x on the cathode surface the current density is increased, this 
will cause an increase in the number of ions at the corres])onding ])oini 
in the positive ion sjiacc-charge layer wiiich is ojiposite to the spot x 
on the cathode surface, 'The temperature at this point on the cathode 
surface wull therefore rise and the electron emission will automatically 
concentrate at this spot, so that the glow^ discharge will be transformed 
into the arc discharge. 

Conduction of Electricity across a Spark Gap 

In the case of air and other gases, the condu(‘tion of the current 
across the gap is effected by ionisation of the ])ath and this may be 
liriefly considered in the light of what has been said in the foregoing. 
Since the ionisation of the ])ath is caused by the electric field, a certain 
time interval is required to ])roduce the requisite conductivity, so that 
between the initiation of the ionisation and the subsequent sfiark dis- 
charge, a definite, though extremely small, time interval is required, 
and this interval forms the “ discharge lag ” of the syiark. The duration 
of this time lag depends upon a com])lex system of relationshifis and 
may vary between wdde limits such as 10 to 10 ® sec. In the case 
of homogeneous electric fields, the dissociation of the molecules and 
atoms of the gas into electrified [larticles will take ])lace more or less 
simultaneously throughout the whole path of the subsequent s])ark, so 
the lag of the discharge in this case will be relatively small. In the 
case of non-uniform fields, however, the ionisation process will be initiated 
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at ])(jintH of maximum field intensity and will sj)read from there out- 
wards. When electrodes are used of which the radius of curvature is 
small in (*om[)ariHon with the length of the ga]>, the dis(*harge lag will be 
greatly increased. For oil and other liquid insulators, tlie energy of 
ionisation is very large, and in such eases the discharge lag will be very 
much greater than in air for otherwise similar conditions. The same 
considerations also a])p1y to solid insulators such as ])orcelain, paper, 
and mica. In the case of unsymmetrical electrodes such as are found 
in suspension insulators, the })olarity has a great influence on the dis- 
charge. In general, the negative electrode may be said to exert the 
controlling influence since the ele(‘trons on which ionisation dej)ends are 
suj)j)lied from this electrode. 

The Photoelectric Effect 

If light falls on a naked metal surface, particularly one of the alkali 
metals, a simultaneous emission of electrons takes place from the surface 
of the metal, and th(‘ intensity of this emission is directly ])ro]K)irtional 
to the intensify of the incident light of a given wave-length. This ])ro- 
portionality of the intensity of the incident light and the intensity of 
the stream of emitted electrons finds a valuable application for photo- 
metric measurements and a photoelectric cell constructed for this ])ur- 
pose is illustrated in Fig. 10. The sensitive metal surface (e.g. ])otassium) 
on which the light falls is shown at (\ and a battery B is connected in 
series with an ammetcu* so that the negative ])()le is joined to G and the 
positive ])ole to the anode A. The p.d. applied between the anode A 
and the cathode G causes the emitted electrons from the cathode surface 
to flow into the anode wliilst an equal number pass from the battery 
into the cathode. The range of operation of this cell extends from ultra- 
violet wavelengths and tlirough the complete s|)ectrum (see Fig. 4) 
down to the short infra-red wavelengths and particularly important 
a])plicatit)n of this type of ap])liance is found in the measurement of light 
for astronomical vork. Such light-sensitive cells are also applied to an 
immense variety of im])ortant industrial purposes. 

Cathode Rays 

It has be(‘n seen on ])age 33 that an electric discharge through an 
exhausted tube produces a “ cathode glow ” at the negative electrode. 
In ISSO Grookes showed that when the gas pressure is reduced to a suffi- 
ciently small value, the glow in the tube disa])])ears altogether and the 
])assage of electricity is only shown by the fluores(‘ence of the glass tube 
which becomes extremely brilliant at that ])art of the tube which faces 
the cathode. (Vookes explained this by assuming that electrical ])ar- 
tieles were shot olf the cathode at right angles to its surface and formed 
a beam or “ ray " which he called in consequence the cathode ray 
It was found that a ])articularly brilliant phosphorescent glow was 
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produced when the ray 'vas directed on to a screen coated \Nith zinc 
sulphide. 

It IS now known tliat the cathocie ray consists of ele(*t rolls travelling 
at a ver\ high s])eed, and in the recent type of Coolidge tubes a velocity 
of a))out 90,000 miles jier second is reached, that is, about oiie-lialf the 
sj)ced of light. The cathode ray will be deflected if it crosses either a 

magnetic or an electric field, and an im])ort- 
ant a])plication of tliis property is found 
in the <*athode ray oscillograph illiistrited 
in Fig. 11, which shows diagramnntically 
the princi])le of its operation. 
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The ray ])asses througli a hole in each of two metal discs //, and two 
plates Q are placed pai-allel to the beam so that vvlien a ])oteutial ddfer 
cnee is ajiplied to the plates the direction of the electric field so }>r(>duced 
is perpendi(‘ular to tlie ray and consequently deflects it by an amount 
which is jiroportional to the intensity of the electric tield. The beam 
strikes a zinc sulphide screen S and the movement of the beam as the 
|)d. across tlie [ilates Q is varied, can be seen by the phosphorescent 
trace on the screen. 

X-rays 

Many years before Rdntgen discovered “ X rays " in iSOo, J. J. 
Thomson liad exjiressed the view that if rapidly moving charged particles 
were to be suddenly stopjied, electromagnetic waves of the nature of 
light would be dcvelo])od, and he also siiggested that the light seen at 
the surface of the glass tube in which a cathode ray is produced, was in 
fact an example of the generation of electromagnetic waves due to the 
sudden stoppage of the electrons when the cathode ray strikes the w^all 
of the tube. Jt is now knowai that X-rays to which the stofipage of 
high-speed electrons gives rise, are electromagnetic waves of the same 
nature as visible light, but of a much higher frequency. 

In Fig. 12 is shown a diagram of the ])rinci])Ie ])arts of an X-ray tube 
in which the cathode filament is caused to emit electrons by heat due 
to a current passed through it from the battery showui. The electrons 
are accelerated by the electric field due to the ji.d. which is ajiplied 
between the cathode and the anode, and consequently the electrons 
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strike the target at a very high speed, thus generating the X-rays. Such 
X-rays are siiielded and absorbed in all directions excej)t for a small 
narrow beam which is emitted through the tube and a])plicd to the 
purpose for which it is intended. 

The Dry Metal Plate Rectifier 

This type of rectifier is used for charging accumulators from a source 
of alternating (‘urrent, for exciting direct -(*urrent electromagnets, for 
operating cinema arc-lam])s and for many other ])urj)oses. The theory 
of the “ valve ” action of this type of rectifier is not yet complete, but 
the general jirinciple of its o]>eration will be understood from what 
follows. This ])rinclj)le has been known for a long time, and the modern 
form of the rectifier is in fact a large-scale improved exam])le of the 
crystal detector of the early days of wireless reception apparatus. 
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There arc three main types, viz. (/) the cuprous oxide, Cu^O (Kii])- 
feroxydul), (II) the selenium, (///) the co])per sul])hide. All of these 
are characterised by the following com])oiients as illustrated in Fig. 
1 3a and 136. 

(1) The emission electrode (cathode), G ; (2) the “blocking bound- 
ary,” ; (3) the layer of semi-conduct ing material, 1 : (4) the contact 
electrode (anode), A. 

In the cuprous oxide ty])e the emission electrode is a copper plate 
on which the semi-conducting layer of cu])rous oxide (Cu^O) is formed 
in such a way that there is an extremely iiitiinate contact between the 
cop])er plate and the semi-conductor, the tlnii layer of oxide being pro- 
duced by a chemical or thermal treatment, by means of which tlie oxide 
is caused to ‘‘ grow ” out of the copj)er-])late surface. This semi- 
conductor is of low electrical conductivity and of rough surface, and in 
order to ensure a good contact and hence a minimum contact resistance 
between the anode A and the GuX) surface, the latter is dusted with 
fine graphite })owder (or sprayed with metal), and a malleable metal 
(lead) is then used as the anode plate, the advantage pf lead being that 
it can be pressed on to the treated surface of the semi-conductor and 
ensure in this way the best possible contact between the anode and the 
uneven surface of the semi-conducting cuprous oxide. 
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The scmi-eonductor CujO is cKaraeterised by the concentration of 
electrons at the surface in contact with the anode, so that when a p.d. 
is applied in such a way that the plate A is connected to the ])ositive 
terminal of tlie sup])ly whilst the cathode C is connected to the negative 
terminal, a continuous stream of electrons will flow into the positive 
terminal of the sup])!}" source, and consequently the valve action is then 
‘•()})cn” and the rectifier then forms a conducting path. When the 
])v)larity of the supi)ly terminals is reversed, the concentration of elec- 
trons at the anode surface blocks the passage of a current, and then the 
Milve action is then, in effect, “ closed When the a])plied p.d. is such 
that the anode A is connected to the negative ])ole the valve effect remains 
closed without rupture even when an electric field of mean intensity of 
up to from 3 to fi million volts per centimetre is applied. The effective 
lliickncss of the blocking boundary B in Fig. 13r7 is of the order of from 
10 '* cm. to 10 ^ cm. The effective capacitance of the activated surface 
of the semi-conductor is from 0*01 to 0-025 uF, SiuL rectifiers can be 
used for frequencies up to about 10,000 hz. without any appreciable 
effect on the operation being due to the sel1'-ca])acitance. By suit- 
ably ])roportioning the dimensions of the com})onent ])arts, this ty])e of 
lectifier can also be used for high-frequemy work. 

In Fig. 13b is shown an assembled 2-v()lt unit of a ciquous oxide 
](‘(tifier and c()rres])onding ])arts of Fig. 13n and ISb have bt^en given the 
same distinguishing letters. (V)oling ])lates are shown at PP and layers 
o( insulating material are vshown at JIM. By means of the clamping 
holt the lead anode can be pressed vdth sufficient force to make a good 
electrical contact with the active surface of the layer of Chi/). 

The Mercury Arc Rectifier 

When a menmry arc is operated in a highly evacuated container, 
between a graphite (or metal) electrode and a ])()ol of mercury, it is 
characterised by the jirojierty of lieing able to pass a current in one 
direction only, viz. the direction for which the grayihite electrode is 
positive (the anode) and the mercury ])ool is the cathode or negative 
terminal. A diagram of the princi])Ie features of such a rectifier is shown 
in Fig. 14, in which the mercury ])ool is at C and two anodes are shown 
respectively at Ai and Az- The alternating-current su])])ly is connected 
to the |)rimary winding of a transformer, the secondary winding of which 
lias a centre-point tapping which is connected to the mercury ])ool O. 
iiie ends of the secondary winding of the transformer, respectively, go 
to the anodes Ai and A 2 . 

The rectifying action is obtained as follows. Since the a.c. sujiply 
pressure passes through successive half-cycles of opposite polarity, the 
two anodes Ai and A 2 will, in turn, become positive with respect to the 
mercury pool C. From w^hat has already been said in the foregoing 
how'cver, the arc can only form between the j^ool and that anode which 
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is of positive ])olarity, so that the «arc will pass from one anode to the 
other in turn, 'i’he consequence wdll be that the mercury pool will 
remain continuously the ])ositive pole and the centre-tapping point of 
the transformer, the negative pole for the d.c. output terminals. 

Conductors and Insulators : Ohm’s Law 

In the foregoing ])aragra})hs of this chapter attention has been given 
to the special cliarac*! eristic* features of the ])assagc of electricity through 
gas(‘s, and in what follows, the electrical ])r()])ertics of solid and liquid 
conductors and insulators will be considered. In general, all substances 
may be classified as either conductors or insulators of eleetri(*ity, although 
there is no rigid boundary betw^ceii these two classes : conductors, semi- 



u. Fig. 15. 


conductors, and insulators merge into one generalised grou]) in the 
sense that to scune dc'gree, all substanc'cs are conductors of electricity. 
Ih-oadly s])eaking, it may be said that the electrons in a conductor are 
free to move from molecule to molecmle, whereas in an insulator they 
are only ftble to move with the molecule. 

Electric conductors comprise substances in the solid, liquid, and 
gaseous states, and of these tlie ])ure metals have by far the greatest 
electrical conductivity. In the ca.se of those liquid conductors which 
are chemical conq)ounds, conduction takes place by means of 
“ electrolysis 

A cuiTcnt of 1 ampere flows in a conductor when 1 coulomb of quantity 
passes ])er second through any cross-section of the conductor. If the 
current is varying its magnitude at any moment is given by the expression 

bq 

/ = ' amps. 
ot 
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where bq coulomb is the quantity of electricity which passes through 
any cross-section of the conductor in dt second. In tlie notation of the 
{•aiculiis this relationship becomes 



For solid and liquid conductors ‘‘ Ohm's Law ” ap])lics, and this law 
may be stated as follows : 

Provided that the condition (i.c. temperature and mechanical 

strain) remains urwltered, the ratio of the potential difference V between 
the Olds of a wire in which a current I is flowing^ and th magnitude of the 
current will be constant, that is : 

V 

(H) 

where 7? is a constant and is termed the “ resistan(*c " of the win*. The 
(‘onstancy of this ratio is shown in Fig. 15 by the graph connecting the 
j).(l. in volts and the current in amperes, so tliat tlic slo])C of this straight 
Inie gives the resistance in ohms, viz. 

tan ft = a ohms (i3). 

The accuracy of Ohm's Law has been establisl)ed by the most searching 
experimental tests in whicli a deviation of one ])art in 10(h()0() could 
have been detected, but no departure from the constancy of the ratio 
of I’ io I has been observed, ])rovidcd that the conditions as to the con- 
stancy of pliysical state during the measurements have })ecn observed. 
The great inqiortance of Ohm’s Law is its signification that the resistance 
of a conductor is independent of both the applied p.d, and the current 
in the conductor, and it forms a basis for the wlioh^ system of electrical 
measurements. 

The unit of electrical resistance is the “ ohm ” and may be defined 
as follows : 

The ] nternational Ohm is the resistance offered to an unvarying current 
by a column of mercury at the temperature of melting ice, the mass of the 
column being 14*45 gni., the cross-sectional area being constant, and the 
b ngth being 10()*3 cm. (sec also Cha])ter I, ])age 12). 

This specification of the ohm defines a resistance which is equal to 
10® absolute electromagnetic units e.g.s., that is 

1 ohm — 10® electromagnetic units . . (9) 

Ohm also showed that the resistance of a conductor of uniform cross- 
section q and length I is given by the expression 

R=fJ^ ( 10 ) 

wliere p is a characteristic constant of the material of the .c^ujickiqtor and 



42 


PRINCIPLES OF ELECTRICAL ENGINEERING 


is called the “ sf)ecific resistance ” or the ‘‘ resistivity Thus, in the 
ex])ressiori (10), if Z - 1 cm. and q = \ sq. cm., then R = p, m that. 

The specific resistance e)f a coneluctinej material is the resistance between 
the opim.site faces of a cube of the material of \-cm. sides. More briefly 
the specific resistance is v snail y stated as the resistance per '^centimetre 
cube ”, it being assumeel that the current flows between the opposite faces oj 
th( cnbe. 

The ” conductivity ” is the reciprocal of the sy)ecific resistance and 

is measured in recij)rocal ohms frequently, the name siemens ’’ 

is apf)lied to tins unit. C\>])pcr is of s])ecial importance in electrical 
engineering on account of its high conductivity and other valuable 
properties. Until re(*ently, electrical conductors have been almost 
exclusively made of co])per, although in recent years aluminium has 
achieved great imfiortance for this ])urpose. The International Standard 
Specification for annealed cojqier is as follows : 

(/) At a tenqierature of 20 C\ the resistance of a wire of standard 
annealed copper 1 metre in length and of uniform section of 1 sq. mm. 

ohm. 

(ii) At a temperature of 20'(\ the density of standard annealed 
copper is S SO gm. ])er (*ubic centimetre. 

(iii) At a tern fierat lire of 20 V. the “ constant mass ” tenqierature 
coi'llicient of resistance of standard annealed cojiper measured between 
two ])(>tential points rigidly fixed to the wire is 0*00303 ])er U C. 

(ir) As a c()nsequon(•(^ it follows from (/) and (//) that at a tempera- 
ture of 20 (* the resistance of a vdro of standard annealed cojiyier of 
uniform section 1 sq. mm., I metre in length and weighing 1 gm., is 

^ S-St) 0*1 5328 ohm. 

If the sjiecilic resistance of the material of a conductor is known, 
it is easy to calcuhite the lesistance of a conductor of a given length 
and given cross section. lAir many practical purposes such as jiroblems 
relating to the transmission and distribution of electricity, it is usually 
more convenient to e\])ress the specific resistan(*e in terms of the metro 
as the unit of length and the square millimetre as the unit of cross- 
section, thus 


R p m. mm. 2 
(/ 


( 11 ) 


wliere p is the resistance of a conductor 1 metre long and 1 sq. mm. in 
cross section. 

In general, the resistance of a conductor is notably affected by the 
temperature, and it is found that the resistance of all pure metals and 
of nearly all alloys increases with the rise of temperature. The resistance 
of carbon and non-metallic liquids, however (that is, electrolytes), 
decreases with rise of temperature. The variation of resistance with 
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temperature of metals and alloys is closely re])resented the following 
idiniula for a wide range of temperatures, r/ 

K, = ft,, LI I 0i{f, . (12) 

«lK>rc i?,. is the resistance at the tem])eratine 

Bi „ „ „ „ />C.. 

,01(1 y is termed the “ temperature coetiicient of resistance and is the 
( liange of resistaiiee ])er V. 

Id Table I is given a list of the values of the specilic resistance 

p in U ni. inm.“, the conductivity A in and the temperature cvieHicient 

y ibr the more commonly used solid conducting materials, whilst Tabic 11 
ij[i\es the corresponding quantities for some rejiresentative liquid 
Mibstances. 

Table III gives the specific resistances in Q cm. cm.- and tlie tem- 
perature coefficients for a number of j>ure mitaJs as determined by 
l^'Ieming and Dewar, and Table IV" gives the sjiecific resistances for a 
number of important nsistance alloijH, also as measured by Fleming and 
l)m\ar. In Table will be found the values of the sjieciric resistances 
ior some of the more important insalaihnj mat( rials. 

It is convenient to classify electrical resistance materials according 
to the type of w'ork for wiiich they are intended. Resistance may be 
r(‘(|uired for the purpose of jirecision measurements such as are used 
m the various tyjie of bridge systems : as series or shunt resistan(‘es 
for current regulation, and for electric radiators and industrial furnaces 

In the following schedule smii a (iassification 


ioi the generation of heat. 

Is given. 
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HESISTANCE ALUOYS FOR INDUSTRIAL FURNACES AND FOR RADIATORS 

Iron-Chromium : Iron-Chromium-Aluminium : Iron-Chromium-Silicon : 

Iron-Nickcl-Chromium 

RESISTANCE ALLOYS FOR SERIES AND SHUNT REGULATORS 

Iron-Chromium : Iron-Chromium-Silicon : Iron-Chromium-Aluminium : 
Iron-Manganese-Chromium : Iron-Silieon 
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'I’AHLK I 



Spf n/ir 

Candurtinf}/ at 

7V mju rat u re 


Conductor Matuiol 

liffitHtonvt at 
io (\ in 

15 C. X in 

J{i*€ i procal ( )h in ft 1 

( '(xjjtnt nt 
a 

Density 


p in Uhn.jmm.^ 

or SiLinens 

at 15^ r. 


Aliitniniiiin .... 


:13 5 

-j 0-0037 

2-7 

Aluinmiuni-lironzo 

o i:i 1o 0-2<l 

3-45 to 7*7 

4 0-001 

_ 

Bistiiut}i .... 

1-2 

0*8:i3 1 

{ 0-0037 

9-8 

( V)p|HT 

Win' (or 'riaiis- 

0 017 to 0-0175 

57 to 58-S 

1 0 004 

8-93 

iiussioii Lines 

0-0175 

57 

0-004 

8-93 

Ainorp^ioiis earlxm 

40 to ()0 

0-025 to 0 017 

— 

1-85 to 2-05 

< Iniphite 

7 to 12 

0-11 to 0 08 

- 

2-21 to 2-23 

(Has Coke .... 

100 to tiOO 

0-00100 to 0 01 

- 0-0003 to 

— 




— 0 0008 i 

I 

(;ol<i 

0-022 

4.)-o 

} 0-0035 

19-32 

Iron (Annealed) 

1 0-0 It) 

_ 1 

1 0-0045 

1 7-85 

('ast Stt*el .... 

0 20 


f- 0-0045 to 

7-8 




i 0-005 


Kleetrie Steel (S(allo> ) j 

0 125 


— 

7-2 

Iji'ad I 

0 21 

4-70 

0-0041 1 

11-37 

Mereurv 

0 05 

10 5 

-f 0-0009 1 

; 13-507 

Nicker .... 

01 to 0-12 

8 33 to 10 

} 0 0041 

8-9 

IMatiiuiin .... 

0 001 to Oil 

0-00 to 1(» 01 

f 0-0024 ' 

21-5 

Tantahiin .... 

0 15 to 0 !().■) 

0 to 0 00 

} 0 003 1 

10-0 

Tin 

012 

8 33 

4 0 0045 1 

7-29 

'rim^ston .... 

0 07 

11-275 

0-0051 1 

18-8 

Zinc 

0 00 

10 0 

1 0-0039 

7-1 


TABLE IX.— LIQUID COl^DUCTOllS 


Substance 

Sptcijic 

Jfi jtisittitirp 

Conductivity 

X at C. 

Temperature 

1 

p at 

15" C. 


1 

C Occident 


X? m.f mm.^ 


P 


a 

(.\)})]>er sulpluit(' : 

5 ])er cent 

5 X 

ur> 

2 

X 

10 -« 

- 0-022 

10 „ .... 

3 1 N' 

10^ 

3-225 

X 

10 « 


25 

2 3 ^ 

10* 

4 - 1 05 

X 

10 -® 


Zinc Snlphate -. 

5 pt'r cent 

5-2 X 

w 

1-92 

X 

io-« 


10 

3-1 X 

itr^ 

3 225 

X 

10-6 

- 0-24 

ao 

2 3 N 

10' 

1-35 

X 

10- « 


»0 

2 1 X 

10' 

4-70 

X 

10-6 


SnIpliuiK- Acid : 

5 per cent 

4-8 X 

10* 

2-08 

X 

10 


10 

2-0 X 

10* 

3-85 

X 

10-^ 


20 

1-54 X 

10* 

7-14 

X 

10-5 

- 0-02 

30 

1-35 X 

10* 

7-4 

X 

10-* 
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TABLE IIT.— rURE METALS 

{Fleming mid Dewar) 



Specific Ilesista n re 

Mean I'l mprratnre 

Metal 

at in Ohms pi r 

(Uirffirient a hi tween 


('entimitre Fuhi 

(> r. and ion" C. 


Mh t'r (*'lt‘(‘ti()lytic and \v('ll aiinoalod) 

1-408 


10 

G 

0-00400 

1 rnlytic and woll annoalod) , 


V 

10 

« J 

0-00428 

(, 1 * 1(1 (aniu-alod) 

2-107 

> 

10 

n 

0-(M>:t77 

Miiiiiimuni 

2-00.") 


10 

n 

o-<M>i;ir> 

/me 

r>-7.71 


10 

- « 

0-O(M00 

Nickel (('l(‘ftrnlytir) 


/ 

10 

6 

o-noois 

Iren (anTK'aK'd) 

0-005 


10 

- « 

0-00025 

ri.it irmni (annealod) 

10-017 

V 

10 

n 

0-00.4000 

1 in (pn-'^sed) 

!;i-n48 


10 

h 

0-004 40 

Li-ad (pn-^M'd) 

2n-:i8 


10 

ft 

0-0041 I 

Bi-simith (eli'ctrolyt ir) 

110 


10 

ft 

0 - 004 : 1:4 

Mercury (pun*) 

01-07 


10 

ft 

0-00008 



TABLE TV. -BBSISTANd’E ALLOYS 


[Fleming and Dewar) 


A do If 

Spec iji c liesista n 
p in Ohms per 
('entimitri (Uihe 

Mean Tt mpi ratnrr 
Coi Ifieii nt a at 
' 1.7^ 

Fi rei nhufe ( 'onifiositian 
of Alloif 


at 0" 0 . 


I’latinuin-Silvnr 

,‘41 -.782 A 10 

0-00024:4 

IM ,‘ 4:4 : A« 1)0 

IMdt inuni-lridinni . 

.‘40-800 / 10- « 

0-000822 

Vi 80 : Ir 20 

t :<>ld-Sil\ er . 

0-28 /s 10 « 

0-0021 4 

An 00 : A^r 10 

Mari^aiK'he-Steol 

07-148 X 10 « 

0-00127 

.Mil 12 : Ke .78 

Nick(‘l-St(‘el . 

20-4.72 / 10 « 

0 00201 

Ni 4, .‘4.7 

< M‘rriiari-Silvt'r . 

20-082 X 10 ^ 

0-0(t027:4 

(7i .70 : Zii .‘40 : Ni 20 

I’iatiinad. 

41-731 > 10 « 

0 - 000 : 4 1 

Siirnlar In (i(*rrrian Sil- 




vt'r hut cniilains a 
Iraco of tun^j;Ht(*u 

MatiKanin 

40 078 X 10 ® 

0-0000 

(’ll 84 : Mil 12 : Ni 4 

General Notes on 

Resistance 




When a pure metal is alloyed with a very small ])ereentage of another 
metal, the specific resistance of the alloy is widely different a(‘(M)rding 
to the nature of the metals used. Thus, an alloy of pure copf>er with 
per cent, aluminium has a specific resistance about 5^ times that of 
j)ure co])per. The })rcsence of a very small ])r()portion of a von-nutaUic 
clement in an otherwise })ure metal has a very great effect in increasing 
the specific resistance of the metal : for example, ])ure iron with 0-01 
per cent, of carbon has a specific resistance of- about lb microhms per 
centimetre cube, whereas an addition of 3-4 ]>er cent, of silicon increases 
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V.~S}*K(’IF1(’ HKSISTANCE OF INSULATORS 


Snhstnnee 

Specific Jivsi/iUincc p in 
Ohms pet ('entimetre (.'uhc 

Temperature 
in " a. 

RolK^iniaii (Oass. 

. . . . 01 

X 

10^^ 

(>0 

Mn*a 

.... H4 

X 

1012 

20 

(hiltu-fMircha .... 

f 7,000 

X 

10^2 

0 

• • * • { 150 

V 

1012 

24 

Fliijf (JJa'^s ... . . 

. . . . 1,020 

X 

10>2 

()() 

VulcaniscO Indja-runiKT 

. . . 1,500 

X 

10'2 

15 

Sh<*lla<* 

. . . . 0.000 

/ 

10«2 

28 

Puro In(lia-nihh(‘r . 

. . . 10,000 

X 

1012 

24 

Khorntc* ... . . 

. . . . 28,000 

/ 

1012 

4() 

Pnrailiii 

. . . . 54,000 


1(02 

4() 

Lih'iC^mI Oil .... 

5 

X 

lO'o 

IS 

Ohvo Oil 

. . . ] 

/ 

1(02 

18 


the s|KM*itic' resistance al)out 4\ times. (Vrtain metallic elements also 
show the same elfect : thus, ])latinoid has a specific resistance which is 
SO per cent, greater tliaii that of (ilerman silver, although it differs from 
it merely in containing a small trace of tungsten. 

Sj)ecial alloys are manufactured, of which the s])ecific resistances 
ar(‘ exceptionally high ; su(*h alloys are used when it is required to 
consume as much ])ower as ])ossihle for a minimum amount of resistance 
material, such as in the case of a resistance furnace. A well-known 
alloy of this ty])e is nickel-chrome, and in the following S'ahle VI are 
given some data of this material. 

TAin.F VI 


t^ize of ir/rr Diano’tcr Jh ffisUfurc in ohms per 1,000 }/ar(h 


N.ir.r;. 

Inch 1 

1 20(0 ('. 

400“ C 

ir» 

0004 

451 

404 

18 

0048 

800 

870 

20 

0 o:i(> 

1,423 

1,500 

22 

0 028 

2,351 

2,583 


The current-carrying capacity of nickel -clirome for well -ventilated 
oj)eii spirals is given in Table \TI. 

Another well-known high-resistanee material is ‘‘ Eureka ", that is, 
the copper-nickel alloy (60 i\i : 40 Ni), otherwise known as “ constantan ”, 
having a specitic resistance of 40 \ 10 ♦^L>/cm. cm. 2 , a characteristic 
property of this alloy being that its temperature coefficient is practically 
zero. 
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TABLE Vll 


Jiisc in Timperatut'c 



100" (\ 1 

1 200’ (\ 


^ A m peres 

A mpercs 

'2 

1 

IG ! 

21 

jn 

2 0 

:i-2 

Is 

U 0 

4-2 


4 2 

, 7-0 


Him m Tim pi tat nil 


Size 

I lOtr r. 2()(» 

Ampins 

U (» j H) 

12 10 ‘ in 

10 10 21 
H 22 ‘ ;io 


V]\v alloys of nickel and cbroininin were patenied hv \j. Marsh 
III HUM) for high -tern] )craturc service. TJiese alloys contain from ho to 
^ . (XM* c(‘nt. of ni(*kel cand from 15 to 20 [ler (*en1. of chromium, and in 
MlOition to their excellent electrical ]>ro])erties of high specilic resistan(*e 
tli( \ have proved to he immune from the destructive eflecls ol oxidation 
(\cii vshen continually ex])osed to the atmosphere at temperatures up 
In 1 KMI (\ For household eleciric radial ors and healing appliances, 

I \\<‘ll as for industrial furnaces, these alloys are exclusively used. The 
-{M‘(!(ic resistance of these alloys is about 1*2^^ m. mm.^ at 1,<M)0 (\ 
Toi temperatures greater than about J,2(M)' (\ siliion caibide luating 
( Icinents are used. Another alloy which is now" available and suitable 
Ini tiiese ])ur]>oses is a nickel-free alloy of iron, chromium, and aluminium. 

It is to be observed tliat the majority of metals when in a finely 
I'owden^d stale are ])ractically non-conductors, and a mass of metal 
pnwder or tilings may be made to j)ass suddenly into the conducting stale 
being e\i)osed to the iiitluence of an electromagiKdic vv^ave. The 
^nnc js true of the loose contact of two metallic conductors : thus, if a 
])oint presses lightly against a metallic |)Iate of, say, aluminium, 
It IS found that this contact, if carefully adjusted, is non-conducting, 
bill that if an electromagnetic wave is generated in the neighbourhood, 
tia* contact suddenly becomes conducting. These characteristic features 
'' ^‘i*e utilised formerly as detectors for receiving radio signals. 

Certain dry chemical com])ounds can be changed w'ith extreme 
1 pidity from very good conductors of electricity into almost perfect 
|^^ulators by the application of a slight degree of heat. For examj)le, 
M <id-])eroxide (PbOa) has a specific resistance of about 2-5jC?/cm./cm.2, the 
>' 'distance varying with the jjiessure with which it has been (‘ompressed. 
Vt a temperature of about 150^ C, lead peroxide is reduced to red-lead 
whicli has a sjiecific resistance of about fiO / WQ /vm./cin? 
At slightly higher tem])craturc8 red-lead reduces to litharge (PbO), 
^^hich is practically an insulator. This property of lead oxide is made 
Use of in one form of lightning arrester. 
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The specific resistance of mercury has been investigated with excop I 
tional care, as on its value is based the definition of tlie international 
ohm, as lias been given already in Chapter I. The resistance of tlv ^ 
metal selenium is affected hy light, and it is a better conductor in tli(‘ 
light than in the dark. This ]>ro])erty is utilized for various practical 
[lurposes. The resistance of bismuth is increased when placed in a 
magnetic field, and if the field is transverse to a rod of bismuth tlic 
increase of resistance is far greater than when the direction of the magneta 
field is in the direction of the axis of the rod. The following Table VIII | 
gives the resistance of a bismuth wire when ke]it at constant temperature 
(P.CC\) and jilaced in a transverse magnetic field (Henderson). ^ 

TABLE Vni < 


Intminii/ If of Ttansvetse 
Fiild in Oitbkd 


0 

12,5(K) 

27,450 

38,000 


IhaiftUtnce of Bmmuth 
Wire 


1 

L(‘>3 
2 54 
3-34 


At a temperature of 185'^ (\ a transverse magnetic field of intensity 
2l,S(M) oersted increases the resistance of a bismuth wire 150 times. 
This increase of resistance of bismuth in the ^ircvsence of a magnetic 
field is used for the jnirjiose of exploring the distribution of intensity of 
such a iield. 

The sjiecific resistance of liquid is, generally s])eaking, much higher 
than that of any solid camductor. One of the best conducting liquids 
is fused lead chloride, which has a specific resistance of about 370,000 
mi(Tohms ])er centimetre cube, whereas the s])ecific resistance of any 
alloy is seldom greater than about 100 microhms per centimetre cube. 

A conductor material frequently used for overhead transmission lines 
is ‘‘ aldrey ”, which is an alloy containing 0-3 to 0*5 per cent. Mg, 0*4 to 
0-7 ])er cent. Si, 0*3 jier cent. Fe, and the rest aluminium. At 20'' C. the 
conductivity of aldrey is A = 30. whereas for aluminium A = 34 and for 
eop])er A -- 57 (see Table I). The resistance temperature coefficient is 
a = 0-0036 for aldrey, 0-004 for aluminium, and 0-0038 for co])i)er. 
The safe stress in kilograms per square millimetre is 13 for aldrey, 8 
for aluminium and 19 for (*o])per. 

Pioneer work on the measurement of the specific resistance of pure 
metals at very low temperatures wa.s carried out by H. Kammerlingh 
Onnes at Leyden. It had already been deduced from theoretical con- 
siderations that the specific resistance of mercury at a temperature of 
4-25'' absolute (i.e. — 268-75‘^ C,) would still be measurable, but at' 
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2 absolute ( - 27 ^ C\) would become almost iiulefinitely small. Onnes, 
jio\Ne\er. found that at a temperature of 419 absolute the value of the 
^jKM ili( rosistauee falls suddenly to an almost imineasurablv small value. 
J’fiis critical temj)erature marks tlie transition from the conditions of 
noiinal conductivity to su])ra-eonductivity When the temperature 
had fallen below the critical tem])erature it was found to be ])ossible 
to ]>ass a current at a density of 1,909 amperes ])(U’ s(piare millimetre 
tlnough a conductor 1 metre long without any ap])reciable difference of 
potential between the ends. 

By using l,99t) turns of lead wire for which the (Titi(*al temperature 
is about 7-3 absolute, see Fig. 19, 0*1 mm. dianuder, it was possible 
to obtain a magnetic induction density in air of 109,909 oersted. 

By tlie use of a lead wire s])iral with the two ends welded together 
by the oxy-hydrogen blow-pipe, the spiral w'as found to have a resistance 
oi one tw'onty-billionth of an ohm when the temperature w'as reduced 
bilow the critical value, wdiereas at the normal temperature of the 
f(»om the resistance of the spiral was 739 ohms. In this Avay a current 
(4 about 9-9 am^JS. excited in the spiral lasted for several days. 




Resistance Units 

The field of ap])lication for resistance units is extrarirdinarily exten- 
'^ive, and su(*h units are constructed in accordance with an immense 
I'aiige of constructional ty|)es. in ino.st cases r(‘sistance \vire is used, 
mounted on an insulating su|)])ort. For very heavy current loading the 
conductor may be formed as a tape or band. Instead of winding the 
wire on insulating sup])orts it may be woven w'ith asbestos filaments to 
form a tape, and in such a condition the conductor show's good cooling 
properties ; but, most imf)ortant of all. it ])ossesses very small induct- 
ance. For small currents the resi.stance unit may be formed by winding 
the wire on an asbestos core, and such flexible units are used for radio 
receivers since they oeeu])y v'ery little space and can be used as connecting 
leads in suitable ]>arts of tlie circuit. 

Resistance units arc also constructed of carbon and other materials, 

E 
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but since in such cases the resistance is largely dependent upon the ]).d , 
have large self-caj)acitance and, when used in am])lifiers, develop ‘‘ resist 
ance noises ”, tliey are in consequence little used. As coupling resist 
ance, however, resistances of metal or carbon dust deposited on insulating 
bodies are very widely used. For example, resistances of the order oi 
several megohms can be formed by dusting a layer of such ])owder on 
an insulating surface and then scray)ing away the dust in such a mannei 
that a conducting zig-zag path is formed. 

A synthetic resistance material is now manufactured having a ceramic 
base and of whi(*h the characteristic is su(*h that its resistance decreases 
as the a])plied pressure increases and is consequently specially adapted 
for use with lightning arresters on overhead transmission lines. In this 
way, excess f)r(^ssure rises oii the line are avoided which would other- 
wise be devel()|)ed when the lightning current dis(*harges to earth through 
the resistance. In Fig. 17 is shown a ty])ical sha})e of the (*haracteristic 
for such a resistance material. 

Liquid Conductors (Electrolytes) 

The characteristic' feature of a liquid conductor of electricity is that 
the conduction is accompanied by cdiemical action. Suc*li a licpiid c*on- 
ductor is termed an dectrohjU , wdiilst the acc*c)m])anyijig ctiemical action 
is termed elf rtroh/,si.s. Pure distilled w^ater is ])ractic‘ally an insulator, 
l)ut by the addition of a small cpiantity of sulf)huric acid it bec'omes an 
(‘lectrolytic c-cmductor. The specific* resistance of such licpiid c*onductors 
range's from about Itl ohms pc'r c*entimetre cube for a .*10 ])er cent, iiitrie 
acid solution, and still low'er values for fusecbsalts. to about 10,000 ohms 
per c'entimetre cube for pure river water, whilst for distilled water, 
alcohol, oils, etc*., the specific resistanc*e is practically infinity. All such 
licpiid c'oncluctors bec*ome insulators wtien frozen. 

A further characteristic of liquid conductors is the negative tem- 
])erature coefficient of resistance, that is to say, the resistance decreases 
as the tem|)erature rises, as is showm by Table II. 

If a current of electricity is jiassed through acidulated water the 
consequent chemical action will release hydrogen at one ])ole and oxygen 
at the other pole, and this action is, in fact, the ]jrinci])le of electrolysis 
which w^as discovered in the year 1800 and wdiich has achieved such 
immense industrial importance for the large-scale production of these 
gases. The principal features of the ap])aratus for performing the 
electrolysis of w'ater are showui in Fig. IS. Two tubes A and B are filled 
w'ith acidulated w’^ater and inverted in a vessel wdiich is also filled with 
w^ater. Near the end of each tube is a platinum electrode, and these 
electrodes are respe(*tively connected to the terminals of the source of 
d.c. When the current jiasses in the direction shown in Fig. 18 the tubes 
A and B become gradually filled with gas, viz. hydrogen in the B tube, 
w'hich contains the negative electrode, or cathode, and oxygen in the tube 
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1 which (‘ontaiiis the positive electrode, or anode. The volume of the 
])\(lrogen gas which collects in the tube B will be twdce the volume of 
ili(' oxygen gas which collects in the tube A. Although these gases 
uv liberated at the res]:)ective electrodes, there is no trace of the free 
lmscs to be observed in the body of the liquid between the elec- 
tiodc^ the gases are first seen in the immediate neighbourhood of 
tl)(‘ electrodes. 

The action can be explained somewhat as follows. Su})pose the 
wati'i IS acidulated with sulphuric acid (H2S()4). In Fig. 19 a chain of 
iii()l(*(ule^ of H2SO4 is shown extending between the electrodes. Von- 
sideling, then, one of these molecules, say, rf, it is assumed that the 
(Ic'diic force which acts between the two electrodes exerts a directive 
otioii on the constituents of the molecules, viz. the hydrogen wu and 
tlu‘ ^idphion (SO,), so that the hydrogen moves with the current and 


B A 



the sulphion moves in the opposite direction. The hydrogen of the 
molecule d wall then combine with the sulphion of the molecule c and 
tlic hydrogen of the molecule c with the sulphion of molecule 6, so that, 
actually, hydrogen becomes released at the cathode B. 

Similarly, the sulphion of molecule d combines with the hydrogen 
of molecule r, and so on, until eventually the sulphion is released, at the 
‘Hiode A, The sulphion SO4, however, cannot exist in a free state and 
< ousequently attacks the water at the anode, combining wdth the hydrogen 
and releasing oxygen. The oxygen and hydrogen thus apjiear at the 
respective electrodes as though the water alone were decom])osed by the 
action of the electric current. It is to be observed in this connection 
that the total amount of suljihuric acid in the water will remain constant 

It is now known that chemical forces are of an elec*tric nature ant 
chemical affinity is an aspect of the mutual action of the electric fieldi 
of the atoms. Thus the force between the two oppositely charged ions 
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H 2 and S() 4 , may be assumed to be roughly that given by Coulomb’s 
Law of inverse sciuares, viz. (see expression (1), C’hapter I), 


when*, 7 and are the respective charges of the ions, d the distance 
f)etwe(‘n th(*m, and t the dielectric constant. Since the value of e is 
about 80 times greater for wat(‘r than for air, the value of the electric* 
force betvv’^ecm the ions 11, and SO, in water will be only „\,th of the value 
when in air and under thc'se (*ircumstances the thermal nu)ti()n may 
become sufliciently strong to diMsoriatr tlu'se ions as scjon as the acid is 
flissolved in the* water. ’Fhat is to say, this dissociation takes place before 
nnjf pA, is contacted across the ehetrodes A and B. When the ]).(!. is 
applied, the individual ions having become already dissociated, are free 
to move in the manner described in the foregoing (see Fig. 19), or, in 
otfier words, an electric current will How. 

If the relationship between the p.d. and the current for such acidu- 
lated water be represented by a gra])lK it will be seen that, for constant 
temperature, a diagram such as that shown in Fig. 29 will be obtained. 
That is to say. for values of the p.d. less than the value r, which is a 
characteristic (juantity for the licpiid concerned, only a very small “ leak- 
age cui'rent ” or “ dilfusion current " will How, whilst for higher valuers 
of the applied p d. a straight-line relationship will be obtained, as shoAvm 
in Fig. 20 , and which is in accordance with Ohm's Law. The relation- 
ship between current and a|)plied p.d. as deiined by this straight line 
will then be, 


where B is the resistance of the electrolyte. The e.m.f. r is the “ counter 
(Mu.f. of polarisation " and corresponds to the chemical energy of dis- 
sociation of the water, viz., about 1-5 to 1-7 volts. It is seen, therefore, 
that ek'ctrolysis cannot begin unless the applied p.d. is equal to about 
1-7 volts. 


The Laws of Electrolysis 

Suppose in Fig. 21 A, B and C re])resent three voltameters, and sup- 
])ose A and B are connected in parallel and the parallel combination in 
series with (\ If a current is passed through the circuit, it is found that 
the amount of chemical action in C is equal to the sum of the actions in 
A and B. That is to say, the amount of oxygen liberated in is equal 
to the sum of the amounts of oxygen liberated in and B and, similarly, 
the amount of hydrogen liberated in T isecjual to the sum of the amounts 
of hyilrogen liberated in A and B. Further, the amount of chemical 
action is found to be independent of the size of the electrodes of the 
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((H and is directly ]>roportional to the time for wliich the current flows. 
r(‘Nults are summarised in Faraday’s first law of electrolysis, viz. 

Th( rh(mi('al action, or mas.s of a stih^fanct liberated from an (hctrohjti, 
/N proportional to the quantity of lUctricity which j)as,s(6 through the 
( If ( irolyU . 

Next, suppose a current is juissed through dilute sulphuric acid 
}M‘t\\ccn two ])latinum electrodes and through a solution of cop])er 
Mil})liat(‘ between two cop])cr electrodes, these t^\() electrolytic cells being 
( oniKctcd in series. It will be found that the mass of hydrogen liberated 
at the (at bode of the first cell is to the mass of co])per deposited in the 
s(‘( ond cell as 1*008 : ,‘U*8. In other words, wOien 1*008 mgm. of hydrogen 
l!av^‘ he(‘n liberated at the cathode of the first cell, Ill-S mgm. of co])])er 
will ha\e been de])osited at the cathode of the second ceil. These num- 
Ix'is, liowever, are in the same ratio as the chemical ecpiivalents of 


A C 



liulrogen and copper, respectively. Further, when 1*008 mgm. of 
hxdrogen have been liberated at the cathode of the first cell. 8 ingin. of 
owgen will have been released at the anode, and these numbers are also 
m The same ratio as the chemical equivalents of hydrogc^n and oxygen, 
ies])octively. Th(‘se results are summarised in Farada^^'s so(‘ond law' of 
electrolysis, viz. 

The inasH of a nnb<stanc( lilxraUd Jroni any ehctrolyte when a gicen 
quantity of electricity passes through th( dectrolyU is proportional to the 
(lo)nical iquicakni of that substance. 

Electrochemical Equivalents 

In order to liberate 1*008 mgm. of hydrogen and 8 mgm. of oxygen ' 
by the electrolysis of acidulatecl water, the jiassage of 9fi,540 coulombs 
is necessary, that is to say, 1 coulomb liberates 1*044 x 10 gm. 
of hydrogen. 

The mass of a substance in grams liberated by the electrolysis of a liquid 



54 


PIlINdPLES OF ELECTRICAL ENGINEERING 


when I coulomb passefi, is termed the. dectrochemical equivalent of th( 
substance. 

From the reHultw given below, it is seen that the electrochemical 
equivalent is proportional to the chemical equivalent. For hydrogen, 
the chcmi(;al equivalent is 1, and hence the constant by which the chemical 
equivalent of a substance must be multiplied in order to obtain the 
electrochemical equivalent of that substance is 1*044 x 10 ®. 

A list of chemi(‘al equivalents and electrochemical equivalents is 
given in Table IX. 


TAliLK IX 


El( nu'Ht Sf/tnftol 


AluTiiiniuin AI 

Hroiniiio Hr 

('hloniio Vi 

(from cuproiH Halts) . . ('u 

(\»PI>(»r (from cupric* .salts) . . (’u 

(Sold All 

Hydrogen .... ... If 

Iron (from ferrous Halts) . . . Ko 

Iron (from fi'rric .salts) . . . Fo 

L(*ad IMj 

Mt^rcury (from mc'rcurous salts) . Ilg 

Mcrcurv (fiom m<'n*uri<* salts) . Hg 

Nickel .... .... Ni 

Nitrogen N 

Oxygen () 

FotasHium K 

Silv'er Ag 

Sodium Na 

Tin (from stannous salts) ... Sii 

Tin (from stannic salts) ... Sii 

Zme ... Zu 




1 

Electro- 

chemical 

A tom ic 

1 

VaJi 

Vhemical 

Equivalents 

\V( ufht 

Equivalent , 

[i.e. Gram 


\ 


pir 


1 

t 

i 

Coulomb) 

27*1 

1 

8or> 

1 0-000003 

7a IM) 

1 1 

70-32 

0-000828 

35-45 

1 1 

35-17 

1 0-000307 

filM) 

1 

03-00 

0-000050 

(la () 

2 I 

31-54 

1 0-000320 

ia7-2 

3 , 

05-21 

} 0-000681 

1-008 

1 

1 

0-00001044 

5.)-9 

2 

27-73 

0-000280 

55-1) 

3 1 

18-485 

0000103 

20G-0 

1 

1 102-03 

0-0010714 

200 

1 

108-4 

0-002071 

200 

2 

, 00 2 

0-001030 

58-7 

2 

I 20-12 

0-000304 

14-04 


1 4-04 

, 0-0000184 

1 () 00 

2 

7-94 

0-0000829 

30-15 

1 

38-84 

0-000405 

107 03 

1 

107-07 

0-001118 

23-05 

1 

22-80 

0 0002380 

110 

2 

50-02 

0-000010 

110 

4 

20-51 

0-000308 

05 4 

»> 

32-14 

0-000338 


The amount of a substance liberated by electrolysis in a given time 
is therefore a measure of the current which ])asses through the electrolyte. 
So many causes, however, tend to affect the perfect accumulation of the 
ions at the electrodes that an accurate determination of the electro- 
chemical equivalent or, conversely, of the magnitude of the current in 
this way is not easy. Large cop])er electrodes in copper sulphate give 
good results, but the most satisfactory arrangement is that used by 
Lord Rayleigh to find the electrochemical equivalent of silver. A 
platinum bowl is filled with a neutral solution of silver nitrate containing 
about 15 parts of salt to 100 parts of water. A silver plate wrapj>ed in 
filter paper dips into the solution and the current passed from silver 
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pLite as anode to platinum bowl as cathode, the current density being 
about 0 01 amp. per square centimetre. The bowl is weighed before 
and after the passage of the current and the weight of silver deposited 
In thus obtained. In this way it has been found that a current of 1 am]), 
pa^^ing for 1 sec., that is to say, the passage of 1 coulomb of electricity 
produces a deposit of 0*001118 gm. of silver. This determination has 
lH‘cn used as the definition of the ampere (sec also Cha])ter I), viz. 

A current of 1 amp. is such that, when flowing through a solution of 
sihfr nitrate, it deposits silver at the rate of 1*118 wgru. second. 

The chemical equivalent of silver is 107*07, and hence the ratio . 

electrochemical equivalent 0001118 . 

^ 1()44 V 10 5, 

chemical equivalent 107*07 

.md this number is the same for all ions. In Table IX will be found 
uM'tul data relative to the more common elements. In each case the 

trochemical equivalent is obtained by multiplying Mic chemical 
(‘(|ui\alent by 1*044 a 10 ^ The atomic weight of oxvgeu is taken 
to be H), which gives the atomic weight of hydrogen as 1*008 

Energy Involved in Electrolytic Action 

Consider the electrolysis of acidulated water, as described on ])age 51. 
\s stated on ])age 54 it is known that 1 coulomb of elcctricil^ releases 
1 041 10 ^ gm, of hydrogen. Jf a current of i amp. Hows for t see. 

the amount of hydrogen released will be, 

t./( 1*044 X 10 '0 ^2;m. 

Now e\])eriment shows that wdien 1 gm. of hydrogen (‘ombines w'ith 
o\>gcn to form water, 84,000 calories are released, that is, 14*2 11*’ 

('rg> Hence to release a mass of «./( 1*044 / 10 '^) gm. from water 
I (‘([Hires an expenditure of ? x f X 1*044 / 10 14*2 X 10” ergs., 

that IS, 1-485 i x t joules. If r is the p.d. at the electrodes during the 
electrolysis, the energy supplied by the current in sending ^ x t coulombs 
through the electrolyte is v x i K t joules. Hence the ajjplied ]).d. 
must be at least about 1*5 volts, and for this reason one Daniell ])rimary 
cell, for example, is not sufficient to decompose water, since its e.m.f. 
is only 1*07 volts. 

Electrolysis and the Electron 

The facts of electrolysis have led to the conclusion that all monovalent 
atoms carry the same charge of electricity which is regarded as an 
ultimate unit of electric quantity and is termed the electron. For each 
atom of a substance released with its charge at the electrode, the corre- 
sponding quantity of electricity must flow through the electrolyte. 
For exam])le, if N be the number of atoms in a mass of 1 gm. of hydrogen 
and e the electric charge associated with each atom, then 
iV' X c = 96,540 coulombs, 
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since 05, 540 coulombs are required to liberate 1 gin. of hydrogen as 
already stated on ])age 50. Now A' is known to be about 50*6 x lO^- 
at 0 C. and 750 inni. liarometric ])ressure, so that 

^ _ .K),,)40 ^ ^ ^ lOrn^** coulomb 

50-5 X 10-‘-^ 

— 4-77 X 10 electrostatic c.g.s. units . . (15) 

and this is the magnitude of the charge of an electron |see also exjiressioii 
(l)|. The (luantity N is known as Avogadro’s Number or, sometimes, 
l.<oschmidt’s number (see also (Oiapter 1V^ ])age 115). If the substance 
has a valency greatcT than unity, the atom of the substance is charged 
with the same number of electrons as the number which denotes the 
valency. Tlius, an atom of a divalent element carries a charge of two 
electrons, and so on. 

Electrolysis in Practice 

[Electrolytic action has most important industrial a])|)lications such 
as the recovery of nudals from the ores by electrolysis, n()ta])ly aluminium : 
the refining of copper for use as electrical conductors : elect ro-])lating : 
(dectro-typing : the isolation of hydrogen and oxygen from watcT. 
Klectrolytic meters are used for the measurement of the quantity of 
electricity* sup})lied to a consumer. 

Electrolysis is a serious source of corrosion in gas and water ))i])es 
w'hich are laid underground. For example, wdien such pi|)es are laid 
jiarallel and near to tranuray lines wdiich form the return circuit for the 
trannvay supj)ly, the current leaks from the tram lines and flow' into 
and along the pipes, to return to the negative main of tlie sup])ly. At 
the {)lace w'here the current leaves the pipes, coirosive action is develo])ed 
during electrolysis of the liquid in the neighbouring earth material, and 
unless special precautions are taken, the ])i])es may in time become 
completely destroyed. 

When iron or steel is imniersed in wattn* (especially salt w'ater) it 
(juickly corrodes and the corrosion can be attributed to electrolysis 
taking ])lace betw'een different parts of tlie iron Avhich are not in the 
same physi(‘al condition, e.g. in boilers in which certain parts have 
bei'ome hanlened by hamniering, caulking, et(‘. Corrosion is si/ecdally 
serious when tw'o of the immersed ])arts of the same structure are of 
different metals. In order to ])revent such corrosit)n it is frequently the 
]>ractice to provide zinc ])lates immersed in the water and in good elec- 
trical connection wdth the inm or steel plate w'hich it is desired lo protect. 
The result of this arrangement is that the corrosion is transferred from 
the iron to the zinc, and in order to maintain effective ])rotection, the 
zinc ])latea must be frequently renewed. 

If two metals of different electrolytic voltages are continuo\isly in 
contact in a moist atmosphere, “ contact corrosion '' occurs. The metal 
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(,f low electrolytic potential is destroyed by the one at the higher elee- 
' iioKtie ]K)teiitial. Practical experience shows that real danger of 
^(orKKsion only begins when a voltage dilferenee of more than 0-3 volt 
I li.is been developed. The following Table shows the electrolytic ])otential 
(»f a number of pure metals referred to hydrogen as the datum. 

TABLE X 


Volts Volts 

\I<u^ru -nun .... . . — 1 ‘S Nickol 020 

\luiniTiiuin ~ 1*45 Tin - 0-1 40 

MaiiL'MiM 'll' . ■ . . - 1-10 Lt*a<l 0'l.*i2 

/\in . . . — 0*77 Hydrn^i'M 0 

( hiomiuin . . . —0-50 (’njijK'r ... .... | n 55 

. . . . - 04.5 Silver . . I O-SO 

( .liiiimiin . . . . — 0-42 Morcury 1 0 SO 

(..lulf . . . -0*2.5 iU)k\ H 1*5 


Electric Accumulators or Secondary Cells 

If a current is sent through acidulated water betv\ren platinum 
electrodes a counter e.m.f. is develoj)ed at the electrodes (see also ]>age 
52). If tlie source of electric suj)])Iy is then discon- 
ji(‘(ted and the electrodes of the cell are connected 
b\ a wire, a current will flow tlirough this electrolytic* 
cell for a short time, the direction of the current being 
the reverse of that which fiow'ed when the el(‘ctric 
source of sup])ly w'as connected to the cell. Such an 
arrangement is a very sim])le form of electric* accuimi- 
hdor or secondary cell, although of no practical value 
m .such a sim])le form, sinc*c the storage (•aj)acity is 
extremely small. 

The earliest form of ])rac*ti(*al acc*umulator was 
drove’s (Jas Battery” invented in 1842. One cell 
oi such a battery is shown in Fig. 22. Twa> glass 
tu))es, eac*h closed at one end, are filled xvith, and 
<hpped into, acidulated w'ater. Each tube is sealed 
at the up])er end and contains a jdatinuni plate joined to a ])latijnim 
wire wliieh is connec*ted to a terminal outside the tube. Upon })assing 
a c'urrent through the c*ell, hydrogen gas {*olleets in the tube from wdiicli 
tile c*urrent leaves, and oxygen gas in the tube at which the current 
enters, the volume of liydrogen being twic*e that of oxygen. If the cell 
IS now' removed and the Uvo terminals joined together, a c*urrent will 
How from the tube (*ontaining the oxygen through the outer connec*ting 
wire to the tube c'ontaining the liydrogen and so through tlie (*ell. That 
is to say, the direction of the current tlirough the cell will now be the 
reverse of that supplied to the cell w'hen it w'as being “ charged ”. The 
current w ill continue to How' until the hydrogen and oxygen in the respec- 
tive tubes have disappeared. 
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Lead Accumulators 

In 1H()0 l^lante invented the first lead cell, which consisted of two 
lead |)lates inimerHcd in dilute siilf)huric acid. When the cell was charged 
by connecting the [)]ates to the poles of a d.c. suj)ply of sufficient high 
(‘.m.f. to send a current through the cell, lead peroxide (PbOa) formed 
a1 the anode, i.c. the lead plate which was connected to the positive 
terminal of the suf)i)ly, but the lead plate which formed the cathode 
remained unaltered. When the cell was discharged, each of the lead 
])lates b(‘came coated with lead sul])hate (PbS 04 ). When again charged, 
the PbS ()4 on the ])ositive ])late became changed to lead peroxide (PbOj 
and the PbS ()4 on the negative ])late became reduced to spongy lead, 

Plante discovered that by charging and discharging, and then charg- 
ing in tlie reverse direction, the capacity of the cell could be greatly 
ificreased. By repeating tins ])rocedure many times the cell attained 
its maximum capacity, and this ])rocess is technically known as “ form- 
ing ” the plates. The surfaces of the jilates were thus rendered more 
porous and the active or effective surface area enormously increased, 
although the mechanical strength was greatly reduced in this way. In 
modern cells of the Plante type the plates are formed chemically, e.g. 
by boiling in dilute nitric a(*id, or electrolytically, by adding sodium 
nitrate to the electrolyte. 

in ISSO Kaure introduced the form of lead cell in which the active 
material was applied to the plates as a paste instead of being ])roduced 
by “ forming ” the plates. Faure used a ])aste of red lead (Pb,() 4 ) and 
sulphuric acid for both plates. The mixture formed lead sulphate 
(I’bSOj), and this, on the positive plate, was converted to PbO^ by the 
liberated oxygen during the first charge, whilst the lead sul})hate on the 
negative plate was reduced to spongy lead. In modern ])ractice the 
Faur(‘ type of plate is formed as a grid to su[)port the j)aste. For the 
negative plates a paste of litharge (PbO) and sulphuric acid is used, 
and for the positive plate a paste of red lead and sulphuric acid. During 
the first charge the red lead of the ])ositive plate is oxidised to lead 
])eroxide and the litharge of the negative plate is reduced to spongy lead. 

The Alkaline Accumulator 

The type of secondary cell was invented by Edison, and has now 
become widely H])plied to a great variety of })urj)()ses. The purpose of 
the invention was to ])rovide a more robust construction and one which 
wo\ild be lighter than the lead cell for a given capacity, and to avoid 
the use of lead, sulphuric acid and celluloid. The ])ositive ])lates have 
as a(‘tive material, nickel hydroxide mixed with fine metallic nickel flake 
to render it more conducting. Heli(*al tubes made from perforated 
nickel steel strips are filled with alternately arranged thin layers of nickel 
hydroxide and fine metallic nickel flakes. The tubes are surrounded by 
solid steel rings for the purpose of consolidating the active material. 
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A complete positive plate is an assemblage of such units, a nickel steel 
f] ainc being used as a mounting for the rows of tubes. The negative 
pLitcs an‘ an assemblage of small units of oblong pocket form containing 
iron oxide incorporated with a trace of mercury to imj)rove the con- 
ductivity. The assembled jdates are contained in a nickelled, cold 
ioll(*(l. sheet-steel box welded at the seams. The electrolyte is a solution 
nt potash (KHO) in distilled water with a small percentage of lithia. 
riK‘ average working voltage of the Edison (;ell is about 1*2 volts ])er cell 
com])ared with the value of about 2 volts for a lead accumulator cell. 

Heat Energy of an Electric Current 

III the year 1841 J. P. Joule had shown that tlie heat produced by 
,in electric current flowing in a conductor is ]iro])ortional to tlie resistance 
<d the conductor, the square of the current strength, and the time for 
which the current flows. That is 

// = 0-239(/2.7?./) calorics . . . (10) 

w hcr(* I is the (current in am])eres, 

li is the resistance of the conductor in olims, 
i is the time in seconds for wdiieh the current flows. 

'Fhe ‘‘ calorie ” is the heat necessary to raise the temperature of 1 gm, 
oi’ water through U (^. in the neighbourhood of the temperature of 4'’ C. 
riiis definition refers to the “ gram-calorie ” in distinction to the “ kilo- 
Loam-calorie ”, which is the amount of heat required to raise tlio 
tcm|)erature of 1 kg. of water through U (\ 

In 1843 Joule found tliat in order to raise the temperature of I lb. 
nf \\at(‘r through P' (/. it was necessary to supply 1,399-5 ft. -lb. of energy. 
I'liat is to say, in order to raise the temperature of 1 gm. of water througli 
1 (\ an amount of energy equal to 3-08 ft. -lb. must be sujiplied, or, in 
otlicr words, 

1 calorie — 3-08 ft. -lb. . . . . (17) 

From the expressions (10) and (17) the heat generated by anclecjtric current 
of / am])s. flowing through a resistance of R ohms for a time of t sec. is 
0-239(/2.i?.0 X 3-08 0-737(/2.i?.0 ft.-lb. ; 

i)Ut 

I^Rt ~ (Volts X Amperes x Seconds) 

— Watt-seconds (i.e. Joules). 

from wliicli it follows that 

1 joule - 0-737 ft.-lb., 
or 

746 watts = 550 ft.-lb. per second = 1 horse-power . (18) 

For exam])le, 

1 B.o.T. unit of electric energy is = 1 kWh. 

== 1,000 X 3,600 = 3*6 X 10® joules . . (19) 
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tliat is, 

1 B.o.T. utiil 0-230 :^G ^ 105 s()0,000 calories . (20) 

Also, one gallon of water — S pints = 4-540 litres — 4,540 gm., so that 
it is easy to show that 1 J3.0.T. unit will raise the teni]}erature of near]\ 
2 gallons of water from 0 to 10(F 


Heating and Cooling Curves 

Su])|>ose heat is being supplied to a homogeneous conductor at a 
constant rate of Q calories ])er s(‘cond. If, for e\am|)le, an electrical 
conducjtor of resistance* R olims is heat(‘d hy carrying a current of 7 
amps., th(*n, as shown in the ])re\ious paragraph 

Q — 0-259/-/7/ calories per second. 

Let r he the sp(‘cilic heat of the material of the conductor, that is, 
the* numher of calories necessary to raise the temperature of 1 gm. ol 
the material through PC. 

J^et M gm. he the* mass of the condu(*tor : S s(j. cm. the su])erficial 
area : and A the cooling constant- that is, the numher of calorit*s lost 
by the (‘onductor to the surrounding medium in one second per f^quan 
crntiirirtre of surface and pea* l'(\ temperature diffcTence l)etween the 
conductor and the surrounding medium. (X(>t(, -Tlie constancy of 
A is “ Ne\N ton's Law of (\)oling".) 

In the time di sec. the heat sujiplied to the condu(*tor is Qdf calories. 
Let 0 be the tem])erature difference between the (‘omhictor and sui* 
rounding medium and dO the rise of tem])erature in the time df. Then 
the heat supjdied Qdt is partly expended in raising the temperature of 
the conductor by an amount dO and the remainder is transferred to the 
surrounding medium, so that 

Qdf i 

Eventually, a condition of ecpiilibrium will be reached in vhich the heat 
supplied to the conductor just balances the heat \\hi(*h is lost to the 
surrounding medium, and the tem|»erature will then remain constant. 

Let (") be this steady temperature difference between the conductor 
and the surrounding medium, then 

Q - S.k.O) 

so that, Q.()t^c\M,dO ^ Qdt 

O 


that is, 


di) _ Q.dt ^dt 
& - 0 ~~ &c M T 


where t — 


0cM 

Q 


and is the time which would be required to produce 
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ht fiiifil tcMiiperature rise B if no Iieat wore transferred to the surrounding 
^nutliuni Then, since t and Q == SXf), it follows that 

cM 
^ “ SX 

iti<l a constant quantity which de]>ends upon the size, shape, and 
]nit<*tial of the conductor but is independent of the rate at which heat 
1 - supplied. The factor t is termed the heating time constant ” of the 
(luuiuctor. Since 

m _hf\ p 0 dO _ V ^ di 
0-0 T ' ~ 0 J/ 0 T 

ilan taking the initial (*oiiditions to he / — 0 and 0 — 0, it follows that 

0 ^ 0(1 ~ , . . ( 21 ) 
\\}i(‘i(‘ ( — 2 73 and is the base of natural logarithms. 



Tliis equation gives the tem])erature rise 0 above the surrounding 
H‘dium at any time t in terms of the final temjieratiire rise O and the 
constant r. In Fig. 23 a temperature curve / is shown as calcu- 
I ited from this equation and for the conditions that the time constant 
^ - 1,2(M) sec. and the final temperature rise is (9 — 7(r(\, that is, an 
nntial tem])erature of lo C. is assumed and a final temperature of 
The equation for the tem])erature rise is thus 
0 - 70(1 - e 

Differentiating 0 with respect to f for the equation (21), gives 


dO 

dt 



r 
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At tiie time / 0 : . 

dO 
dt 

so that the time eonstant is the time which would he required to reach 
the final temf)erature if the initial rate of rise v^ere to be maintained 
constant. In Fig. 2:i the time constant t is given by the interce])t Ah 
on the fiorizontai line through A of the tangent through I) of the heating 
cur\e Dh. 

It is easily shown that if a homogeneous body is brouglit to a tem- 
perature (“) G. above the surrounding medium and is then allowed 
under steady conditions, the cooling curve will be given by 

.... ( 22 ) 

This curve is marked II in Fig. 23 and the (Hirves I and 11 shown in 
this Fig. 23 an' r('S])ectively the heating and cooling curves of the 
same body. 

The time Avhich elapses before the tem])erature of the heated body 
rises to within jt per cent, of the calculated final temi)erature is found 
as follows : 



.r 


so that f - ‘ : or / — T log 


(23) 


(■) 0 .r 

(-) KM* KM* 

In the following tabic arc shown some correspomlmg values of x and / : 


(T) 


.r 

t 


10% 

i> 

t) 1) 

1 ^ 

* 0 

0 5% 

2 3t 


3 7r 

4 ()r 

5 3t 


It is seen, for example, that after a time equal to 4*6r (time constant) 
the temperature has reached a value which is only I ])er cent, less than 
the final calculated value. Similar considerations a])ply to the cooling 
curve 11. From the equation (23) it follows that the temperature rises 
to within x |)er cent, of its tiiial value in a time which is independent 
of Q. the constant rate at which heat is being supplied to the body. 

The value of the time constant r for a given body may be determined 
from its cooling curve II by drawing the tangent to the curve at origin 
as shown in the diagram. Further, if any two ])()ints on the heating 
curve be taken, and if these points are respectively defined by the quantities 
0, : /j and 0, : then 


so that S,X - is found and, knowing t and N.A, all the necessary 

data are known for constructing the heating curve of the body for any 
given constant rate of heat supply Q. 
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Fuses 

W’lieii a current passes through a wire, the teni])erature connnences 
tu rise and would continue to rise indefinitely if no heat were lost to 
the surrounding medium. The temperature which is actually attained 
is that at whicli the rate of loss of heat to the surrounding medium is 
('(jual to the rate at wliich the heat is being developed in the wire. By 
N(\\ ton's law of cooling, the loss of heat by radiation ])er unit of area 
>uil«iec at each instant is jiroportional to the excess of tenij)erature of 
th(‘ wire above the surrounding medium. 

Let / cm. be the length of the wire, 
fl ,, ,, diameter of the wire, 

p be the s])ecific resistance in ohms ])er centimetre cube, 

N ohms be the resistance, 

/ am])eres be the current, 

0 be the temperature rise above tlie surrounding medium, 

A be the radiation constant. 

'I'luMi. tlie heat generated — 0-247'^. /f calories ])er second 

md the heat radiated is ~ mlJ .XJ) (‘alories ])er second, 

1 oiise(|uentIy. mll.X.O — 0*247 V?, 

iioiu which it i-i found that / am|)s. . . . (24) 

wluM’e k is a constant. llen(*e for a wire of given material, the current 
whicIi IS necessary to fuse the w4re (the fusing tenifierature being 0) is 
}>!()j)oitional to the diameter of the wire raised 1o the ])()wer 1*5. 
\<lnally, howevtu*, the practical fuse problem is not quite so sim]>I(\ 
^m((' the fixture of the ends of the wire contribute to the dissi])ation of 
th(* heat, and in cases wiiere two or more wires are adjacent, the mutual 
h(,iling effects of the wires influence the result, iiie formula deduced 
111 tlie foregoing, therefore, is only to be taken as a general indication 
"1 the way in which the fusing current varies with the diameter of 
1 he wire. 

In recent years great progress has been made in tlie de\'elo])menf of 
'liises. ])articularly for use with high-tension systems, and some a(*(*ount 
<•! these devekqunents will be found in Entfiruvrimj, ])age 264, October 3, 

I U1 

Insulators 

An electric insulator is a substance wiiich has an extremely high 
^pe(ifie resistance, viz. of the order of magnitude given in Table V, 
|Mge 46. Such substances are also termed “ dielectrics ”, and this 
term is more ])artieular]y associated with the insulation layers of electric* 

‘ ondensers. 

AiK)ther important characteristic of a dielectric is its “ angle of 
Joss ”, which may be defined as follows with reference to Figs. 24 and 25. 
In a perfect condenser in which no dielectric losses occur, the current 
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vector eorrespondiii^ to an alternating ]).(L a|>])1ie(l to tlie terminals of 
the condenser will he at right angles to the pressure vector, as shown 
in Fig. 2i (se(* also Chaptc'r XI). In general, how(‘ver, there will he 
power losses due to both dielectric hysteresis and dielectric insulation 
resistance, in consecpience of which the current vector will be (lis]dacc(i 
by less than 00 ahead of the ])ressure vector. In other words, th(‘ 
curn^nt vector w^ill have a com]>onent in ])hase with the })re.ssure vectoi 
as shown in Fig. 2."). The angle d by wliich the current vector is dis 
placed from the ideal jiosition of 00' ahead of the ])ressurc vector is 



the “ angle of loss ”, and for all good insulating materials this angle 
very small. The angl(‘ d is usually defined by its tangent, and conse 
(|ucntly, in ])ractice, by the term ” angle of loss ” is generally under 
stood the (juantity tan d. in Table II, (’hajiter IV, are given a list ol 
the more important insulating materials with the corresponding value> 
of th(‘ dielectric constant i, the angle of loss, taiwV and the dielectric 
breakdown strength in kilovolts per millimetre. Ft is to be observed that 
(for convenience) the quantity given in the second column of this tabk' 
is 10“* / (tan d), wdiilst the numbers in bra(‘kets giv^e the frequency for 
which the individual values of the dielectric constants have been measured. 

Insulation Materials 

So long as electrical engineers were only concerned with low-tensiofi 
w'ork, no serious difticulties were encountered as regards insulation. 
When, however, considerations of eilici(*ncy and economy required the 
adoption of high jiressures both for generators and for transmission 
systems, a consequent requirement arose for an incTease of the tenqiera 
ture at which the insulation could be worked, and it w’as soon found 
that the jiroblems of insulation under such conditions became of serious 
significance. Cases frequently occurred of inexplicable breakdowns of 
the insulation and gave rise to serious disturbances of the continuity 
of the electric siqiply as well as endangering the safety of the w'liole 
plant. It became obvdous that until a thorough knowledge w’as obtained 
of the physical ])hemomena associated with dielectric stress, it w^as hopCj 
less to attempt to solve some of the more important practical problems 
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t iicountered in (‘hanging over to the use of macliines of very large outputs 
ciiid transmission systems of very high pressures. 

During the last two deeacies, fundamental research on the electrical 
-iTcngth of insulating materials has been undertaken by investigators 
in many ])arts of the world and tolerably clear ideas have now been 
*()T Ululated as regards the electric strength of gaseous and liquid insula- 
tin<: materials, but the ])roblems relating to solid insulators have been 
[t>iind to be much more complex. For this ty])C of insulation it was 
L^t iicrilly agreed that the cause of breakdenvn was of a thermal nature 
and the piienomenon was ac(*ordingly termed the “ heat rujiture ’’ of 
lli(‘ material. Starting from the hict that no substance is a ]»erfect 
insulator but that all have a definite (though small) conductivity, it was 
nalis(Ml that the (‘onductivity was not homogeneous throughout the 
body ot the material, and at those plac('d where the conductivity was 
iric<it('st the heat generated was also gr(‘atest, and this in turn furtluu* 
in( r(Ms(‘d the conductivity. If the heat develo])ed in this way does not 
I become dissipated sufficiently, the heat balance is disturl)e(l witli tlie 
(V(‘ntu<d d(‘struction of the insulation malerial. Although this view 
(<in be s«iid to give, on the whole, a (‘orrect picture of the sequence^ of 
evmits \(hich culminate in breakdown, it nevertheless requires a great 
deal of co-operative research on the ])art of chemists, manufacturers and 
designers, before the practical problems of insulation technique can 
lie fully solv’^ed. 

Th(' primary drawback of the commonly used insulating materials 
ioi machines, transformers, and cables, is the relatively low temperature 
Use uhicli can be safely allo\v(Ml. For tem[)eratur(\s wliich are a])])re- 
uably givater than KM) (\ such insulating materials lose to a great 
c\t(‘nt tlieir mechanical and electrical strength. The greater tlie pro- 
j>ortion of organic material used, the louer is the ])ermissibl(‘ tenqxTature 
and, consequently, u])on this limitation will (kqiend the out])ut of 
<“l(‘ctrical machines. If it were ])ossible to raise the u]>per limit of per- 
misMble temperature, then the weight of ^electrical machines, trans- 
toiiiKTs, and otlier a])pliances could be correspondingly redueed. For 
<‘\ampl(‘, this would be an immense advantage as regards ek'ctrical 
N chic les and would corresfiondingly increase the carrying cajiacity, that 
the useful load, of such vehicles. From such considerations it became 
' lear that indefatigable research was urgently needed with a view to 
discovering insulating materials which would stand with safety, higher 
temperature rises than those at present in use. A further serious draw- 
back of the existing insulating materials is the fact that the ccxdficients 
<>f expansion are different from tliose of the electrical conductors which 
they are required to insulate. This causes ])eriodic changes in the 
stresses to which the insulating material is subjected as the electrical 
load changes, and this leads to a more or less gradual deterioration of 
the electric strength, eventually leading to a breakdown. Changes in 

F 
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the mechanical stress of insulating materials caused by changes in th( 
elc(;tri(* load and (*onscquent changes in the heating conditions, form the 
most prolific sources (jf deterioration of electric and mechanical strength 
A still further defect of many of the modern insulating materials is their 
sensitivity to moisture. 

Solid Insulators 

These are, in general, synthetic materials and a distinction must he 
drawn between the insulating base itself and the binding material with 
which it is moulded and w'hicli must also have suitable electrical pro 
jierties. The oldest and even to-day very widely used basic insulatin^^ 
materials are of organic origin, that is, textile fibres, threads, and fila 
rnents, such as silk, cotton, and flax, which can be s]mn or woven. In 
the untreated condition, however, the electric strength of such materials 
is little better than air, and in fact, owing to the amount of moisture 
due to their jiorous nature, which they will absorb, the electric strength 
will generally be less than that of air. In order to im])rove their electric 
strength they must be imj)regnatcd with a suitable shellac or varnish 
When it is necessary to reduce the insulating material to an absolute 
minimum, as, for example, in those cases in which the available space 
is relatively small, as in measuring instruments and for fractional horse 
|)ower motors, silk or enamel insulated wires have hitherto been used 
whereas for the normal insulation of the conductors of motors, cotton 
insulation is used. Instead of silk, however, it is now becoming common 
practice to use spun celhdose, and cellulose thread or jiaper instead of 
cotton. 

One of the most important basic insulating materials is jiaper. It 
is used for insulating the iron stanqungs for elec'trical machines and 
transformers, for insulating cables, and for the manufacture of tough 
paper insulating accessories such as tubes and sheets in combination with 
synthetic resins, and it was long thought that the only textile material 
whicli could satisfactorily '^itlistand the temjierature limit requirements 
was paper. Recent develofiments, however, have shown that cellulose 
])a])er can be manufactured which shows satisfactory performance and, 
with the suitable preliminary treatment, cellulose paper has proved to 
be equally efi'ective as the best linen-made paper, and, in fact, linen 
])aper is less able to withstand attack from mineral oil than cellulose 
])aper. There are now' a great variety of cellulose papers available for 
insulation })ur]K)ses, the only insulation ])urpose for w’hich it is not yet 
able to supplant linen ])a])er being for condensers, for which the require- 
ments are exceedingly thin pa])er (7 to 8 microns*), and so far nothing 
has yet been found to equal linen jmper for this purpose. 

Very inqmrtaut insulating materials for machines and transformers 
are presspahn and allied substances which can be manufactured in rolls 
♦ 1 micron = 10“ • metre. 
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or Nheets and the basic materials of which are the same as for i)aper. 
s?ri(‘e this material is mainly subjected to bending stresses, it must possess 
tougliuess and great resistance to temperature deterioration. 

Synthetic Resin Insulating Materials 

Of iiatural resins used for insulating purposes the oldest and still the 
most important is shellac. One of the drawbacks of shellac in its rivalry 
with the synthetic resins has been its comparatively lov softening point 
])reviously heat-cured for long periods, diemists have, however, 
su(<ct‘(icd in improving the thermal characteristics and have also sue 
((‘ssfully overcome the “greening’' of cop})er in contact with shellac. 
Vt the same time, this improved shellac is able to show an increased 
M‘^ist<nu*e to water and petroleum hydrocarbons.* 

Tlie most important synthetic resins are the thermo -setting ])henol- 
lormaldehyde grouj). During the past few years they hav'c formed tlie 
law material for an immense range of hnished ])roducts f])lastics), of 
which “ bakelite ” is one of the most familiar examples. They are 
hc'at resisting and imjiervious to water, and their initial dielectric values 
ai(‘ well maintained over long periods of hard servi(*e 'J’hese resins 
hav(‘ been brought to such a high stage of develo})ment as regards both 
their electrical and mechanical properties, and their (‘ost so reduced, 
lliat they can now be considered to be on a competitive basis with the 
ol<l(‘r materials such as rubber, shellac and ])orcelain. Although origin- 
all) developed for electrical purposes, they are now used in a great variety 
of diflerent industries. Their main drawback for electrical purposes is 
th(‘ tendency to “track ” under discharge conditions, and in order to 
immmise this defect of surface leakage, moulded materials are often 
<o,ited with an alkyl resin solution such as glyptal varnish. 

The B.S.S. No. 771 refers to five grades of moulding of this type of 
material, viz. two which are wood-filled for general ])urposcs, two which 
ne fabric-filled with shock-resisting properties, and one, which possesses 
the highest heat-resisting quality, is reinforced by an inorganic filling 
material such as mica or asbestos. 

Tubes and cylinders of synthetic resin-bonded paper are available, 
ha\ing the requisite mechanical strength, and are used for the manu- 
facture of insulating tanks to hold oil-immersed apparatus and for testing 
purfioses. Synthetic resin-bonded paper is used in high-tension work 
fur “ post ” insulators, leading tubes, and for current transformers, their 
outstanding advantage being shock -resisting properties to short-circuits 
‘Uid their high oil-resistant quality. For pressures up to 8,000 volts 
this material is used for insulating the slots in electrical generators and 
motors, and when immersed in oil can be used for the highest voltages. 
For oil switches it is used as leading-in tubes and for explosion chambers : 
for transformers it is used for terminal insulation and as supports 
* See al»<o G. E. Haefely : Journal, I.E.E., May 1041, Part I, p. 179. 
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hetwooTi (^oilH as well as for cylindrical insulating tubes. Ft is also very 
wid(*ly us(Mi fcjr light-current work and for radio engineering. 

As a substitute* for ])a|)er insulation for use with very high fre 
(juonci(‘s, materials which have been developed fi’om “ Trolitul ” (a 
synlh(‘1ic form of paraffin) are now available. Their outstanding 
el(‘ctrical characteristic is their very low loss angle (see Table II 
Ghapter IV) at very high fre(|uencies. These materials can be nianu 
facturcel in the form of flexible fibres and ta])es without imi)airing 
its (‘Icctrical prop(*rtics. 1die angle of Joss is tan — 2 It) ^ as com 
])arcd with lot) ' 10 ^ for |)aper at high frequencies. They also have 
the advantage* of being completely non-hygrosco])ic. Long fibres can 
be s])un into threads, and these are used for insulating cables for ultra 
high-fre(|ucn(‘y w'ork such as for (‘o-axial (‘ables for television and 
telecommunication. 

Some Ceramic and Other Insulation Materials 

PoiuuUiAiN has been for a long time and still is an indis])ensablc 
mat(*rial for the insulation of ]M)W"er transmission lines and for many 
other outdoor purposes of insulation. Although no synthetic substance 
has yet been found to take its ])la(*e in its ability to stand u]) to all wTather 
and atnu)sph(*ri<* conditions, yet synthetic substances, due to their greater 
toughness, accuracy in dim<‘nsions and machineability, have rej)laced 
porcelain for insulating ])arts winch are not ex])osed to the weather or 
w^orking under (ul or com])()U!id. 

Soft felspathic porcelain fired in an oxidising atmosphere is now^ used 
and gives impro\cd phyvsical |)roperties and greater consistency than 
that which was manufactured some years ago. If still better physical 
])ro])erties are required, and if expense is of secondary consideration, 
stc'atite (soapstone) is now^ used. The loss angle of this material is Iowti* 
than that of ])orcelain, and recent develo])ments in the use of bonding 
materials for soapstone have resulted in an appreciable reduction in the 
loss angle, so that suitable ceramic materials are now available for high- 
freejuenev dielectric pur])oses. By varying the ratio of the magnesia 
(MgO) to the silica (SiOJ content of soapstone, still better results have 
been obtained, Fnquf (see Table II, (diapter IV) is representative 
of this class. By adding titanium dioxide (rutile) the dielectric constant 
of the material is much increased, and by varying the ratio of TiOg to 
the other constituents a range of ceramic materials is obtained with 
dielectric constants varying from 40 to 100, as, for example, condenm C 
(see Table II. (diapter IV). 

(Jlass. -When silica (SiO^) is fired wdth, for exanqde, ])otash, soda, 
lime and lead oxide, glass is formed. Although glass has always been 
recognised as a good insulating material it is only recently that its full 
l)ossibilities are being exploited for practical purposes. Recent exijerienee 
show's that glass insulation of the line -and -suspension type are becoming 
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foriiiHlable rivals to ])oreelain for many jnirposes. A])art from its good 
(hutrical ])ro])erties, its resistance to high tem])eratures and moisture 
an* \aluable qualities, and for some purposes its transj)arencv is also 
advantageous. Now that the ])roductk)n of alkali-free glass in the form 
)t a fabric s})un and woven from very fine thread has been established, 
.1 \M(le field of ap})lication has been o})ened uj). As an inorganie 
t(‘\lile material fibre-glass is more suitable than asbestos, due to its 
^r|cat(T uniformity, its chemical ])urity and its excellent heat-conducting 
propel t les. Like all woven material, glass-fibre insulation has to be 
\ ,11 iiish treated for almost all its uses as an insulator. Owing to the 
irr(‘at mechanical strength of glass fibre, the ])ro(*ess of varnishing the 

< !(dh can b(‘ carried on the same plant as is used for treating cotton 

< loth and silk. 

Whereas varnished cotton becomes brittle at high tem])eratures, 
r(‘sulting in a decrease of electrical strength, mechanical glass fibre is 
piacticallv unaffected and retains its flexibility The difieience in the 
Hsistivity of the two materials is ])articularly marked owing to the non- 
h\grosco])ic characteristic of fibre glass. The tensile strength of this 
m<itt‘rial is considerably higher than that of cotton or asbestos. Motors 
with tibre-glass insulated windings can be run at much higher tem])era- 
tin(‘s, giving better utilisation of the active materials and therefore a 
d(*crease in the weight ])er horse-])ower. From synth(‘tic resin-bonded 
Ldass fibre boards, slot wedges can be rough-cut and, owing to their 
iiMwX rigidity, can be forced into the slot, tliereby adjusting themselves 

the exact profile, and in this way an exjumsive machining op(‘ration 

< an be eliminated. 

has b(‘en used as an insulating material ever since the electrical 
industry began, and it is still the most imjKirtant because of its higli 
<iegr(*e of reliat)ility in sc^rvice under the most severe conditions -atmo- 
^f)lu*ric, ])hysical, and thermal. It is chiefly used for electrical ])ur|)()ses 
in the form of inlcanite, consisting of mica splittings bonded together 
and further treated, and this material in various forms still constitutes 
the main tyjie of insulation for rotating machinery, particularly genera- 
ting j)lant and heavy-duty traction motors. Built -u]) mica is still the 
most suitable material for insulating commutator segments and modern 
heating a])])liances. 

A combination of mica and glass is now^ manufactured as an insulating 
niaterial, and mouldings of this substance can be obtained w ith very 
tine limits of ])recision— much more so than is possible with steatite or 
ceramic mouldings, and it can be satisfactorily used under humid 
‘•onditions. 

Asbestos is still used as asbestos ])apcrs, fabrics, boards, cements 
and wire (‘overings. Its great advantages are resistance to heat, its 
chemi(‘al immunity and its freedom from deterioration. 

.Slate and Marble are used for switchboards but are gradually being 
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sulmtituted to a greater extent ))y impregnated eement -asbestos boards 
and synthetic resin ])anels. 

011 Substitutes 

On account of* the growing importance wdiich is being attached to 
tiie elimination of tire risks in electrical installations, non-inflammab](‘ 
licjuid substitutes for oil have been developed for immersed transformers 
switclics, condensers, and other a})pliances. 

Rubber 

If it w'ere not on account of the fac t tliat natural rubber has a tendenc\ 
to age ])reinaturely, the search for synthetic substitutes would not have 
(iome to be regarded as so supremely important as it has been in recent 
years. Ebonite and similar vulcanised rubber compounds have so fai 
maintained their positions as insulating materials for scientific instru 
ments and for telephone and radio ap])hcations where the temperatures 
do not exceed 70 ’ (\ Like natural rubber, the synthetic compounds 
are highly polymerised hydrocarbons. Poly iso butylene is one of the 
basic compounds of synthetic rubber and is claimed to be able to resist 
boiling water without detriment to its electrical ])roperties. At 800 Hz 
its loss angle is about 4 « 10 ‘ at 20 (\, incTeasing by only 1 ])er cent, at 
85' (y., whilst the electrical strength and resistivity are found to be ver\ 
satisfactory. 

Dielectric Strength 

The modern view" of tlie mechanism of insulation breakdown is based 
on the following experimental evidence (Boniiig's Theory) ; 

(/) The conduction of electri(*ity in solid insulating materials is 
accounted for by the existence of a multitude of minute channels in 
the body of the material w'hich are filled with moisture and thus ]m)vide 
electrolytic conduction paths through wdiich an insulating current actually 
])asses. The insulation material itself is to be regarded as non-conduct- 
ing, and experiments have show'ii that the conductivity can be influenced 
by certain treatments, for exam])le. by drying out tlie colloidal ty])es 
and by repeatedly re-crystallising the crystalline types. 

(ii) The boundary walls of the conducting channels are lined with 
adsorbed “ boundary ions ” wdiieh may be either ]>ositive or negative 
and, in general, are held in position by intensely pow'erful forces and 
require a correspondingly intense ajqdied electric field in order to tear 
them away. 

(Hi) In addition to the boundary ions of item (ii), there are “ supple- 
mentary ” or “ (Teeping ions w'hich are also attached to the boundary 
w^alls and electrically neutralise the boundary ions. The adhesive force, 
how^ever, by w’hicli the supplementary ions are attached to the boundary 
walls is, in general, considerably less than that which holds the boundary 
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ions, and consequently the supplementary ions can be driven away by 
a much less intense applied electric field. 

{ir) In the conducting channels themselves are the normal dissociated 
K.iis of the electrolyte by means of which the insulation current is carried. 

In Fig. 26 is shown diagrammatically, the arrangement of the different 
irrou])s of ions in a conducting channel.* When the insulating material 
Is subjected to an applied p.d , a current will flow, the magnitude of 
mIik U will correspond to the conductivity of the electrolyte. If the 
.ipplicd p.d. is large enough, the supplementary ions of item (ii) will be 
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swept away and the boundary ions 
of item (?) will remain and so give 
rise to a corrcs])ondiiig space charge 
(see also page l\0). 


eeeeeeee 
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Suppose now that a disc of insulating material is tak(*n and an elc(‘- 
tnxh* of the same diameter as the disc is ajiplicMl to t^ach face. If a j) d. 
1 be applied to these electrodes of a magnitude which is suflicient to 
<ln\e off the supplementary ions from the conducting channel walls, 
‘Old assuming that the boundary ions are negatively (diarged, the con- 
ditions will be as shown in Fig. 27. At the moment of a])])lying the 
pd to the electrodes a cun’ent 1 will flow such that 



(25) 


\Nhere H is the electrolytic resistance of the moist lire -til led channels. 
I hat is to say, 


(26) 

"hero p is the sjiecific resistance of the electrolyte, 

A is the cross-sectional area of the channel, 
d the length of the channel. 

Hie space charge, that is, the negatively charged boundary ions, will 
partially neutralise the electric field due to the applied p.d. and will 
•operate to produce a back eju.f, as follows : 


* Fig8. 26-32 are reproduced from Engineering, April 2, 1943, pp. 261, 262. 
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If a is tlie surface density of the space charge, the electric force diH‘ 

to this sj)ace charge will he which, for convenience, may be VTittdi 

2h. At any distance x from the negativ^ely cliarged electrode the intensit \ 
of this force will l)e 

&’,S- = . . . . (27) 

fix 

and th(‘ a])})lied ]).d. must have a component ^ to com])ensat(‘ 

this op])osing force. In addition, the a])plied ]).d. must have a com])onent 
V j to ]jrovide the electric force which is necessary to drive the current 
til rough the electrolyte, that is, 



The total electric force, therefore, which has to he provided hy the 
applied ]).(!. Avill he 

E = E, \ Es = / . ^ i . . . (2!)) 


and this is shown hy the diagram of Fig. 2S where tan a — -- 2h. 

If a is the intensity of the force necessary to hi*eak down the insulation, 
that is, the maximum ajiplied intensity of force which the insulation 
can stand, then, ])utting E — a, for x — d in equation (29) gives, 

« = 7^ + 2M 
A 
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M) that (21)) may now be written 

]i] — a — 2bd + 2bx. 

The ))reakdown ap])lied p.d. will consequently be given by 

Vmax = + ^.S' = f {(« - f 2b3- f/.r} 

Jo 

VlurPTcn, = (« - + M2 ^ ad bd2 . . (30) 

Tliis result is shovai by the diagram of Fig. 21), where the ordinate 
ai any distance .r from the negative electrode re])reseiits the area oi the 
(•()rrcs])oiidiiig shaded ])ortion of 
r}i(* diagram of Fig. 28. When the 
aj)])licd pressure reaches the ru])ture 
\<iluc, tlic boundary ions will be ^ 
torn away from the boundary walls ^ 
and this will be effected suddenly 
a kind of relay action being set 1 
in operation -in consequence of 
which, intense heat will be deve- 
loped, gases will be formed, and 
the uisulation material will be 
(Ic'stroyed. 

Keference to expression (30) for an. 

tlH‘ ru])ture pressure show^s that the 

magnitude of this pressure is a ])arabolic function of the distance d, as 
"hown in Fig. 30, and further, the pressure will have a maximum value 
\\ hen 




It IS also to be observed that, if there is no sj)ace charge, that is, if b 0, 
which im})lies that the sup])lementary ions have not been displac(*d so 
that the space charge of the boundary ions is neutralised, then 

.... (32) 

that is, a straight-line function of the thickness d of the insulation as 
'>hr)w'n in Fig. 30. 

If the applied pressure V becomes reduced, or, alternatively, if the 
thickness of the insulation d is increased, the held intensity at the negative 
ele(‘trode of the channel will eventually fall to some value c. If, now, 
f' is also the .field intensity which is necessary to dislodge the supple- 
mentary ions from the channel walls, then any further reduction of the 
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applied p.d. will result in the supplementary ions reassembling on the 
channel walls as shown in Fig. 31. For this condition, 

V -c d h h.d'^ : 
a c 2h.d' 


and oliminating (V gives ( V 
so that, ^ Ri pT( Rh ~ 




c,d) 



^ c ,d = k c ,d 
46 


. (33) 


which IS a straight line, as showii in Fig. 30. 

At a given constant temperature, insulation material is characterised 
by the three quantities, r/, 6, r, as defined in the foregoing, and expen 
ments have shown that tlie effe(*ts of temperature can be classified into 



three groups as follows : 

(?) A range of low temperatures 
for which experimental data show 
that the rupturing ])ressurc is indc 
ptuidcnt of the tem])erature, and in 
this range the breakdown pressur<‘ 
rises iirojiortionally with the insula 
tion thickness 



Vnf 


(ii) Experimental data show that the rupturing pressure falls slowly 
as the temjierature rises, and this range is termed tlie “ thermal electric 
range of pressure breakdown. 

{Hi) The rupturing pressure falls rapidly as the temjjerature increases, 
and this range is termed the “ thermal breakdown ” range. 
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HdiiiiiK has s1io\\ti that by defining the quantities a, b and c, as 
i(».|)(‘< tive fuiK'tions of the temperature, the expressions (32) and (33) 
i iin 1)0 made to give results whieJj are in accordance with the actual 
(‘xpcnmcntal data. In Fig. 32 are showui the calculated and experimental 
icvults for the rupturing pressure of “ Frequenta ”. 

W hilst there can be no doubt as to the validity of Boning’s theory 
,is ap})licd to many insulation materials, it can hardly be applied without 
modification to substances such as glass. 



Chapter 111 

COULOMB’S LAW : FIELDS OF ELECTRIC FORCE : 
POTENTIAL 

Coulomb’s Law 

F or purposes of calculation, electricity may be treated as though 
it were a rKuiUu-ial substan(‘C, each particle of which a(*ts on ever\ 
other paiiicle in accordance* with Coulomb’s Law, viz. 

If tiro ({nautitieH of rhrtririti/, 7, (j\ arr rrsprvtireJij concentrated at 
points r cm. apart, and sitnatid in a medium of which the didectric constant 
is I , then the force heticeen them will he 

dynes . . . . (1) 

c.r- * 

If this force is one dyne when 7 7' : r - I cm. and c — I (see al^o 

(Chapter 1, page 2), then tlie magnitude of each of the concentrated 
(pjantities of eleedricity will be one electrostatic c.ij.s. unit. Some idea of 
the* magnitude of this unit of quantity is obtained by noting that if two 
])ith balls, each weighing I gram and hung by silk fibres 1 metre long 
without appreciable weight, and if the pith balls are equally electrified 
to th(* extent tliat they se|)arate 10 cm. from each other, then the charge* 
on each pith ball will be about 70 electrostatic c'.g.s. units of (quantity 
1'his electrostatic unit is very small in com|)aris()n with the quantities 
which come into ac'count in practice, and, consecpiently, a multiple of 
this unit, viz. the* ('onlomh, is takcui as the practical or technical unit. 
The coulomb is equal to - lO^ electrostatic* c-.g.s. units, and the reason 
why this particular multiple has been chosen will be found in C’ha])ter I. 

Representation of the Electric Field by Lines of Force 

Lines of electric* forc-e are lines drawn in the field such that the 
direction of the line through any point gives the direction of the force 
at that ])oint, that is to say, the direction in wduc*h a unit of ])ositive 
electricity w'oulcl tend to move if placed at that ])oint. 

Suppose that one e.g.s. unit of positive electricity is jdaced at the 
centre of a spherical surfac*e of 1 cm. radius. The force experienced by 
another unit quantity ])lac*ed anywhere on the surface of the sphere will, 
by definition, be unity, and one unit lint of fora is then said to cross 
each sfiuare centimetre of the sphirical surface. The strength of an electric 
field may thus be represented by the number of unit lines of force which 
cross one square centimetre of area, the area being such that its plane 
is at right angles to the direction of the lines of force at the place 
considered. 
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Since one unit line of force crosses each square centimetre of area 
(4 the surface of the sphere of unit radius when a unit charge is })laced 
at the centre, it follows that 4jr unit lines will cross the whole surface 
ni tiie s])liere or, otherwise stated, each unit charge of electricity gives 
nsc to 4.T unit lines of force. 

The fiux of force across any area in an electric field is the number of 
imit lines of force which cross that area. Otherwise, the flux of force 
ai ross an area may be rejiresented as fol- 
1. .w s Let K be the intensity of the electric 
ioKC that is, the “electric intensity ” at 
I point in tlie area dS, and let be the 
(oni]K)nent at right angles to this area, 
th(‘ llu\ of force across the area will 
1)<‘ Now sufipose in Fig. 1, that 

.1 and E are tw'o charged surfaces forming 
t he boundaries of an electric field. On the 
‘•urlace .4 draw' an element of area dS and at every ])oint of the (*ontour 
of this eiement let lines of force be drawn. These lines will then enclose 
\ tulie which will reach the surface B in a direction at right angles to' the 
iHM rVSj. This tube is termed a ti^ibe of force. If E is the intensity of 
the lorce at the ])oint P in the element of area dS, then the ])roduct 
P ()S is th(‘ fh(.r of force within the tube, assuming that the intensity of 
the force is uniform over the whole area dS. 



Electric Surface Density 

If a quantity of electri(ity of q electrostatic e.g.s. units exists on a 
''Urlace of area B sq. cm., the average electric surface density will be, 


a 




S 


and the density at any given j)oint of an electrified surface is, 


a 


dq 

dS 


electrostatic e.g.s. units jier square centimetre. 


I’Vom unit surface area on w’hich the density is | n, 4rrn unit lines of 
force will start, and at unit surface on wdiich the density is - a, 
nnit hues of force will terminate. Ex])erimcnts conclusively ])rove that 
hen a charge of electricity is given to an insulated conductor the elec- 
tncity resides on the out.side surface so that there is neither electric charge 
or electric force within the conductor. When a charge of electricity is 
u^nen to an insulated conductor, therefore, the electricity will syiread 
“^er the surface so that the distribution will give no resultant force 
within the conductor. It then becomes a matJiematic'al problem to 
determine the surface density at every point of the conductor which is 
necessary to fulfil this requirement. It is only in a few special cases, 
iiowever, that the mathematical problem can be solved, but, generally 
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speaking, the distribution will be sik h 
that the density w'ill be the greatest 
on shary) projections of the 8urfa{(* 
such as }K)ints and edges. 

Methods of Drawing Lines of Force 
in Some Typical Cases 

Example 1. Two Equal «//</ 
Opposite (^hanjfs concentrated resp(( 

^ Points A and B (Figs 1 

^ and 3). — Suj)j)OKe at the y)oints A ainl 

2 ]i are respectively placed one fK)siti \ ( 

and one negative electrostatic unit 
of electricity and consider the forco at any joint C. I^et the distance 
A(^ be r cm. and the distance HO be cm. The foiTC at G due to the 

charge | 1 at A will then be * dvne.s, whilst the force at C due t'» 

tlie charge 1 at B will he dync^s, and these femos will act in tin 

* 

resjiectHre directions shown in Fig 2. Let TX^E be the tangent to tin 




Fig 3. 
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Hue of fcK’ce which passes through C. Then by definition of a line of 
H»ree. it follows that the resultant forc^e in a direction at right angles 
to IX'E will zero, that is 

\sm^= Vsiu^i .... (2) 

IHit, 

( F — Ti sin 0i — r sin 0 : and, — sin <^, : — sin S . (3) 

as (is 

whert* (Is is a small element of length of the line of force which passes 
thiongli (\ the ])ositivc direction being from A towards B. Hence from 
i‘J} and (:i), 

.^dO . ^ ddi 
sin 0 ^ + sin 0i~. = 0 

ds as 

tliat is, 

cos 0 cos 01 = a constant . . • (4) 

The lines of force shown in Fig. 3 have been drawn by moans of 
(‘(luation (4), each line of force corresponding to a different value of the 
constiuit on the right-hand side of this equation. The electric charge 
at A is assumed to be + 1 unit and at -B — 1 unit. 

If the charges at A and B are not equal, but if, for example, the 



Fig, 4. 
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charge at A is j~ (/ units and the charge at ^ is - 1 unit, then the 
equation for tiie lines of force becomes 


7 cos 0 i cos 0i — a constant . . . (T)) 

Jn Fig. 4 the hroken-line curvi,s rejiresent the lines of force as derived 

by means of equation (5) for the 
condition that a charge of ^ r> 
units is at A and a charge of - 1 
unit is at B, The full-line curves 
defined the e(|ui-])otential surfaces 
the equation for which is given on 
])age 79, (see also Fig. 16, ])age 89) 
At the point marked in this figure 
the for(*e is zero. 

Evampi.k 2. Like (lianjen an 
concentrated at Pointfi A and li 
(Fi(J. T)).— Suppose in Fig, T) one 
unit of positive elei’tricity is concentrated at each of the jioints ^1 
and B and (‘onsider tla* force at (' due to tlusse respective charges, viz 

.2 charge at ^4 and acting in the direction AC and ^ du(‘ 




Ftg. (j. 
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to the eliarge at B and acting in the direction BC. The resultant force 
will then be as shcnvai by ECD so that the force at C in a direction at 
imht atitrles to ECD will be zero, hence, 


sin ^ = 
Er^ 


1 


sin (^1 


|.,,t >*1 — sin <*1 : r = sin cf ) : sin ~ r sin f), 

(is WtS* 

Ifoiii whieli it follows that the equation which defines the lines of forc(‘ 
in 1 hi^ case is 

cos 0 — cos 0i ii constant . . . (b) 

It tlicr(‘ are • q units of electricity at A and f 1 unit at /I then the* 
L-^t iicial ecjuation for the lines of force becomes 

(] cos 0 - cos Oj ~ a constant . . . (7) 

In Fiir. r> are sliown some of the lines of force due to a charge i 5 units 
at A and a charge of -{ 1 unit at B. The force at tlic jioiut T \mII be 
/(‘ro and the broken line curve through C forms the boundary which 
"(‘parate the lines of force emanating from the charge and those wdiich 
cinanat(‘ from the charge B. 


f 


The Electric Force at any Point Outside a Charged Sphere is the same as 
if the Charge were Concentrated at the Centre of the Sphere 

It has been show'll on jiage 77 that one electrostatic e.g.s. unit of 
(jiMiitity gives rise to 4jt unit lines of force, so that a quantity q w'ill give 
!)"(■ to 4.T7 unit lines. It has also been stated on 
77 tliat there is neitlier electric cbargi* nor 
<lcMric force inside a charged conductor. 

Wlieii a charged sjiherical conductor is isolated 
ni it is clear that the charge will distribute 

It ^elf uniformly over the surface so that the density <t 
\m 11 be the same at every point on the surface, Die 

tot<il charge on the surface being and con- 

"^'*t|iiently the total flux which issues from the sur- 

of the conductor will be ,,.1 utc 


• eiii. is tlie radius of the s|)here. In order to find 
the intensity of the electric force at any ]>oint P 
outside the sphere and distant B cm. from the 
< entre, consider a spherical surface drawn concen- 
t ncally w'ith the charged sjdiere and jiassing through 
B (sec Fig. 7). The total flux passing through this 
^i’herical surface will be the same as that which 
issues from the surface of the charged sphere, viz. 
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so tliat the ejectrie intensity over the imaginary spherical sui 
face through P will he 

MSn^r^a __ Q 
i^ATrR'^ tR'^' 

^\here Q is total charge on the spherical conductor, and e is the 
(lieh'ctric constant of the medium in which the sphere is placed. Th<it 
IS to say, the electric intensity at the point P will be the same as if the 
whoh* charge Q were concentrated at the centre of the sphere. 


The Electric Force at a Point Indefinitely near the Surface of a Charged 
Conductor in Equilibrium is Equal to where a is the Surface 
Density near the Point 

In Fig H an element dS of an electrified surface is shown. Cbnsidci 
a tube of force of which the element 6S forms one end, then if E is tlu‘ 


force just outside the element and o is the surface density on ds 
in electrostatic units jier square centimetre, the flux of force in the 
tube will be E.dS. Rut the flux of force due to the charge a,dS 


4710 . dS 


, so that E .dS 


4710 . dS 


that is. 


f 





d> nes 


(M 


SS 



Fkj S. 


The Electric Force at a Point Distant rcm. 
from the Axis of a Charged Long 
Straight Wire 

IjCt q electrostatic units ])er centimetre 
length be the charge on the wire and 
consider an element of length 61 cm. 
(Fig. 9). The force at due to the charge 
on the element 61 will then be 

= Li 



e 


Fig, 9 . 
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;u ting in the direction PF, But, a; cos 0 = CP == r : ~ 0, so 

tliat ^ = - dynes. 

er 


Da* coinponent of e in the direction CP will be 

^ cos 0 dO ^ 
e cos 0 ~ q ~ dynes, 
er 

whilst the component of E in the direction at right angles to CP will 
hr iu‘utralised by the component at right angles to (^P and due to the 
^ unmet rically ])laced charged element bU. Hen(‘e the total force at P 
(lur to the charged wire will be in the direction CP and of magnitude 


r ^ p «/ q cos 0 j 2q . 

K \ e cos 0 dO ~ \ ^ dO == ' dynes 

} ^'2 J .v2 ‘ 


(«>) 


The Electric Force between Two Oppositely Charged Discs arranged 
Parallel to one another and at a Small Distance Apart 

In Fig, 10 («) let AB and f 7) be the two charged discs arranged ])arallel 
t'» each other and supjose that the distaiu'C a])art is d cm. where d is 
^mall in comparison with the diameter of each disc. Let the inner face 



Fig. 10 . 


''1 the disc be uniformly charged with a surface density -f a and 
^the inner face of CD ^^^th a density - a electrostat e.g.s. units per square 
centimetre. It is to be observed here that when a charge is given to either 
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of the discs AH or arranged as shown in Fig. 10 {a), it can be deduced 
from (’oiiloml)’s Law that, except at ])laees near the edges of the discs 
the cliargo will so distri})iite itself that there will he uniform densitr 
over the inner surface of eacli disc. 

(V)nsid('r now tlje force at the point P whicli lies on tlie common 
axis of the discs and at a distance a cm. from AH. In Fig. !()(/>) is 
shown a circular strip tnt) on the face of the disc AB of radius x cm. 
and breadth Ar. An element of tlie surface of the width hh will ha\(‘ 
th(‘ cliargt' <rfV>.rtr, and the force at P due to the total charge on tlu' 
circular slrij) will l)e in the direction PP (Fig. 10 (c) and of the magnitude 

fj'Ijrx dx .. , 
oh cos f> dvnes 


but 


sin () 


: (*os 0 


r do 
dx 


so that 


dP sin 0 dO dvn(‘s, 


and conse(|uently the resultant force at P due to the charge on the 
xvhol(‘ inmn* surface* of the disc AB wall be 


E, - f’ ■ <IF - 2.t'^ (IviK's. 

Jci ' ■ 

'Dk* force* at P due to the charge on the disc (1) wall ha\e the saim* 
value, so that the total force at an\ point in b(‘tw'een the discs wall be 

K - dvnes . . . . (It)) 

f 

It w ill be seen from the exju’ession (lo) that the magnitude of this foici* 
is inde])endent of the distance u of the ])oint P from the disc, and con 
sequent ly the lines of force between the tw'o cliarged surfaces wall bi' 
|)arall(*l and ecpii sj)ac('d straight lines except at ])laces near the rim^ 
of the plates. 


The Electrostatic 


M 



Pressure, or the Electric Force on each Element of a 
Charged Conductor Due to the Remainder of the 
Charge. 

Consider two points, J/ and M* in Fig. 11 such 
that M is close to the outside surface* of a closed and 
(‘harged conductor whilst M' is close to the inside 
surface* and opposite to M , The total intensity F ot 
the force at the ]K)int M is made up of the force / 
due to the charge* on tlie elementary surface 6S near 
M anel the feirce /' elue to the charge on the rest of ^ 
the surfae*e. 
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L(»t n electrostatic c.g.s. units per square (*entiiuetre be tlie surface 
(IcMisitv on the element hS. then from expression (8) the force at M will 
a^ (HI page 82. 


E 


f i /. 


4.T(T 

F 


dynes. 


Ihit .since tlie total foree at 31' just inside the surface is zero, whilst the 
lon e l\ due to the whole of the charged surface exce])t dS, is of the same 
iii.iLmitude at 31' as at 31, that is, the force / at 31 becomes / at M' 
t Ikmi, 


that 


/ /,-=<*: iiiKl / - f, 

4:t(T 

F 


E = 2/ 


or j\ - dynes . . • (11) 

€ 

TIh‘ force on the charged element due to all tlu^ surface' othf'i* than 
the (‘letnent itself, is 

2'to’“ 

l\a dS - ’ ()S dynes, 

t 


.md, for an element of surface dS 1 s(j. cm., the force on this chargeal 
element due to the eliarge on tlie rest of the surface is 




i 


t.K- 

8.T 


dynes 


per s(|uare centinu'tre 


i 


( 12 ) 




fills (|uantity is termed the “electrostatic ])ressure ” at the part of the 
liarged conductcjr coiisiderc'd. Since this (piantity is [irojiortional to 
it is always directed outwards from the conductor, wludher the sign 
tlie charge itself is positiye or n(*gative. 

F()r the atmos])here, imder normal eojiditions of temperature and 
haiometrie jiressure, the limiting value for the electrostatic pressure' is 
(boat 540 (lynes jier square centimetre, this value corn'sponding to a 
potential gradient of 32,000 volts per centimetre. If the electrostatic 
pri'vsure at the surface of a charged conductoi- in air at normal tempera- 
’are and liarometric pressure, exceeds this value of about 040 dynes jier 
"'p^are centimetre, the air will cease to insulate and the charge will begin 
l(‘ak away from the conductor (e.g. “ corona ” effect). 

The result given by exjiression (12) may lie a[)])lied to the electrified 
surface of the earth. 8u])pose, for exanijile, as commonly occurs, th(‘ 
M>ltag(» gradient near the earth’s surface is I volt jier centimetre and 
^liat the lines of force are at right angles to the earth’s surface, that 
to say, the force near the surface is, 


E = 


1 

300 


dynes, 
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the electrostatic pressure on 1 sq. cm. of the earth surface due to the 
charge on tho rest of the surface mil be 

27 ia'^ * ^ dynes = 4*5 x 10 dynes, 

(:i00)2 871 

and this force is much too small to lift even the lightest body. 

* Electrical Potential 

1'he potential of a conductor de])ends not only on the quantity with 
whi(‘h it is charged, but also on the shape and on the other charges in 
the neighbourhood. The potential differenc‘e between two charged eon 
doctors is Ttieasured by the amount of energy which would be required 
to transfer a unit of ])ositive electricity from the conductor at the lowci 
f)otential to that at the higher potential. 

If one erg of work is expended in transferring 1 electrostatic c.g s 
unit of positive electricity from conductor B to conductor A, the potential 
difference betw^n the two conductors is said to be 1 
I electrostatic (*.g.s. unit. For most technical purposes, 
j the electrostatic unit is too large and, consequently 
^ the practical unit is taken as 1 volt, that is to sa\ 

I 1100 volts — I electrostatic e.g.s. unit. It is easily 
j jiroved that the w'ork done in transferring electricity 
• lietw'een two points wdiich are at different potentials is 
^ independent of the ])ath wduch is followed in the transfer 
Suf)f)ose, in Pig. 12, the electric force at the yioint A 
IS E dynes, and consider a [loint B which is distant 
from .4 by the small amount dx. In moving 1 electrostatic unit of 
positive electricity from A to B the amount of work done by the electric 
field will be 

E.dx ergs, 

and this is the amount by w hich the potential A exceeds that of B, 
that is 

dy=E.dx: or E - - '2. ■ ■ ■ (13) 

Hence, the intensity of the electric force at A is equal to the rate of 
change of potential at that point and is in that direction which corres- 
ponds to tfie maximum rate of fall of potential. For practical purposes, 
the earth is taken to lie at zero potential. 

Potentials of Various Arrangements of Conductors 

• Example 1. An insulated Charged Sphere isolated in Space , — Let + Q 
electrostatic units be the charge on the sjihere the radius of which is 
r cm. (Fig. 13). It has already been showm on page 82 that the electric 
force at points outside such a sphere is the same as if the wliole charge 


I 

I 

A 

Fkj 12 
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were concentrated at the centre. The electric force at a 2 )oiiit P distant 
.r cm, from the centre, therefore, is 

riic work done in moving 1 electrostatic c.g.s. unit of {)ositive electricity 
r?om tlie point P through a distance 6x towards the sphci’e, that is to 
, a distance — dx cm. is 

^ J>x ergs, 

fa-2 ^ 

tliat the work done in bringing unit i)ositive charge from an infinite 
distaii(‘e to the surface that is, the potential of the sphere will be 


electrostatic c.g.s units. 


This i.s aJ,so the potential at a point P distant r cm. from a concentrated 
fhar(j( of t Q electrostatic units. 

. Exa]viple 2. A (Umdncting Sphere totally 
• ^ enclosed in a (Umcentric Spherical Shdl (Fig. 14). 

f —Let f Q electrostatic c.g.s. units be the charge 

/ on the inner sphere of radius cm., so that tlie 

/ charge on thofiiflip inner surface of the spherical 

/ shell of radius cm. will be Q. The force at 

I any ])oiiit P in the sj)ace between the sfiherc and 

^ sliell and distant x cm. from the common centre 

> Q 

I will be 7 dynes, due to the charge on the sphere, 




fiff. 13 . 


14 . 


^'hilst the force due to the charge on the shell will be zero (see j>. 77). 
Hence the potential difference between the s^iiiere and sjjherical shell 
will be 

r = f — electrostatic c.g.s. units . (15) 

Jr, c \ r^.Tx / 
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. Ewvif’LK Th( PoUntial Difference’ between Two Equally and Op- 
p(tsif(hf Dlidxjfd Plates at a Small Distance Apart.— Oi\ page 84 it was^ 
sliouii that the (‘lectrie force at a point in between the two ])lates is" 

constant and ecpial to (l\nes for ])oints which are not near the edges 

of the plat(‘s. The potential difierence between the ])lates will there 
Ion* be 


4.T(7 , 
a 



(16) 


where S s(|. cm. is tlie area of the cliarged face of each of the ])lates 
and Q electrostatic c g.s. nnits is the total charge on each plate. 


Equipotentlal Surfaces 

TUv lines of force at the surface of a charged conductor in equilibrium 


arc p(‘j‘p(‘ndicular to the surla 


-‘7 






r«i r 


potenti.il 
[>oteutia! 
]>age S(>) 


at e\(*r\ 
surrac(\ 


point 

Tliis 


of 


because otherwise there would be a 
force tangential to the surface ol 
the conductor tending to move th(‘ 
charge o\(‘r the surface, and th(‘ 
distribution of electricity would 
accordingly be altered until a 
steady state has been readied sucli 
that the lines of force became* 
directed at right angles to the 
charged surface. A surface drawn 
in an electric held such that the 
the surfa(‘e is the same, is termed an equi- 



mav be exfiressed liy the equation (1‘1) (see 
0 .... (17) 


E - - 


dV 

d.v 


where .r is measured in a direction tangenti.il to the surface at tlie [loiiit 
considered. 

E\\mi*lk 1. Supjiose ill Fig. lo a charge of * q units is concen- 
trated at the point A and a charge of (/' units at the point B. The 
potential at auv point P di.stant / and Ci cm. re.spcctively from the 
points A and B is then 

^l ^l electrostatic c g.s. units 
tr u'l 

and the surface which satisfies the equation 

= a constant . . . • (1^) 
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ail equipotential surface. For the particular case tliat the constant 
l^ z(‘ro the equation becomes 


ind this is the bi-polar equation for a sphere. In Fig. 16 are shown, 
!)\ the full-line curves, the traces in the j)lane of the paj)er of a number 
()1 c(jui]>otential surfaces for the case in which the charge concentrated 
.1 IS - units and the charge concentrated at 7i is - I unit, the 
(M|nation for the equiyK)tential surfaces thus being 

^ a constant .... (20) 

r ri 



file s])herical surface for wdiich the potential is zero is tlu‘n 

^ — 0 ; that is 5ri — r 
r Ti 

and the trace of this surface is showm in Fig. 16 by the circle O, the 
<*critre of w^hich is to the left of the charge wdiich is concentrated at B. 
fhe equipotential surfaces are given by the revolution of the system 
^liowTi in Fig. 16 about the axis AB, each equipotential curve in this 
tigure wdll then generate an equipotential surface. All points inside the 
circle O are at negative potential. 
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In Fi^. 10 tlie lines of force (broken-line curves) which pass between 
the charges at A and resf)ectively are also drawn, the equation for ^ 
the lines of force being (see also Fig. 4 and equation (5), page 80), 

5 cos 0 ♦ cos 0, - a constant 

as has l)e(‘n seen already on page SO. At the point C in Fig. 16, that 
is for which 

5 _ 1 

(rM)2 “ (CR)2' 

tlu* forc(* is zero and the ecpii potential surface through this ])oiiit C 
forms a loo|). For tlie particular condition chosen, viz. AB — o cm. 
and 1 a units at /I, 1 unit at B. the ])otential of this looped surface* 

is 1 (►•a electrostatic e.g.s. units. For ])ositive potentials below this 
value, the eepiipotential surfaces will be two distinct surfaces, one inside 
the loop C/i’ and the other completely outside the surface CFG. For 
points at a higher ])otential than \ ()•;! the equipotential surface will 
pass between the loop GE and the point A, as, for example, the surface 
corres[)onding to the curve SR. 

Examim.k 2. A Single Overhead TrathvnisHion JAy\e . — In Fig. 17 is 
show'n a single* overhead transmission line A of diameter d (*m. and at 
a height h cm. above the earth’s surface. If, for example, the trans- 
mission is d.c. at a pressure | there will be as electric charge f q per 
c(*ntimetre length of the line. The 
electrostatic field due to this charge 
will be the same as that produced “1 

by the svvstem shown in Fig. 18, in 

w'liich Aj. denotes the actual line f 

charged with | 7 units per centi- / 

metre length, and A, is its image in . / 

the ])lane G/), this image being ^ ^ 

charged with q units per centi- A 

metre length. If the lines of force / 





Fig. 17 . 


Fig, 18 . 
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due to these two equally and oppositely charged conductors he drawn, 
then the Held so obtained between the line ^^and tlic plane CD (Fig. 18) 
ill be identical with the field between A and the earth’s surface (Fig. 17). 

The ])otential at any point P in Fig. 18 and due to the charged line 
\ will be (see expression (9), page 83) 

.ind the potential at P due to the charged line will be 




'pi 

d * 


Hence, tlie resultant potential at P due to the ecpial and ojipositely 
( harged lines A^ and A^^ will be 


2q 


in electrostatic units whenl 
q is in electrostatic units j 


, 1 ,, =.-«]og/‘ 

^ p 

It will lie seen from (diapters 1 and X\l that 

1 


( 21 ) 




r»2’ 


where i is the dielectric constant in any system of units, // is the magnetie 
penneability in the same system of units, and r 3 ^ (un. |)er 
s(Hond and is the velocity of light in open sfiace. The potential at P 
uhw then lie written 

r - loir electromagnetic unith fori 

“ pV^ eloctromaguetic unithj ‘ • 1 / 

«ind // — 1 for open space. 

The ])otential of the line A,, is then obtained by ])utting p " and 

Pi 2h in expression (22), that is to say, by assuming tlie ])oint P of 
1^’ig 18 t.o be on tlie line conductor A^. Hence, the ])oteutial of the 
line A (Fig. 17) is 

V = log^ electrostatic units 
e d 


(23) 


<ind this leads to the expression for the capacitance of the line A to earth, 
M7 (see also page 104 and Chapter XII, page 372) 

C ^ ^ 


2 log. 


|electrostatic c.g.s. units per 
centimetre length of the line 




(24) 


Suppose the charge on the line A. Fig. 19, is W electrostatic unit 
per cm, length, then, since for air f — 1, 

= 2 loge . 


• (26) 
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and the surfaee over vhieli the ])otential is v will be found by plotting 
the sinuiltanoous values of pi and p (Fig. IS) vhieh will satisfy the 
e(|uation (25). This ecjiiation therefore denotes that the equipotential 
surfaces will !)(‘ given by the e(|uation 

-r^ a eonstant .... (26) 

P 

that is to say, the equij>otential surfaces will be cylindrical surfaces. 
Thus, if 

// 5//? - 50() cm., then for r - I electrostatic unit of potential 


log^ - 0*5 : that is - 1-64, 
P P 


and for the point n i?i Fig. 19, p, 
so that 

For the point h in Fig 19, p, 


p l,tMM) cm. : — 1-64 

P 

p - 3S0 cm. 

p- 1, ()()() (111. : - ] «4. 

P 


SO that p otiO cm. and the diameter of the equipotential circle there 
fore, for winch r i I is 9 to cm. Similarly, the equipotential circle 

for V < 2 can be found and is drawn in Fig 19. 

The ('(plat ion for the lines o( force between the tw^o charged cylinders 
as shown hv the broken line cur\es of Fig. 19, ma\ he found by refeience 
to Fig. 20. Suppose at an\ |)()int G the tangent to the line of force through 

this point is iH'hL Since the resultant foice at G in the direction at 

right angle to IH^K will be zero, then for r/ 1, 


but 


2 

sin <L 

2 

sin - 0 

• (27) 


er 

dO, . , 

dO . , 

. (2S) 


r , — sin 6 

f/.S* 


where ds is a small element of length along the line of force the positive 
direction of w^hich is from to ^4,. 

From the exjm'ssions (27) and (2vS) it folhnvs that 


so that 


do, dO 

ds ^ ds 


0, 0 =r a eonstant . . .' . (29) 

The lines of force, therefore, are circles wdiich pass through the axes of 
the conductors ^4^ and and the centres of w hich lie on the line FO 
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Fiq, 1 !). 


(Fl^^ 20), wliicli interse(‘ts ai ri^ijht 
auiileh the line joining the axes of 
lli(* coiKluetors and A^. These 
circles (broken-line cmves) will, of 
oouisc. cut the eciuipotential surfa(*(Ns 
of FiL^ 10 at right angles. 

Kwmplk 0. The Earth Wire on 
a Tiati'<inis,si()ti Linf Mast . — Tn order 
to minimise the dangerous possihili- 
ti<‘N of surges on overhead trans- 



Ffff. 21 L 


fnl^^ion lin(‘s which are generated by 

<»tmosph(‘]*ic el('(*tri(‘al disturbances, an earthed wire is arranged above the 
1 1 .insinission lines and directly connected to each mast so that it is 


mamtain(‘d at earth ]K)tential. 

In general then* exists over the surface* of the* earth an el(*ctrostati(‘ 
ticld due to atmospheric (*lectricit\\ and this field is assumed to bo 
direct (»d vertically, the static* charges to which the field is due being 
located at high altitudes in space. The ecpii potential surfaces of the 
Odd will therefore be horizontal planes and, tlie [lotential of tlie earth 
being zero, the ])otential at any height if wdll be positive and may 
b(‘ taken to be directly projiortional to that height, that is 


. CM)) 


In any given locality the atjuosjdieric field strength may reach a valm^ 
irom 1(» volts to lOt) volts ])er centimetre and may very rafiidly increase 
to values of the order of l,0(M) volts per centimetre even when there is 
tio obvious disturbance such as a thunderste>rm. 


In Fig. 21 are show'ii diagraminatically the lines of force ajid the 
trace of one etjuipotential surface due to atmosjiheric electricity, hi 
Fig. 22 is show n tlie earth wire of diameter d cm. w hich is su|jported at 
height h abov^e the earth’s surface and is metallically connected to 
each mast. Since this wire is placed in the electric field of the atmos- 
phere w'hich is at positive potential, it will become charged with 
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negative electricity, and the magnitude of this charge may be found 
as follows. 

If the charge is I Q electromagnetic e.g.s. units per centimetre length 
of the wire and if, in Fig. 23, A^ is the electrical image of the wire in 
the earth’s surface, then this image w'ill have a charge oi — Q units pei 



Fi(f 22 Fi(f. 23 . 


centimetre length. At any |)oint P in Fig. 23, the position of which is 
defined h\ the distances p and p,, the potential due to the charges \ Q 
and Q respectively, will he (see expression (22), Example 2) 

2r-y log^ electromagnetic units . . (31) 

P 

where r 3 \ 19^® cm. per second and is the velocity of light in open 
a])ace. For a point on the surface of tlie wire itself, p^ ~ 2h : p — 
so that 

log^ electromagnetic units . . (32) 

a 

The total potential at the surface of the earth wire, however, must 
be zero, so that 

h IV = r„.A - log, '^ = 0 


• ( 33 ) 
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,iti(l the magnitude of the charge on the wire will consequently l )0 


Q 


r„h 


■2r- log^ 


4// 

d 


electromagnetic units per centimetre length 


(;u) 


an<l Mibslituting this value for Q in equation (31), the ])otential at any 
jMiint which is at a height y cm. above the earth’s surface will then 
Ih‘ given by the expression 


'V >'« 'V = »'o// - (35) 

log,, 


4 he t\\o components of which the resultant potential is 11 k‘ algebraic 
^uni are therefore : 

(0 To/y, vhich defines the cqui])otential surfaces represented by a 
lioiizoutal plane at the height y. 


(*0 


log. 


Pi 

P 


which defines the cylindrical equipotential 8urface'| 


i\h P 'which passes through the point P of height //cm. 

1 1 above the earth as already found in the foregoing 1 

d 'Example 2. 




Supyiose the earth wire is supported at a height of 10 m. - 1,000 cm. 
ab()\c the earth’s surface, and assume that the j)otential gradient in the 
Ciirth's field is = 100 volts per centimetre - lO^" electromagnetic 
units per centimetre. The diameter of the eartli wire is d ~ 1 cm., so 
4^ 

that log, - 8*3. Then from expression (34) 

(t 


^ _ 10^® X 10® _ g electromagnetic units 

^ ~ 2 X 9^X 1(>*« X 8-3 ~ ~ ’ ^ centimetre, 

that is 

— Q =: ~ 20*1 electrostatic units ])er centimetre . (30) 


In order, however, to find the potential at any point P (Fig. 23) due 
'a the charge — ^ on the earth wire, it is not necessary to find the 
' umerical value of Q since the component (ii) of expression (35) is a 
^(‘iieral one and is directly applicable to any point P the position of 
'Inch is defined by the quantities p and />,. That is to say, the potential 
at any point P (Fig. 23) due to the charge - Q on the earth wire is 



(37) 


^^here the quantity in brackets is a constant for any point P. Thus, 
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for the numerical data given in this example, the quantity in brackets is 

vji 100 X 108 y 103 ^ 1013 

log, 4// H-H S*3 

d 

since I volt 108 electromagnetic units, and consequently, for aii\ 
point 1\ Ihe expression (37) gives, 


or, more conveniently. 




Pi 

P 


8-3 

1013 


P, „ H.3 . e, 
p 2-3 / JO'8 


3-61 

V 

'1013 




• t I 

\ ^Sai^ , 


I 


i 



I 

A 

Ftq. 2L 


If, for example, 
surface delincd by 

that is, 

then 


it is desired to find the cylindrical cquipotential 
i\ - -- 20,000 volts 
i\ ^ - 2 X 10^2 electromagnetic units 


and 


P 


2 N 1012 X 8-3 
2-3 \ 1018 


= 0*72 : 


P 

and tliis is the equation of a circle (see also Exam])le 2). The diameier 
and centre of this circle are easily found as follows.* For the point A. 
Fig. 24, then in Fig. 23, 

p -t- Pi — -/i = 2.000 cm. : = iI-25 : p ~ 320 cm. 

P 

♦ Enginctrimj, June 21, 1940, pages 608, 609. 
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For the point B (Fig. 24), then in Fig. 23, 

~ p — 'Ih — 2,000 cm. : : p = 470 cm. 

-o that the diameter AB of this circle. Fig. 24, 320 + 470 = 790 cm. 

790 

md tlie centre lies 320 — 75 cm. above the axis of the earth wire. 

In this way^ the equipotential cindes can be drawn for a serie.s of 
of i\. To obtain the resultant equipotential surfa(‘es it is only 
ih(*n iHM cssary to find the algebraic sum of the negative })otential due 



to tlic induced charge on the earth wire and the positive ])otentiaI due 
to the atmos])heric field as rejiresented by the horizontal lines shown in 
I'lL^ 21. The resultant equipotential surface so obtained are shown in 
big 25. 

Xow' since the ])otcntial of the (*arthed wire E (Fig. 25) is zero and 
tii(* ])otential of the earth surface is also zero, it foIIow^s that there must 
t>c some point in the vertical through the earth wire E at wdiich the 
potential has a maximum positive value. The position of this point A is 
' asily found by differentiating the expression (35) with resjiect to p 
‘^id equating the result to zero, that is 


dr^ 

dp 


0 == 


dp 


/, ,ww. V r„I,0<»0, (2,01)0 

r„(1.000 -^)- log,' 

n'o p 


P) 


that 


Co 


1,000 p 2,000 

S-3 '2,000 p p2 


0 


H 
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from which it is found tliat p = 128 cm. (or 1,872 cm.). The vahi<* 
128 cm. refers to the actual earth wire and is marked by E in Fig, 25 
The aheinative value of 1,872 refers to the image. 

Sin(*e the electric force is defined by the equation 



it follow's that the force at the conductor A, Fig. 25, must be zero since* 


^ 0 at J. 

'P . 

The forcje at A due to the atmospheric field is 


- 100 volts per centimetre, 


and the force at A (see Fig. 2, page 78) due to the charge of ^ = — 20 J 
electrostatic* units per centimetre on the earth wire and Q = + 20 1 
units on its image, is given by 


L - 20 ^ ^ 1 300 volts per centimetre 

2,000 - p] ^ 

~ 100 volts per centimetre, 

so that the resultant force at A is 


f=fa+fe = 0. 

It is seen, therefore, that by providing an earth wire above the trails 
mission line it is ])ossible to obtain a space in which the electric force 
due* to the atmos})herie field is largely neutralized, and by arranging tlu* 
transmission lines in this space they become screened to a great extent 
from the fiuet nations of the atmospheric field strength. 



Chapter IV 

CAPACITAN<^: DIELECTRIC CONSTANT: ENERGY OF 
THE ELECTRIC FIELD 


The Capacitance of an Electric Field 

I N practice, the electric fields which are most frequently met with 
arc those in which the boundaries on which the respective ends of 
the lines of force terminate are conducting surfaces. The ])otential 

• liHcrence between the boundaries of su(‘h a field is given by JiJ rf.*?, 

where K is the electric intensity at any point in the field and the in- 
tegration IS ])erformed along a line of forc*e from one boundary to the 
other. Tlie value of E is, by Coulomb’s Law, directly projiortional to 
tiic (juantity of electricity on each boundary and, consequently, the 
\aiij(‘ of the potential difference between the boundaries is directly jiro- 
porfional to th^ electric charge on each. Hence 


or 



Q 

c 



( 1 ) 


wlicrc C IS a constant for any given configuration of the boundaries and 
ni} given insulating medium in which the boundaries are placed. This 
< onstant is termed the cxipacitance of the field formed by the two boundary 
surfaces and the insulating medium. 

The combination of two conducting surfaces separated by a non- 
ouducting medium is termed an electric condenser, and the capacitance 
d suc‘h a condenser is defined as follows : 

A condenser has a capacitance of 1 electrostatic c.(j,s. vnit if one electro- 
^fnfic e.gs. unit of quantity of electricity on each surface (i.e. one positive 
out on one surface and one negative unit on the other surface) raises the 
poffntial difference between the two conducting surfaces by one electrostatic 
' qs unit. 

The practical unit of cajiacitance is the farad and its subdivisions 
^he microfarad (i.e. 1 //F = 10 ^ F), and the millimicrofarad (i.e. 

1 ni//F == 10 » F) and the micromicrofarad (i.e. 1 fipF == 10 this 

hist subdivision being also termed the picofarad (pF). 

^4 7? electric field has a capacitance of one farad if one coulomb of quantity 
on each conducting boundary surface produces a potential difference between 
thi surfaces of I voU. 
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Since 1 coulomb - 3 / 10® electrostatic c.g.s. units of quantity and 
300 volts - 1 electrostatic* unit of potential, it follows that : 

1 farad 0 / 10 ’^^ i 4 . 4 . x- x • 4 .- 4 . 

1 w — i\ / !(r> l^dectrostatic units (i.e. in centimetres ; 

1 ^ (V» J ('hai)ter I). 

It will be seen by reference to expression (T)) that the cafiacitanci' 
lias the (bnH‘nsi()ns of a length when electrostatic units arc used, that 
is, \vh(‘n it is assumed that the dielectric constant / is a ])UTe number 
( ’ons(*(piently, it is common practice to sjieak of the magnitude of a 
capacitance as so many centimetres as an alternative to the statement 
that the magnitude is so many electrostatic c.g.s. units, that is 
I farad 0 « 10*^ cms. 


The Capacitance of a Tube of Force 

Consider a tube* of force* which extends from one boundary (‘onductmg 
surface* el(*ment to the other boundary surfa(‘e conducting element 
dS, as show^n in Fig. 1. The (juantity of electricity at each end of this 
tube of force will then be 

q (T,.dS, 

where er, and are the res])ective values of the surfa(*e densities. If 
Ai, is the el(*ctric int(*nsity at ()S^ and E, the intensity at dS,, then (s(‘(‘ 
])agc S2, (*\pression (S) ) 

A’, = : A, - 

L I 

HO that (i 

4.T L-t “ 



The potential difference between the ends of the tube of force, that is 
betw'een the siu’face elements and dS, wdll be Ja’ the integration 
being performed from one surface element to the other. The quantitv 


of electricity on each of tlie surface elements is then 

^f.E,, 6S, ^e.E.dS 
4rr 4.-1 4 .t 




4.-1 
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K tlie electric iiiteiisity at any point F in the tube and dS is 
th(‘ ( loss sectional area of the tube at tliat point (see Fig. 2). Since 
tin' .ircas dSi : dS : dS, are each at right angles to the lines of force of 
rlic tube, each of these areas must be a ])ortion of the res])ective equi- 
potciitial surfaces which cut across the tube at these positions. Hence 
the capacitance of the tube is 


^ q _ r .Ki,6S^ ^ ^ .Ey.dS^ 

that is, 

Att r d.v 

1 he capacitance of an elementary volume AHFl) (Fig. 
Is therefore 


E (lx 4.t1 E (lx Att .E^ ()S 


’‘Jm’ 




of the tube 


d(^ 


f 1 

4.T Dr 


( 4 ) 


where Dx is the lengtli of the elementarv \olume measured along the 
UKMU line of force and ()S is the mean cross sectional area of the element, 
iliat IS DS is the element of the ecpupotential surface (IF which is inter- 
vcj)ted by the tube. 

Kxamplk 1. (^a}mciianc( of an Imlaf((l Sfdu rival (Uaaluvior. — On 
H7 it has lieen shown that the potential of an isolated sphere of 
r idius ) cm. charged with a (juantity of Q units of electricity is 



tr 


bom w'liich it follows that the capacitance of tlie spliere is 


Q 


V 


-= t .r electrostatic e.g.s. units 


a 


a =r 


f .r 
9 X 10 




(•>) 


• Example 2. (Capacitance of a Sphere irhich is* totally enclosed in a 
^ onductmg Spherical Shell . — Let cm. be the radius of the sjihere and 

cm. the radius of the inner surface of the conducting shell as showm 
111 Fig. 3. From exjiression (15) on page 87 it is seen that if a quantity 
of electricity is given to the sphere, tlie ]}.d. betw'een the surfaces of 
the sphere and spherical shell will be 
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and consequently the capacitance of such a condenser is 


C = 


Q 


r, - r. 


“ electrostatic c.g.s. units (i.e. centimetres), 


or 


e,r..ro 


9 X 10^(r2 — Ti) 


cm. 


(<>) 


* Kxamplr 3. The Capacitance of the Field Between two Parallel Con 
ducting Plate^n ivhich are Close Together, — From expression (16) on page Ss 
it is seen that the potential difference between two such plates whi( li 
ari^ respectively charged with -b Q uiiits as shown in Fig. 4 will be 


V 


electrostatic c.g.s. units 

f .S 


where d cm. is tlie (small) distance between the plates and S sq. cm 
is the area of each of the charged surfaces. Hen(*e the capacitance oi 
such a plate (*ondtuiser will be 


or 



electrostatic c.g.s. units, 


a - 


113 x 106(i' 




(7) 



Fig. 3. 


^I+-| 


B 





Fig . 4. 



Example 4. Capacitance of the Field between Two Long Cylindrical 
Wires arramjed with their Axes Parallel and in the Same Plane {Fig. 5). — This 
is essentially the same })roblem as has been considered already in 
Chapter III (expression (24) on page 91), from which it will be seen 
that the capacitance is 

C = ^ - electrostatic c.g.s. units per centimetre length . (8) 

4log,;“ 
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where d is the diameter of each wire and a is the distance between the 
axes of the two wires (see also Chapter XII, page 372), 
that is, 


()*0122fc- 

, 2a 
logio 


//F per kilometre of double lino 


(^0 


Kxamplk 5. 
fl cm. (Fig. 6 ). 

C = 


A Disc Isolated in Spa^ce, Radius r cm. and Thickness 
electrostatic e.g.s. units . . (10) 

71 \ TZT j 



' Example 0. 
r cm. (Fig. 7). 


An Isolaied Straight Wire of Length I cm. and Radius 


0 = 


€.1 


2 log, 


electrostatic units 


(li) 



Example 7. A Concentric Cable of Length I cm., Core Radius r^ cm. 
omA Sheath Radius ri cm. (Fig. 8). 


C = 


e.l 


locr^ 


- - electrostatic units 
U 


( 12 ) 


2 
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Example H. A Straight Horizontal Wire h cm. above the Earth'.', 
Surface and of Radiufi r cm., the Wire being Earthed at One End {Fig. 0) 

T— . ek'cirostatic units . . . (lli) 

. . 2// ^ 


Kxami’LE 0. A Straight Vaiical Wire Earthed at the Lower End, ( (j 
a Siwph Virticnl Ant( nna Win of Ij ngth 1 crn. and Radius r cm. (Fig. 1(>) 


^ sT rn 


i.l 

2 / 

2lo^^ ^ 


electrostatic units 


(H) 


S(‘e also Chapter XVI, ])a^(‘ 508. 

It is important to tjh^erve that this formula is only strictly applicahh* 
as apjilicfl to th(* statw conflitioti. Th«it is to say, it is only valid if at 
any ^iven momejit, the current lias the same value at every ])oint m 





Ffij Jl. 


the wire, and this is only true when the wavelength of the apfilied 
pressure is lar^e as compared with the length of tlie wire. For high 
frt'quency currents, however, the current will be sinusoidally distributed 
throughout the length of the wire, and in this cavse the so-called dynamn 
capacitance of the antenna will be given by tlie expression 

c 


^ ST 


— 


tzifl 


(L>) 


where c is the wave velocity of propagation along the wire in eentimetres 
])er second and c> ~ 2rr/, where / is the frequen(‘y of the current in the 
line. When the fr('(|uency of the current is equal to the natural frequency 

of the antenna, that is, when f — f^ - , then 

4/ 
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Reference should also be made to Cliapter XVI, ])age 508, for further 
inforiuatioii about antennae. 

E\ \MPLE 10, A Symmptricalhj Arramjfd Thrcp-Pha^r Overhead Tran.s- 
Line (Fig. 11). 

Star capacitance per ])hase, 

C = ])cr km. .... (17) 

log,o ^ 


Three-Phase Cables 

For modern electric ])owcr stations and distribution systems three- 
jth.i^e cables are very extensively used, and although the h'ansmission 
of power by means of cables is much more costly than b\' means of 
• oerhead lines, (‘able transmission has the advantage that it is much less 
Mihject to damage, and (‘onseqiiently the maintenaiU'C costs are redu(*ed 
to a minimum. In city areas, for example, where liigh voltag(‘ over- 
licad liiws would not be allowed, (‘able transmission is indispensable. 

Itubber-insulated cables are used for all kinds of installation work 
such as dwelling-house wiring, and since such cahl('s (‘annot withstand 
mechanical shocks or stress(‘s, they must b(‘ laid in prot(‘cting tubes 
uIm'ti uec(\ssary. Rubber insulated cables may be us('d for pressures up 
to 25 kV., l)ut for purposes of impoilant transmission and distril)ution 
It may lie said that all modern ])ower (*al)les are paper insulated with 
impregnated j)a])er and are jirovkhnl uith a kwl slaxith. Not only is 
'^mli impn'gnated ])aper insulation more ndiable than rublier, but it is 
«dso practically unaffected by age. Fig. I2f/ shows th(‘ constructional 
tcalui’es of a three-[)hase cable * for h kV. with circular core's, each core 
fia\ing a cross-sectkmal area of 70 s(p mm. Each of the thn'C conductor 
M)res is provided with its own pa])er insulating sheath and the thr(‘e 
core's are then assembled with a filling of paper, jute, or otlier suita))Ic 
maU'rial. The whole is enclosed in a paper insulating shc'.ath over which 
drawn a seamless lead sheath. Such cables are (li.stinguished })y the 
"^(‘rall paj>er insulating sheath and are ternK'd “ Ix'lted ” cabh's. When 
iich a ])a])er -insulated cable is buried in the ground there is a ])()ssibility 
acidulated water attacking the lead sheath, and for this reason an 
>utt‘r (‘Gating of bituminised pafier is provided, and over this a layer 
‘>f impregnated jute. In order to provide against mechanical damage, 
two layers of steel taj)e are wTap])ed over the jute (‘overing and the steel 
tape is ]}rotected from rust by an outer layer of bituminisc'd jute. 

In Fig. 126 is shown the cross-section of a belted cable,* also for. 
kV., each core having a section of 70 sq. mm. In tliis case, however, 
the cores are built uj) in sector form and consequently the overall diameter 

♦ See T. Buchhold, Elcktriachc Kraftwericp und Netze. 
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of the Ccible is greatly dinimished as eoinpared with the tyjic shown in 
Fig 12f/, tlie two diagrams of Figs 12a and 126 being drawn to tin 
same scale Cables with sectoi shaped eores cannot be safely used foi 
piessurcR gieatei than about 10 kV , whereas the belted type of eabl( 
shown in Fig 12a can be used for pressure up to about 20 kV Owiii^ 
to the fa( t that the direction of the electric stress is not ])erpendicul »i 



F^g 13 
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to the surface of the paper insulation * (see Fig. 13a), the belted type 
ot three core cable is not suitable for pressures greater than about 20 kV. 

K\|)erirnental test data have shown that paper insulation will not 
stand such high electric stress when in a direction })arallel to the surface 
.►f tiie })aper as when the stress is at right angles to the surface. The 
])ractical realisation of the importance of maintaining the eloetrie 
-ti(‘ss at right angles to the surface of the paper is due to Hoehstadter, 
a) id for this purpose he provided each core with a screen of metal fojl 
o\cr the surface of its ])aper insulating sheath, as shown in Figs. 
and Ua. this ensuring that the lines of electric for<*e shall a(‘t in a ladial 
<lnc(‘tion. An alternative construction to the metal foil coating applied 


CORROSION PROOF LAVER t BEDDING LAVER 

JUTE LAVER 
LAVERS OF STEEL TAPE 
FILLING MATERIAL 
LEAD SHEATH 
CONDUCTORS 
CORE INSULATION 

metallized paper 

TAPE 




a 


Ftq, J4. 


the paper insulating sheath of each of the three cores is to use a 
i<‘ad sheath over each core and to assemble the three cores within a 
‘umion overall corrosion-proof sheath, as shown in Fig. lib. 'I'liis 
oraiigement has certain practical advantages over the Hochstadtcr 
rt'cned tyi)e, or Fig. 136. 

The permissible temperature rise of paper-insulated cables is relatively 
^ <‘ry small, and the reason for this is as follows. When the cables become 
^ ^irm due to its loading, the impregnated compound expands more than 
die ])aper, so that the com])ound presses against the lead sheath, which 
< ^msequently stretches. When the cable cools down again, the com])ound 
ontracts, but will not return to its original position, and in consequence 
dierc is considerable risk of cavities being formed which ^ill give rise 
tc glow discharges (see Chapter II, page 33 and Chapter III, expression 
d2)) and gradually destroy the insulation. The glow discharge also 

♦ See T. Buchhold, Elektriaeht Kraftwerke und NeUt. 
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involves power dissipation, the amount 
of which can be measured by deter- 
mining the so-called “ loss angle* ’ 
(see Ghapters IT, page 64, and XI. 
page :m). 

For the highest voltages which an* 
now used in practice, it is essential 
that all possibility of cavitation in 
the insulation should be eliminated 
aiul for this purpose there are two 
distinct types of construction now 
available, viz. oil filled tables, aiuf those in which gas under pressure 
is maintained in tli(‘ cable by means of a gas-tight sheath. In Fig. I‘> 
is shown an (‘xamph* of a three-phase oil-tilled cable having channels 
which are filled with a thinly fluid oil, tluis kee])ing the paper insulation 
saturat-(‘d. Wh(*n the tcm|)crature of the (‘able rises, the oil ex])ands 
and, spac(‘d at int(‘rvals along the route of the cable, are expansion 
chambers into which the surplus <»il (‘an flow'. In the follow'ing Table 1 
ar(' given characteristic data for a range of power cables from low'-j)ressurc 
(listril)ut ion cabk's to those for the highest pressures w'hich are now 
us(‘d in practice. 
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form. The capacitance of such a condenser will then be given by the 
ex])resHi(m 


a = 


+ 




dsT 


cm. 


( 20 ) 


IiiH|)oetion of the expression (7) on jiagc 102 shows that the capacit- 
ance of a condenser can be increased by : 

(i) Increasing the surface area of the plates. 

(u) Decreasing the distance between the plates. 

(Hi) Choosing an insulating medium having a high value for the 


dielectric constant. 

All three of these methods are used in practice, either singly or in 
combination. 

1'he increase of the surface area of the jdates is obtained by using 
two aluminium foil tafies, or bands, wound together with a similar tape- 




Fli/. IS. 


form of insulation material as shown in Fig. 17, in w^hich case it is to 
bo observed that the (*ondenser will also have a certain amount of in- 
ductance. Another method is to arrange the })lates as shown in Fig. 18. 
If there are a total of n such ]>lates the capacitance of the condenser 
will bo 

- l)tS* 

47t(i * * * * ' ^ 

If tho plates are arranged so that the two sets can be moved relatively 
to each other, the capacitance can be varied. For condensers with semi- 
circular plates tho capacitance is proportional to the angle a, by which 
the two sets are displaced relatively to each other, that is 







( 22 ) 


wiiore is tlie capaiitaiu'e when the two sets of plates are inter- 

leaved to the fullest extent and C\ the capacitance w hen the plates are 
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turned so that they are separated to the fullest extent. For sueli eon- 
.l( users the minimum amount of insulating material is required and an 
-important consequent feature is that the “ loss angle '' will be very small. 

For radio tuning circuits it is frequently undesirable to have the 
(.ipacitance proportional to the angle a since the adjustment for certain 
.uigular ranges is required to be finer than in Others, and consequently, 
i!i most such condensers as used for receiver circuits the plates are made 
witli a kidney -shaped profile which gives a finer frequency relationshi]). 
riu* maximum capacitance of receiving condensers is from about 250 to 
I (KK) cm., but for certain special purposes, such as sliort-wave reception, 
and neutrodyne reception, they may be of very much smaller capacitance. 

A special form of condenser is the “ differential ” ty])e in which the 
l otating member turns between two separated sets of fixed plates. Wlu n 
tlK‘ rotor is turned, its capacitance to one set of the fixed plates is in- 
cn^ased by the same amount as its capacitance 
to the other set of fixed plates is reduced. 

When oil or other insulating material such 
jiN mica is used for the dielectric, the ca})aci- 
l ance increases proportionally with the dielectrics 
( onstant e . For condenser units of fixed capaci- 
tance, the use of the newer insulating materials 
-ucli as “ Condensa ” makes it possible to obtain 
I (datively large capacitance values in units of 
small size. For example, a unit comprising a 
tube 4*2 cm. long and 0*8 cm. diameter has a 
ca})acitance 700 cm. when Condensa is used as 
t he insulating material, and only 100 cm. when 
‘ Calit ” is used (see Table II, page 114).* 

The capacitance of a condenser may be 
\aried by varying the distance between the 
plates. For example, if insulating material of large dielectric constant 
Is used a relatively large capacitance is obtained in small units, and by 
\<irying the force with which the plates are pressed together the 
.Ipacitance can be varied. Such so-called “squeeze” condensers are 
u^cd, for example, for the tuning of band filters instead of rotary 
' < ‘iidensers. 

Especially large capacitances are obtained by the use of elec trolytic*, 
luiits in which the plates are separated by an electrolyte. When direct 
' urrent is passed through such a system, the plate which forms the 
inode becomes coated with an extremely thin oxide film which 
Uinctions as a dielectric and prevents the further passage of the direct 
' urrent. The arrangement thus forms a condenser system in which the 
plates are separated by an extremely thin dielectric (see Fig. 19). In 
this way it is possible to obtain a capacitance of 8 fiF with jilates of 

♦ F. V'^ilbig : Hochjrequenztechnik. 
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only TiCM) sq. cm. surface area. Such condensers arc chiefly used for 
smoothing' d.c. pr(*ssures of relatively low magnitude. 

It is to he ohserved that whilst in the ease of condensers, definite 
values of the* cajiacitance are required, yet in the ease of sockets, coil 
suf)j>oi’ts, switch(*s, and leading-in tubes for the plate connections, the 
cajaicitance should he redmed to a minimum. For this reason small 
metal parts with small surface areas must he used and relatively large 
distances fw‘tw'een any such metal surfaces, w^hilst the insulating material 
should h(» of low ditdectric constant and very small loss angle (see 
(/hapter 11, page ()4). 

Apart from tljc magnitude of the capacitance, the most important 
charact<u-istics of a co?id(Uiser ar(‘ the magnitude of the losses and the 
permissible loading. Losses arise due to inferior insulating material 
glow and brush discharg(‘, and dielectric hysteresis. These losses depend 
upon the composition of tlie dielectric, the size of the (*ondenser and the 
fnajuency on which it ojxaates. 

Systems of Condensers 

. (/) (V)NOKNSHKS i\ Skiiies. If a number of condensers A. B, (\ are 
connected in s(n*i(‘s as show'n in Fig. 2o and the system is charged b> 
conn(‘cting tin* terminals X, S, to a source^ of e.m.f., then if the {)late (i 
of condenser A ))ecom(‘s charged with a cpiantity • Q the other plate f/, 
wall receiv(‘ a charge* An eejual charge • Q will then j)ass to the 

f)lat(‘ h of condense*!- li and e*ons(‘e|ue‘ntly a e-barge Q will be indue*ed 
on f)lat(* />,, and se) on In edher words. ('ae*h e*e)nelenser will becenne 
e'harge*el with the same e(uantity e)f elee-trie-ity Q. 



Fnj. L’O. 


rnj. lM. 


If the e*a|)aeitane*e*s of the indivielual e-oudeusers are respectively 
G I : G;; : r,, . . . anel the ce^rrespemeling values e)f the terminal p.d.’s 
e>f the indivielual e-onelensers are V f : I’yy : , tlum 

r - . r - r - 

' .1 ' 7 ? ' (’ 

If V is the pel. acre)ss the wiieile series, then 

r r, , r„. r, .... 4' ■ ' ■ ' - 
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wliore r is the capacitance of the single condenser which is equivalent 
to tlic series combination of Fig. 20, that is to say, 


* * in) CovDKVSERS jv PARALLEL. —When the condensers are connected 
jn })<irallel, as shown in Fig. 21, each will receive the same value of the 
a)»})lie(l ]).d., and if C ^ . . . are the respective values of the 

apacitaiices of the individual condensers, then 

y __ Q i _ Qji __ __ 

^V’ 

Tli(‘ total charge given to the ])arallel system will then be 

Q ~ Q A t Qn I Qr ^ ... 
nr Q y{(\ i I . . .) - r.c, 

\vli(‘r(‘ r is the capacitance of the single condenser which is equivalent 
to tlie |)arallel arrangement, that is to say, 

= I i m 


The Dielectric Constant 

Faraday found tliat the ea])aeitanee of a condenser de[)ends not only 
ou tlie siz(‘, sha{)e, and distance apart of the conducting surfaces, but 
also on the nature of tlie insulating medium between the surfaces, and 
h(‘ gave the name sjtecific indiiciire capacity to that ])ro])erty of an 
Jiisulating medium on which the capacitan(*e of a condenser depends. 
1'he term dkhctric conMant is now commonly used in practice for this 
(jii.iiitity, so tliat 

<liclectric constant f 

Ca])acitance of condenser with the given dielectric 
Cajiacitance of same condenser with a vacuum (or air) as the dielectric’ 

For a vacuum the value of the dielectric constant is t — 1, and in 
I'ahle II, page 114 will be found the \ allies of t for a number of insulating 
materials of practical importance (see also Chapter IT, page 52). 

The reason why the ca]>acitan<*e is affected wluui a block of matter 
N |)la(*ed between the ])lates of a condenser was exfilained liy Faraday 
follows. Suppose tliat, between the iqipositc cliargcd ])lates of a 
' ondenser as slunvn in Fig. 22, an uncharged metal sjihere is introduced 
‘Old consider what happens. 'The sphere becomes “ polarised so that 
on the left-hand side a positive charge assembles and on the right-hand 
side a jiositive charge assembles. Due to these induced charges on the 
^pliere, the condenser jilate on the left-hand side is able to take an in- 
creased negative charge and the right-hand ])latc an increased positive 
charge, that is to say, the cajiaeitance of the condenser wdll have increased 
^^hilst the p.d. across the terminals has been maintained constant. 

I 
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TABLE TI 


htHulatiUff 
M(tt( rial 


UifU'ctrK 

('onfitnut 


Atujli of Loss y ](>*, i.c. 
10'* / tnn h for (. . . Hz.) 


Breakdown 
Strength in 
kV. per mm 


Alctiliol 

Bakf'liti* 

Amber 

(’niioii .... 

('elluloid 

(Njrosiii 

OoTK ien.su 

< 'on(i(‘r»Hii < I 

Kboiiite 

KnujiK'/ibi 

Krefjijenfit 

(JuH .... 

(jlass .... 

Miea .... 

Biihb(‘r 

Sviitludie roreelam 
VVood .... 
V'uleaiused l<,ui>i)er 
Air .... 
Muiiile 
Mjennib* . 

Msealex 

Oiled I*aj»er 

I’liper .... 

raraOin 

I’aruiViTi Oil 

I’erlmux 

l\'t it>leiini 

roreelaiii 

l*r<».M.spiia!i 

Quart/. 

Quart /,-^I hs-^ . 

Siiellae 

Slate .... 
Sulphur 
Stalling wax . 
Steatite 
'rurpeutiiu' 

Trolitul 
'Lmriualiiu* 
\'uieaMi.se<l Kdue 
Water .... 


20*3 


4H-rr3 

120 ;i00 (H0(») : 100 (I0») : 220 (10") 

23 

2-8 

r»o (0 X io«) 



:i-7 (.3 10‘') • 3-1 (10") : 2-5 (.7 y 10") 


7-0 

700 (800) 


1-0 1 1 

500 (2 y lo") 


21 2 3 

(‘•3 (800) 


JO r)0 

8-5 (7-5 • 10«):7-2(3y lO*') : 0-4 ((> X W) 


so ioo 

20 40 (3 10") 


2-0 :i r) 

24 230 (800) : 00- 80 (0 / 10") 

Up to 34 

hi 

3 0 (3 > 10") : 2-0 (5 x 10") 


(>l 

1 

H (3 X 10«) : 0*8 (10") : 0 (5 y 10") 

0 

130 2 40 (800) : 35 75 (10«) 


r> 12 

12-20 

4-8 

2r) 

2 10 (800) : 1-7 (3 < 10«-5 y 10") 

20-00 


ry 4 t) i 
2r>-()-H 


2 3-5 
1-0000 

0 

3-2 

8-5 

LOOO (800) 


4-5-(; 


25 35 

8 

18 (3 V loft r, . 10?) 


1-8 

40 (800) 


1-7 2-3 

0 8 (800) : 3 0 (<> - lO") 

30 

2 2 5 


13 

4-8 5-4 

250(800) : 2.30 300((i - 1(»") : 1 ,(»(»0 ((i > 10’) 

10 20 

2 2-2 


10 

5 0-7 

1 10 1 40 (800) : 135 (0 . 10^*) 

15 

3 1 

205 (5 K nr-) : 580 (1-2 > lO’) 

11-22 

4-5 4-7 

1 (3 V 10" 10’) : 11 (5 ^ 10’ \{)^) 


3 7 4 2 

1-8 (3 10" 3 > 10’) : 1-7 (U)’) 


2-7 3-8 
0-0 7-4 

3,400 (800) ; 2,500 (0 \ lO") 


3-0 4-1 

4 

0-4 

2-3 

20 (10") : 15 (5 \ !(>’) 


2-2 

3 0 (I0«) : 4 5 (10’) : 51 (5 >' 10’) 


0 

5-2 (2 > 10«) 


4 1 

070 (2 N 10") .- 1,000 (1-2 X 10’) 

5 

80 




In H pret'isoly similar Avay Faraday viewed the effect of the insulating 
medium between the plates of the condenser. He considered that the 
individual molecules behave like minute s]>herical conductors which, 
however, were not able to })ass on their electrical charges from one to 
the otlier, and it was on this hypothesis of Faraday that the idea of the 
displacement current ” was introduced by Maxwell, this term imply- 
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n\ir that only “ displacement ” of the bound electric charges is possible, 
jn direct contrast to the case of a metal conductor in which at least one 
t\pe of electric particle, viz. the electron (see Chapter IT, page 25) can 
he considered as being almost unrestrictedly mobile. In actual fact, the 
modern view regarding these phenomena is in strikingly close agreement 
With the rough outline given in the foregoing. An atom consists, for 
♦ xaniple, of a positive nucleus and a number of revolving electrons travelling 
III (H'hits encircling the nucleus. If such a structure is placed in an electric 
held the electrons and the positive nucleus will be displaced in opposite 
(linu tions, so that the atom may be said to have received an “ induced 
(*k‘ctric moment ”, see page 116, just as in the case of the Faraday metal 
sphere when introduced between the charged })lates of the condenser as 
siiown in Fig. 22. The sum of such effects of the individual atoms is 
tlicrcfore one of the causes of the characteristic ])rof)erty of the material 
uliich is defined as the “dielectric constant”. 



(lausius and Mosotti, assuming that each molecule could be regarded 
as a ])erfectly conducting sphere of radius a and that the ])olarisati()n 
of the aggregate of the molecules is the sum of the j)olarisation of tlie 
(■oin])onent molecules, showed that the dielectric constant e could be 
c\])ressed by the following equation, viz. 



in which M in grams is the mass of one mol of the substance, that is, 
1 gm. -molecule, or the amount of the substance the mass of which in 
mams is given by the number which is the molecular weight of the sub- 
ince : thus for II the molecular weight is 2, so that M - 2 grams : 

» is the density of the substance : and N = 6 06 x 10^3 is Avogadro’s 
number (sometimes also known as Loschmidt’s number), and is the 
num>)er of molecules in the mass of one mol (see alsoC^hapter JI, page 56). 
Kor hydrogen gas at 0"" C. and 760 mm. pressure, p == 0*898 x 10 * gm. 

M 

p(‘r cubic centimetre, so that 2*25 x lO'* c.c. and is the volume of 

P 

1 mol. The assumptions on which the expression (25) is based are now 
known to be erroneous for the majority of cases, and the magnitude of 
t he dielectric constant e is now known to be due to the composite effect 
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comprising two separate actions : (/) the distortion of the eleetronii 

orbits of tlie atoiris when an electric field is im])rossed on the substance 
and (ii) the (‘fleet due to tlie existence of “electric* doublets” or* 
“ dipol(‘s “ fonn<‘d by the molecules of the substaiu'c (see Fig. 23). As 
r(*gards (/), when an electric field is inifiressed on an insulator the electron 
orbits become disjilaced relatively to the nucleus, so that, instead of 
the centn^s of mass of the negative and [)ositive cliarges being coincident 
as in the normal case when no electric field is present, the im])resse(l 
field m (‘fleet separati‘s th(‘se centre's of mass so that the })Ositive and 
n('gative charges togc'ther form a system having an electric moment and 
that such a (list oit ion of the electric orbits does, in fact, take y)lace, is 
])roved by the* modification of the spectrum wIk'ii an electric field 
]>r(*s(‘nt . 

(ii) For relativ'(*ly low fre(pienci(‘s the “ mole(*ular polarisation” is 
e\pn‘ss(‘d by the (juantity 



and in mafiy cas(‘s this is verv much larger than th(' (juantity on the 
l(‘ft hand side' of the eejuation (25). whi(*h latter is in good agreement 
with the (‘Xfierimental r(*sults at v(‘ry high fr(*(juencies such as those* o( 
light vv'av('s. For a long tiiiie the cause* of th('se discrej)ancies was not 
understood, and it was only explaitu'd about 25 years ago when P. I)eb\(' 
sh()W(‘d that theu’c vas a s(‘cond elh'ct which contributed to the* moU'cular 
polarisation as follows. When two atoms coml)ine to form a molecule' 
for example*, wdien hydroge'u (11) and chlorine ((d) combine to foiin 
iiydrochloric acid (11(1), it is not to be* assuin(‘d that the electric chai’ge‘s 
of the respective atoms ne*utralise* e‘ach action to the extent that th('\ 
give rise to no external field. On the contrary, otlu'r ])hysical eon 
siderations point to the* conclusion that the ll atom re'tains its ])ositi\e‘ 
charge and the (1 atom its ne'gative character. Such a molecular struc 
ture l)e‘haves like an electrical dipole as shown in Fig. 23. When an 
electric field is impri'sse'd on this dipole it will become oriented in the* 
field and, as expc'riment and e'niculatiou both sliowx wall contrihute a 
considerable portion to the total molecular polarisation. Debye has 
shown that when the dipole effi'ct is taken into account, the molecular 
polarisation is completely accounted for. It is to be notice^d in particular 
that the dipole contribution is strongly dejx'iident upon the temjK'rature. 
The* moleciilai* polarisation may tlu'n be ex|>resse'd as follows : 


Id/ 


4.T 

3 


:Ut) 


In this eepiation, // is tiu* electric moment of the dipole. /, is the Re>ltz 
man constatd, that is w'hi're R is the constant of a perfect gas. 


y is Avagadro's number, and T is the absolute tem])erature. If // — 0, 
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that is, if the molecule is non-])olar, only the first term oti the right- 
Jiand sick* of equatioji (27) will exist, and this ec^uation then becomes 
nt ilu* same form as the Clausius Mosotti relationship, and this is tlie 
particular condition to which that relationshif) is applicable.* 


The Energy of the Electric Field 

Suppose in Fig. 24 1" electrostatic e.g.s. units is the ]).d. across the 
houndarv surfaces A and 7i of an electric field, it being assumed for 
('\cimj)le, that tliis field has been established by transferring the cjuantity 
electricity from the surface B to A. Sup])ose now that a further 

(juantily d(J is transferred from B to A, this cjuantity benng so small 
ih.it the p.d. between the surfac*es is not apjneciably aftectcHl by the 
liansfer. Them by definition of potential differenc'O, the work clone in 
making this transfer will be ergs. If is the ca j:acitanc‘e of the 

field and the c-harge hem the |).cl. is T, all thc'se value's being in 
rl(‘rtr()stat ic* e.g.s. units, the*n 

- I'.r : or I' - 

(' 


Hence the Avork done in effecting the transfer of the* whole cpiantily 
from the .surfa(‘e B to that is, in e'stablishing the field, will be 

V dQ - dQ - iC/' O’.Vcrfrs . . (2S) 

Jo j 0 C 

and this c'uergy is stored in the dielectri<*. Siiu*e the ratio 


Q 

V 


^ c 


(which 


is a c'onstant) 


defines the relationship betwc'en the Q and the p.d. T, this may be 
Liraphically repre'semte'cl by the straight line OB in Fig. 25, and it will 
l)(‘ seem that the energy stored in the elecdric fic'ld as defmc'd by Hie 
expression (2S) is given by the area of the triangle OB(\ 



Energy Stored per Unit Volume of the Dielectric 

In Fig. 2t) is shown a unit tube of electric forcic, that is to say, one 
which extends from a charge q ~ \ I electrostatic unit on one boundary 
* S(*e EtKjineerimjy 1942, page n’>4. 
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conducting surface to a charge of <7 = — 1 electrostatic unit on the othc? 
boundary conducting surface. Two equipotential surfaces FG and MS 
are also shown, the p.d. between these two surfaces being v I electro 
static unit. The volume of the tube which is bounded by the twn 
equii)()tential surfaces FG and MN may be termed a “ unit cell ” of thf* 
dielectric, and from page 117 it will be seen that the energy stored in 
this unit ceil will be 

V Iq.r ^ J erg .... (29) 

If a scp cm. is the mean cross-sectional area of the cell and d cm. tic* 
distance between the (‘qui])otential surfaces, the volume of the (‘ell will 
be 0 L(l c.crn , so that 


Energy storcnl j)er (*.cm. of the dielectric 


2 L 


(30) 


Again, if F dynes is tlio elcM-tric force in the cell, then the p.d 
b(‘tv\<‘en the two e({ui|)otential surfaces F(r and MN will be (se(‘ 
(^hapt(T III, Expivssion (13)) 


r F.d - 1 

But from (3iapter 111, expression (8), page 82, 

trra 


A’ 


where 


1 


a a 

hence, from e\])rcssions (31), (32) and (33) 

1 1 ,, Kh 

* a d 

and the density of the electric charge is 

a - ^ electrostatic units 
4.^ 


(31) 


(32) 


(33) 


(34) 


(35) 


From exjiressions (30) and (34). 

Energy ston'd by the elecdric field in the dielectric is 


f.E^ 

8.T 


ergs per cubic centimetre . 


(36) 


Dielectric Strain or Electric Displacement 

Assuming that the ap])lication of the electric force E strains the 
dielectric in an analogous manner to the strain of a stretched spring 
(see also dipole theory, p. 110), electric energy will be stored in the 
dielectric when under the influence of an electric force just as energy is 
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^tonnl in a stretched spring. For a stretched rod of elastic material, 
tl)(^ cnere;y stored is 

J X Pull X Extension 
(n. the energy stored per unit length is 
, Extension , 


J X Pull X 


Pull \ Strain 


- Length " ' ^ 

111(1 the energy stored per unit volume is 

1 X Intensity of pull \ Strain . . . (38) 

\()\\ writing down the expression for tlie energy stored in tlie dielectric, 
M/ (see ])age 118, ex])ression (36)) 

sE 

Stored energy — IE. ergs per c.cni. 

4:7T 

— I Electric force > Klectric strain . (39) 

trE 

The quantity "" is termed the electric strain : it has also been called 
4rr 

th(‘ (hctric displacement or otherwise, the polarisation in the diehctric 
in tlie direction of E. In accordance with (‘xpression (35) this quantity 
is also the density of the electric charge. 

Further, for the case of a stretched rod, the relationship holds ; 

Intensity of ])ull _ Young's Modulus of Elasticity. 

Strain 

In the case of the electric field 

Electric force E 4r7t 

-T" “ ..... (46) 

Electric strain e .E t 


"'O that the quantity is analogous to the Young's modulus of elasticity 
€ 

Jof (la Stic inaterials. 

In Ohapter I, page 6, it has been seen that the ])ro])agation of electro- 
magnetic waves (e.g. light) through open sjiace is given by the relationshi]) 


‘I' ■ 


. <4l) 


ft is also knowui from the laws of mechanics that the velocity of propa- 
-^<ition of w^ave motion is given by the relationship 


velocity = k /elanticity 
V density 


V density 

47C 

riirther, since from expression (40) above, the quantity is anologous 

to elasticity, it follows from a comparison of the expressions (41) and 
(42) that magnetic permeability //, is analogous to density. 
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Maximum Value of the Energy which can be Stored in a Dielectric 

On page IIH, expression (36) above, it is seen that the energy stored .. 
in a dielectric is 

ergs ])er cubic centimetre, 

Hti 

dV 

ii\ which the electric iTiteiisity is A’ ^ - , dynes when the ])resRurc I’ 

(IJC ' 

is exju'cssod in electrostatic iiiiits. If V is cx])ressed in volts, tlien 


K - 


1 (ir 

;$(»() d.v 


dynes. 


Hence the energy stored in the dielectric is 

f V 

^ ^ I Fall of potential in volts per cm.]^ ergs ])er c.cm. 


^ I Fall of |)oteutiaI in vailts p(‘r (an.]- joides ])er c.cin. 

so that the maximum value of the energy which can l)e stored in a 
dicdectric is 

0’442 ' lo [ Diek'ct He strength in volts per cm.]- joules per c.cm. 
odhi 10 I Dieh'ctricstnmgth in volts percm.|“ft. lb. per cubic inch. 

For (*xam|)l(‘, taking th(‘ di(*lectri(‘ stnmgth of air as 32,000 volts j)er 
centinudre, the maximum amo\mt of (‘iiergy which can be stored in aii* 
at normal teinjxuature and pr(‘ssuri* is 

ri 3() > 10 '*(32,000)“ r)-.") - 10 ^ ft. Ib. ])(M’ cubic inch 

and foj* !nicanit(‘, of which the dieh'ctric strength is 32,(M)0 volts |>er 
millinietix* and tlu' di(‘lectric constant t o, the maximum amount of 
energy which can Ix' stored is 

.■)'36 - 10 r)(320,000)- (e28 ft.-Jb. per cubic inch. 


Electric Stress in a Cable Dielectric 

In Fig. 27 is sliow'ii diagrammatically a section of a single-core (*able 
in w'hich the radius of the sheath is /?.cm. and the radius of the core 
is r cm. d’hen if r is the dielectric constant of the insulating material 
(see Table II), the capacitaime of the cable w'ill be, from expression (12), 
page 103, 

G — ^ electrostatic units ])er centimetre length. 

2 log, 

If the core of the cable is charged to a potential V electrostatic, units 
by means of a quantity 7 electrostatic units ])er centimetre length, then 

q = V.C. 
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The electric stress in the dielectric at a distance a cm. from the axis 
js by expression (9), Chapter III, page 83, 

= I ^ dynes .... (43) 

riie dielectric stress will therefore be a maxiimim at the surface of 
the core, viz. when a — r, that is, the maximum stress will be 

2a 

Ej. = ‘ dynes . . . • (1*1) 


From expressions (43) and (44) it follows that 

E^,.a = E^.r, 

.111(1 since from exjiressions (41) and (43) 

2q 2 VC Y 1 




r is oxpro.s.sod in volts, then 


1 rfl , 

, flviK's. M) that 

;}()() dr • 


r 


V I 

'log, 



(-»•'■>) 


\\ h(*7(' r ih the stress in the dielectric at the surface of the core expresscMl 
in \<)lts drop ])er centimetre ineasun'd along the radial direction. Tliis 
((u.intity is the maximum stress to which the cable dielectric is subjected 
md the value w’-hich is to l)e assigiual to C in the design of a cable is 
4(‘t(Tmmed from tlie dielecti ic strength of tlie insulation matt'rial divided 
h\ an ap])ropriale fact(U’ of safety. For a gi^en \alue of V and C there 



Fuf. 28 . 
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is OTIC value of r which ^ives a minimutn radius R for the sheath, and the 
condition for whicli R is a minimum is the condition that 

-- 0 

dr 

in the (‘XfiresHion (45). This condition leads to the equations 

V R 

r - : log, ^ ^ I : R = e,r . . . (45) 

u’hero f ■ 2*72 and is the base of natural logarithms. 

Kxamim.e. Su|»|K)se the cable insulation is paper and that the ])er 
missible dielectric stress is f/ -- ()0,0()0 volts per centimetre, and let th(‘ 
working |)ressure be V 85, (MM) volts. ^Fhen the radius of the eor(‘ 
whi(*h will give a rninimum thickness for the cable dielectric will be 

/• - - 1*42 cm. 

and the overall radius of the dielectric will be 

R - p.r - 2-72 V 14 - 3 8 cm. 

The dielectric stress at any radius a will be given by the equation 

- ILr 

that IS * rt “ 

a a 

and this relationship is shown in Fig. 28. 



Chapter V 

CURRENT DISTRIBUTORS AND NETWORKS 

Equivalent Resistance of Conductors Connected Respectively in Series and 
in Parallel 

/.I) Series Cc)>jnection. — If several conductors are connected end to 
end —that is, in series, so that the same current flows through each 
conductor — the resistance of the combination is the ratio -of the ]).d. at 
th(‘ terminals of the series to the current through the scries. Since tlie 
p.d. at the terminals is the sum of the ]).d.'s at the end of the individual 
coiulu(‘tors the resistance of the series is the sum of the resistances of 
i1h‘ individual conductors. Thus, if /?, \ . \ . . . are the resist- 

ances of the individual conductors, the total resistance of tlie series is 

R^-R, \ R, \^R, \ (1) 

(/i) Parallel (Connection. — Jf a numfier of conductors are joined 
sf) that one end of each conductor is (*onnectcd to a common point A, 
and the other end of each conductor to a second (*ommon point B, the 




(oiiductors are said to be connected in parallel. In Fig. 1 the three 
icsistances Ri, R.^, and R^ are shown connected in parallel between the 
points A and B ; the resistance of the parallel connection is then 


R - 


V 

1 


ohms. 


Let Ii : 1^ : /j, respectively, Ije the currents through the individual 
branches, then 


hut 

hence, 


/ - f h I / 
. V 


R 


.J V 

.7l— .^2— .73 
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l{ R, /G H, 

A s]K*cially iniporiaiit (‘xaniple is tliai in vv'hich lliere are only two 
l)ran(*h(*.s in f)arall(4, sneli as vvh(‘n a shunt is used with a ^alvanoinetei' 
(Fig. 2). 'I'iien tii(‘ equivalent resistance K is given by the relationships 


that is 


in this cas(‘ 


so that 


li, I n: 
j{, I h: 

. /, k 

K.'l. IL 


Kirchhoff’s Rules 

'I'lic f'ollowiiijt Uvo (Inductions from Olim'.s Law, Chapter II, page 41. 
are very ii.seful in (l(‘aliiig with a network of eondnetors. 

X I. If N<r<r(il roududurn mat at a point tin 
(thiihrair ■sum of tin rnnoits flowing to the point !'■ 
V rarmifs Jhnritxj to thf point bnny rvchnod 
positirf and van ( nts Jlowiny from the point InUtKi 
rfcL'onnI nnjatin. 

Tliis is iiHM'ely a statenuuit of tlie fact that 
th(‘r(‘ is no acnnnulation of electricity at aii\ 
point ill a circuit in which a current is flowing 
and this result is reall\ included in Ohm’s l^aw 
Tims, in Fig. 


h G t 2,, ‘ /j. 

This n‘sult is useful in dealing with alternating current systems. 

2. If two or more conductors form a closfd Jiyurt, the algebraic sum oj 
the products of th( r(sistanc( and curnnt taken for tach conductor {tin 
current being reckoned positin th( same wag round the figure) is equal to 
the algebraic sum of the e.m.f.'s acting round the figure in the sana direction 
that is, 

HR --=^ XE . . . . (4) 

where the summation is to be takin round the closed figure. 

This result may be deduced from Ohm’s Law, and will be clear from 
the following example. 

Suppose the arrangement of circuits is as shown in Fig. 4, and con- 
sider the mesh AB(\\. From Kirchhoff s rule - 


E, - I,R, ^ IJL fR,. 

Now A ’ 3 the amount by whi(*h the ])otential of B is abort 

the potential of (\ and I^Rji is the amount by which the potential of C 
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hJniv the potential of A, Heiieo LiB> — (A ’3 — I^Bz) amount 

l,\ which the potential of B is below the |K)tential of A. But is 

tli(‘ amount by which the potential of B is below the [)oteutia.i of A. 

Hcii(*e 1 1 ^\ ~ J tR'i 1^3 1“ ^ z ♦ 

.,r h /,/?, r,R,. 

It a loo]) consists of three conductors, as in Fig. 5, in wliich no e.ni.f. 
then 11 R for the closed looj) is zero. 

An example of the application of this result is found in (*onnection 
w ifh mesh connected alternating (‘urrent systems. 




Wheatstone Bridge: (see also Chapter IX, page 311). 

In Fig. () the two points^ A and B are connected by the bran(‘hes 
Af 'B and ADBs of whicl) consists of the resistances /C and R^ in 

series, and ADB the I'esistaiices R,^ and A" in series. 

Su])pose a current enters at .4 and leaves at /i, dividing betv^'^een the 
two branches .4C/i and AJ)B, 

The potential of the ])()int C will be .something intermediate between 
thill of A aiid that of B. It will clearly be possible to find some point 
/> in the branch ADB, such that the potential of D is the same as that 
ot (\ If such a ])oint be found and a galvanometer be connected to 
tiic points and D that is, to hr'ubje the two branches - there will be 
nn deflection of the galvanometer. This condition will be satisfied if — 
/i/^i - I and /,/C - /,X ; 





If 

R, 

- R, 

: X 

- Rn. 

- 

R, 

li>/C ; 

: A^ 

= 

>} 

Ri 

=- 100/^2 

: A^ 

= 
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If the values of : R ., : i?* are known and adjustable, the value of 
the unknown resistance A" can he determined with great accuracy. 

The above des(Ti[)tion gives the principle of this method of measur- 
ing resistances. 

Actually the Wheatstone Bridge is made in a variety of forms, the 
resistances R^ : R^ : R3 being built up in one box which sometimes also 
incliukis th<^ galvanometer (L If very great accuracy is required, how- 
ever, tiui galvanometer used is of the reflecting mirror type. 



C 



The Resistance Thermometer 

The principle of the Wheatstone Bridge is of wide application, and 
onc^ int (‘resting example is as a “ resistance thermometer ” as illustrated 
in Fig. 7 , this ])articular arrangement being known as the Siemens 
I'll r(‘(‘- Lead Bridge. The coil T is wound with pure ])latinum or pure 
nickel wire and is fitted with three leads, of which K2 is connected in 
series with the arm R wliilst the coil T and the lead A" 3 form the adjac'-ent 
arm. In this way, the lead resistances for the coil T are coni])letely 
compensated since the resistances of Kz and A" 3 are su])])lied and made 
equal by the constructors of the coil T. The resistance arms P and Q 
are made e(pial and the galvanometer balance is obtained by adjusting 
the ivsistance R so that the resistance of the ('oil T is then equal to A. 

The iiKTcase of resistance with the temperature of a pure metal 
wire provides a valuable and accurate method for the measurement of 
temperature. For a temperature range of — 200" C-. to -j- rioO"" C. the 
practical importance of resistance thennometers has immensely increased 
in recent years. For the coil winding the only metals which are suitable 
are pure platinum and pure nickel wres. Commercial nickel ^^^re is 
unsuitable sinc'c its degree of purity may vary over a wdde range and 
the corresponding calibration charts when used for resistance thermometry 
may show largely divergent characteristics. 

For nickel resistance thermometer wires the temperature coefficient 
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(soe Chapto II, page 44, Table I) is 5-48 x 10“*® per UC. with an 
a( curacy of about i 1^ parts in a million. In addition, for special 
purposes, nickel wire with a temperature coefficient of 6-4 to G-5 x 10 *® 
can be obtained. For resistance thermometers using platinum wire the 
temperature coefficient is 3*85 X 10“®, (see also Chapter 6, page 103). 


Current Distributors 

A very important practical problem is the question of the maxiniuni 
pressure drop at any point in a distribution system, to ensure, for example, 
that the })ercentage pressure drop shall not exceed the statutory limit. 
In Fig. 8a is shown the “ go ” and “ return ” conductors supplying a 



(a) (b) 

Fig, 8. 


^lngle consumer with a current of i am])s. The cross-sectiem of each 
(onductor is q sq. mm. and the conductivity is A in reci])rocal ohnjs 
(1 (‘ siemens). If the transmission distance is / metres the pressure 
drop in each eonduetor will be Ar volts and the total pressure drop for 
the two conductors will be (Fig. Hb) 


2Av 




volts 


r>) 


For transmission and distribution problems it is convenient to use the 
metre as the unit of length and the square millimetre as the unit of cross- 
^^^tK)nal area. The “ conductivity 
that IS, the reciprocal of the specific re- 
''l‘^tance, may then be expressed as 
tollows, 

/ - 56 mm. 2/m. reciprocal ohms (i.e. 

siemens) for copper 
A 35 mm.2^m. reciprocal ohms (i.e. 
siemens) for aluminium, 
f he pi*essure at the consumer’s terminals 
will then be F 2 = Fi — 2Av. 

The foregoing treatment takes into 
account the drop in the return line as 
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well aH in the outward line. In many eases, liowever, tlie return liiu* 
has a different eross-seetion from tlie outgoing line, and in what follows 
only the pressure drop iji the outgoing line will ])C considered, and the - 
eoTTCsponding pressure drop in the return line can ahvays be found in 
a similar manner. 

Suppose, now, that several consumers, 23, , are connected 

I 0 the line as shown in Fig. 9 and let pi, p., p^, p^ ... he the respeeti\e 
resistances of th(‘ line sections. Assuming both leads are of the saiiK' 
s<M*tion and material, the total ])re.s.sure drop at the distant end of tlie 
line will then b(‘ 

Ar 1 ( 1 ’, r,) (/,.p, ^ J,.p, i J,.ps f 74. /04) volts . (<d 

wii(‘re 

/ j i 1 f L 1 3 ‘ ^ j • ^ ' ^*3 f 1 * 7 3 — ? 3 * ? , ! 7 4 / , 

If thes(‘ valu(‘s are ins(‘rted in equation (h), the 


Ar KL t I ^ ;,)p 

1 (h '1 

i ii}Pi '• (h 

' ii)p3 ! npil 

ILpi ‘ 7,(pi » P^) f 

' Apt Pi 

pi) 1 ii(pi 

Pi * P3 \ p,)\ 

or, writing 




^*1 P\ ‘ pi 1 Pz' t'i 

- pt Pi ' 

p3 • ^’4 — Pi 

\ Pi \ P3 > pi 

then 




/b’ - (/i-ri I /..r. • /(./• 



. (T) 

that is, in gcmeral. 

Ir - ly.r) 


. (M 

If the distances from the 

NU|>|)I\ 011(1 

of th(' line 

Id llio ir)(1i\ idii.il 


consumers are, respectively, /, : I, : /j : 1^ metres, then 

U L 

f'l . : r, , ... 

/..(/ A. 7 

so that, from e((uati()ns (7) and (s), 

.1'' -- ‘ - d • • {'•*' 

A. 7 A. 7 

The e(|uation (9) expresses the important practical result that tlie pressure' 
drop Jr is obtained by superposing the pressure drops due to the in 
dividual currents. The i)rt>ducts, such as /./ in equation (9) are termed 
the “ current moments ” about tlie supply terminal 

In Fig. 19 is show'll a feeder with three consumers, the line beini: 
fed from the end J only. The lower diagrams show' successively th< 
])ressure drop due to the load iff each consumer and also tlie total 
resultant pressure drop due to the total load, the magnitude of the total 
drop being show'U by Ir in Fig. lOf . If it is required to iind the pressuri' 
drop at some intermediate point h distant lf^ metres from the sup]d\ 
end A. it is convenient to imagine the line to be cut at h (Fig. lOu). 
Tlien the (Uirrent will flow' out of tlie severed end and the sum of the 
current moments up to the point h w'ill be 
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(ll-ll -\ ^2 . ?2 f" ^3* ^«) 

aiul cuiisequently the pressure drop at h will tlien be 

Av - (ii.li -f ? 2./2 1 2 * 3 volts. . . (10) 

A.q 

I he ])ressure drop is frequently given as a ])en‘entage of the sup])ly 
j)T(‘ssnre, viz. 1/’ per eent., the problem then being to rind the necessary 
» loss section q of the conductor whei-e 

~ lt)0 : that is 1r — ‘‘T . . (11) 

r 100 ' ^ 

and q — inin.^. 


In order to deal with the cun-ent loading of a complicaLcd network in 
wliicli, in general, a large number of consumers are siqqilied, it is con- 
\(iiient to rcjdace the consumers’ currents which arc connected to any 
one distributor by an equivalent current J" whi(‘h will have the sani(‘ 
cfled as regards tlie majt'iwimi pressure dro]) as tlie actually existing 
( unent loading. Thus, refer- 


iiiur to the diagram of Fig. lOe, 
<issuine the current /" is taken 
lioiii the end of the line, the 
'iist,mce of which is L metres 
lioni th(' point of supply (see 
I'm 10c/). Then for the ])r(\s 
^iire drop at the end of the 


/ 


2V./, so that /" 

/v ‘ * 



lh*fercnc(» to Fig. lOe will show 
that the [iressure dro]) due to 
tiic equivalent current 7" is the 
^anie as the actual dro]) at the 
t lid of the line, and for any 
intermediate point such as A" 
tlie ])ressure dro]) J/'j is given 
h\ the broken line, it being 
'‘liserv'cd that this drop Avj. is 
loss than the drop at that point 
due to the actual current 
loading. Since, however, the 
piactical jiroblem is to ensure 



that the maximum pressure 


Fiq. 10. 


K 
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flrop shall not exceed a given value, there is no particular purpose in 
calculating the actual pressure drops at points in the line other than 
at the f)oint of niaxiniuni dro|). 

Iti ()rdcr to complete the repn^sentation of the actual current loading 
hy nutans of equivalent concentrated cunents, it is necessary to assunu^ 
that a current 1' is also taken from the line at the su])ply end A and 
such that 


r - Hi - /" .... ( 1 , 3 ) 

The current V does not affect the pressure drop at the distant end oi 
the line, but the sum of the two equivalent currents is then equal to 
the total of the actual load currents, that is, 1' f i" = Hi, The neces 
sity for introducing the equivalent current /' is seen in the following 
simple examj)le. 

Fig. 11 shows two lines of respective lengths, Z, and Iz, connected 
in series and supplied from the terminal A, whilst the line supjdied 
several consumers, as shown in the Fig. 11. The pressure drop in / 


aloHi' will then he Av - 


X.q 


The current in /, will be Hi = 7' + 7" 


so that the total ])ressure drop at the extreme end f’ of the line will be 


Ai 


{/' ♦ /'% f /"L 
A.r/ 


It is of inter(*st to d(*rive directly, the expression for 7' in a form which 



50m 


50 m 


fO 

Fh/. 12 . 


20 


(•orros}»oiuls to that in which /" has !)c(‘n c.\])rcsst‘ti in equation (12) 
H<‘ferring to Fig. It, it will ho sivn that 


/' - I'i 


I" -=2’i 


. ( 14 ) 


that is 


(tl i ^ i I I3 Z|./| “ #3*/^ t*,/, 

L 

*l(^ ~ (1) ‘i *»(/. — (2) 4 > 3 (-^ ~~ ^3) I * 4 (^ 

L 

j, _ Ei{L - i)'l 
/" = 


( 15 ) 
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or, expressed in words, 

I'.L is equal to the sum of the current moments about the end B 

)i fy yy j| yy yy ,, ,, ,, ,, A 


Example. — A 22()-volt copper distributor is loaded as shown in 
P'lg. 12. If the maximum permissible pressure drop is 2i per cent., 
find the necessary cross-sectional area of the line. 


Since from expression (9), dr = 


X.q 



V then q 


I(iA) 
A. Jr 


where 


/ 5(» for a copper conductor, 


so that, 
<iud 


Av - 


<7 = 


^ X 220 = 5*5 volts, 
100 

(10 X 50) f (20 X 100) 


56 X 5-5 


S I sq. mm. 


The nearest larger standard size of conductor is 9-4 ‘ q 


wiiicli the percentage pressure dro]) will be 


8 1 
9-4 


\ 2-5 = 21t> 


mm., for 
per cent. 


A Uniformly Distributed Load 

Suppose in Fig. 13 the current load 
Is nmformly distributed throughout 
tlic line and let j amjiercs per metre 
length he the magnitude of the load. 
Imagine that the line is cut at any 
point X distant .r metres from the 
supply terminal A : then the current 
A\hich will flow from the severed end 
u ill be j{l - x) amperes as shown in 
Fig 13/>. From the results on jiage 
it is seen that the equivalent ciir- 
n nt /" for the length of line x will 

r ( j dx)x 

1 " 

X 

that the equivalent current load- 
ing of the length x of the line will 
now be as showm in Fig. 13(c), and 
tonsequently the jiressure drop at 
the yioint X of Fig. 13c? will be 

. _ I". X +J^ - x)x 

‘ ■ A.g 


I .J 


OC 



F'tg. 13 . 
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The maxiinurn rlroj) is then obtained by putting x = lin this expression, 
Hf) tliat 



I 

X.q 2k. q 


(17) 


From the form of the expression (U>) it will l)e seen that the drop along 
tlie line is distributed as shown by the parabola of Fig. KW. 

Kvamim.i: a eondiietor supplies a uniformly distributed load of 

IP IcW , the length of the distributor being 4P0 metres and the maximum 
p(‘rmissible pressure drop is 2 per <*ent., the supply pressure ])eing 220 volts 
Find th(‘ ner*essary eross-seetional area for an aluminium distributor. 

Sinee V / 10,00(1 watts, the total current sup])lied will be 45-5 am 

peres, sf> that t lie current supplied fier metre run of the conductor will b(‘ 


45*. ■) 
400 


01 13 am])ere ])er metre. 


Als(», the maximum [KTinissible pressure drop is 

^r " . 220 4-4 volts, 

100 


HO that 


7 


2A. 1r 


on 3 ' 
2 y :n 


400- 

_ hO sq. mm. 

< 4*4 


'fhe nearest largest standard size is 05 s(|. mm., for which the maximum 
pressure drop will be 1*03 ])er cent. 


The Current is Fed into the Line at Both Ends 

Two cases w ill be considered, viz. when (/) both ends of the line are 
maintained at th<* same |)ressure and (ii) both ends of the line are at 
different pressure. 

Cask I Thr Sup}>lq Pressun is ihf Satnf at Both Ends of thf Lira. 
~ For this condition the pressure drop distribution can be found from 
the results already obtained in connection with Fig. 14 by means of 
a simple dt'vice. Assume, first, that the line is severed from the sup])ly 
terminal B. so that the w'hole of the consumers’ current is drawn from 
the supply terminal A. Then the conditions will be exactly the sam(‘ 
as those in the previous case which has been dealt wnth in connection 
with Fig. 10. so that the pressure drop at any point in the line will then 
be given by the ])olygon diagram ahee Figs. 10 (h) and (r), whilst tlu 
eyui valent currents are /" and of which the equivalent current I" 
])roduces the pressure drop along the distributor as defined by the straight 
line ahf . That is to say, the pres.sure drop at the end B will be given 
by the amount ( /. 

Next suppose that the distributor is re-connected to the sujiply 
terminal B and that no eurrent is being taken by any of the consumers 
but that the equivalent current /" is l>eing fed into the line from the 
terminal B. The pressure at terminal B must then clearly lie raised 
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above that of the terminal A 
by tiie amount fg, where fg = 
//. If the consumers arc now 
.oiinoeted to the line and if 
the equivalent current is 
Ntill su])plied from the supply 
itM ininal /i, the pressure drop 
ft will be just equal to the 
j)r(‘^sure rise fg, so that if the 
t(Mininal B is maintained at 
th(* same j)ressurc as the ter- 
minal A. the ])ressure dro]) 
distribution throughout the 
lm(‘ will he given by tlie ])oly- 
^onal diagram of Fig. 14d. 
Tli(‘ eiirrent in each section of 
th(* hue is then easily found 
and the maximum pressure 
droj) in the line <*an be cal- 
culated, it being observed 
that tlif maximum drop will 
(K'( ur at that tapping point to 
u’lfidi th( curr^'nt flows from 
I tilth i nds of th( line. 

Fask 11. The Supplg 
Titminals art M(tintain(d at 
I hjli rt nt l\)tentials. - This case 
• an (‘asily be dealt with by 
{)roce(*ding as already ex- 
plained in connection with 



h'nj. 14 . 


<af 


(h) 


(c) 


<d> 


^ ’as(‘ 1. The!!, if in Fig. la the pcdential of A is F | and that of B is 
1 /;. and if the resistance of the conductor is r ohms, there will be an 


'►ut of-balan(‘e current /„ 


am])eres which flow along the 


line from A to B so that the current in any one section will be given 
by the superposition of this out -of- balance current on the (*urront distri- 
j> j bution as found for the condition 

• ^ I that both ends of the line are at 

^ J ^ I the same potential. The maxi- 

. /rr I r> ^rerZi will be at the tajiping 

t i t ”a| point K which re(*eives current 

' *** I from both ends of the Hne. The 

[^_ j, J following examjde will make this 

Fig. ir,. clear. 



134 


PRINCIPLES OF ELECTRICAL ENGINEERING 


Example,— A distributor is fed from both ends, the respective pres- 
sures at the ends of the line being 220 and 228 volts. Find the maximum 
drop for an alnminiuin distributor of eross-sectioii q = 35 sq. mm. when 
the current loading is as shown in Fig. 16. 

The equivalent currents are 

^ m.n ^ («« X io„)j- iM) _ ^ 

L 250 ^ 

and r “ Hi - /" =r 150 — 80 == 70 amperes. 

250 

The resistance of the distributor will be r — - = 0-205 ohm, so 

35 X 35 


tliat the compensating current will be 


228 ~ 220 
0-205 


39 amj)eres 


220v 7 2 223v 








40/n 


1 ^ 


30m 


10m 


$0 

Fhj. 17. 


40 


The cum^nt distribution in the individual sections will be as shown in 
Fig. Kir, from which it follows that the maximum })ressure drop will 
1)6 at the 50-ampere ta])ping point, i.e. point 1, and the pressure at this 
point will be 


220 - 


g: ^ 


X 0-205)31 = 220 - 2-54 = 217-46 volts. 


Example.— Ill Fig. 17 is shown a distributor system connected by 
means of feeder conductors to the supply terminals A and C, which are 
maintained at the constant pressure of 220 volts. The lengths of the 
conductors are shown in metres, and for (-onvenience, it will be assumed 
that the resustance of the conductors is 1 ohtn per kilometre. 

(\)nsider first the distributor cd, which is fed from each end, these 
ends lieing clearly at different iiotentials. The equivalent currents for 
the distributor cd will then be 



CURRENT DISTRIBUTORS AND NETWORKS 


135 




(40 X 10) + (80 X 50) + (40 X 80) 
90 


84*4 ami)cres, 


and I' = — 84*4 = 75*6 ami)eres. 

If amperes is the out-of-balance current which flo\^\s along the 
distributor due to the potential difference at the two ends, and if 
IS the pressure at c and the pressure at d, then 

F, = 220 - {(/^ + 75-6 + 30)0-03 (/,, + 75-6)0-04} 

= 213-81 - 0-07/,, 

and Va = 220 - {(84-4 - /„)0-l} = 211-56 + 0-1/,, 

so tlnit V,-Va = 2-25 - 0-17/„ 

also, sincjc the resistance of the line cd — 0-09 
Ve - K, = 0-09/,, 

and hence /„ == 8-65 amperes. 



In the diagram of Fig. 18 is sho\>vTi the current distribution through- 
<»ut the line. It will be seen that the maximum pressure drop will occur 
'Jt and that the pressure of this point will be 

Vj. = 220 - 76 X 0-11 - 36 x 0-03 = 210-56 volts, 

^o that the maximum pressure dro]) will be 




4-3%. 


Example. — In Fig. 19a is shown part of a network which is supplied 
fnun the terminals A and B, respectively. I'he pressure at each terminal 
is 220 volts and the lengths of the individual sections are given in metres, 
it l>eing assumed that 1 km. length of coruluctor has a resistance of 1 ohm. 
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20 






[37 

P 


30 


I 13 
\43 


(c) 


'I'lio cuM'cnt.s lor tlio diNtrihutor ah arc (hoo Fig. !!•/>) 




(20 . (»•!) . (.■>(» ■ 0-4) - (30 - (»-H) 
100 


4(5 ampeivs. 


/' AV /" (30 I .■>0 t 20) 4(5 .■)4 amperes. 

If. ill Fig. /„ is tlie eompeiisatiiig euiTent winch will How from 

il lo h due to the p.d. between d and h that is, due to the pressure 
•',/ F,,. then 

(/„ . at A) 0 (I 2 • A' ■ 0 (l.‘) (14(5 /„ - A')0-03 (too - A')0-0(5 


or 

0-or>/„ I 01 (5 A' !5-3 . 

where A’ amperes is the eurreiit in the <*onduetor dc. 

(F., F„) - /„ s 01 - (14(5 /„ - A')0 (»3 - (/„ 

that is 


015/„ = 3-3 005A' 

so that from (IS) and (10) 


Also 
,■>4 1 


/„ 3-0 ainiiercs : A = 57 amperes. 


. (IS) 

A)0-02 
. ( 10 ) 
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Hence /' = 57 amperes will enter the distributor at the end d and 

/" . =r 43 amperes will enter at the end b, so that the current dis- 
tribution will then be as shown in Fig. 19r. The maximum [)resMiro 
(Iroj) will therefore be at the point P and the ])ressure at this point 
will be 

* Vp = Frf - (57 X 0-01 + .37 A 0 03) == 21() 04 volts, 
so that the percentage drop will be 

= 220 ^ ^ 

Tlie ])rc'ssure at C will then be 

^ (7,1 o-Oo) -- 2U-S7 volts 

‘so that the j)ercentage drop will be 


X KM) - 2-33^,. 



(a) (b) 

Ftq. 20. 

The Pressure Drop at the Common Junction of Three Distributors 

This is a very common system of connections in practice since every 
lunction in a network provides an e\amj)le of this ty])e. The calcula- 
tions are greatly simplified by re])lacing the actual current loading by 
tlie e(|uivalent currents /' and /" at the respective ends of the three 
<oinpouent distributors, as shown in Fig. 2()r/. In Fig. 20/> the load 
<*urr(‘nts are assumed to be replaced by the current /q - 27" flowing 
to the common junction and the currents 1/ ' lij '. I ji/ respectively 
tlowing from the other ends of the distributors. Jf the [)ressures at the 
r(‘sj)ective ends of the distributors are known and the current loading 
for each distributor is also know'ii, then the total current flowing from 
<‘ach distributor to the junction can lie calculated. It is then easy to 
hud the compensation current for each distributor, viz : /«///. 
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If : V 2 : ^3 1)6 the re.si)ective pressures at the supply ends of the dis- 
tributors and tlie j)ressure at the junction, then the respective corn- 
jiensation currents which will flow along the distributors from the supply 
points to the junction will be 

/,a - - 

But since no resultant current either leaves or enters the junction the 
Sinn of these compensation currents must be equal to the sum /q — El'' 



Fnj 2 1 . 


currents which are assumed to be 


of the e((uivalenl 
junction, si) that 

that is 
or 




I 


suj>plied to tlH‘ 

lo 


where r*, is the resistance whiidi is equivalent to the resistances r^\Y.^\r 
in parallel. Siiu^e all the quantities in the equation (20) are known 
except Co, this unknown can be at once determined. 

ExAMPTiE. - in Fig. 21a are shown the current loads on the respective 
distributors and the msistance in ohms of the individual sections are 
also shown. Tlie supply pressure's at the terminals 7 , 77 , 777 are, respec- 
tively, 240, 230, and 220 volts. 

The respective equivalent currents for the three distributors are 
easily fouiul by the method already explained on ])age 129, viz. 
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^jiuilarly 
so that 


and 




7 


al 




(10 X 0*^) + (20 X 0*1) 
0-6 ' 


= 10 amperes 


I / = Ei 10 = 20 amperes. 

Ijj" — 24 amperes : J/j/' = 0 

1 j/ = 40 - 24 = 16 amperes : I jj/ — 0 
/o = //' + ///' + Iju" =- 34 amperes (Fig. 21/>) 

1 1.1.1 - • 11 
= + — + ■= 7*67 rec*i])ro(‘al olims 

Vo 0-6 ^ 10 ^ 0*2 * 


= 0-1305 ohm. 


0-1305 


{( 


220 

0-6 


+ 


230 

1 



220-S5 


volts 


I 


9-85 

0-6 


16-5 amperes : — 50 5 ami>eres. 



Tlie current distribution will then he as shown in Fig. 2]r for the 
^ inous sections of the distributors, from wdiich it will be seen that the 
points P and Q are ])laces of niaxiiinim ])ressure drop, viz, 

It-^, = 01 X 3-5 = 0-35 volts : /Itv^/o -- / X 100 =- 0-1 G% 

/Icy = 0 (5 X 1(5 = 9-6 volts : /lt’^,% / 100 - 41(5%. 

Network which Supplies Current to a Junction 

In the })ortion of a network shown in Fig. 22a a current I is assumed 
to be taken from the common junction and the resistance of the respective 
ouductors w'hich are connected together at this junction are : rg : 

It it is assumed in the first place that the pressure at the three supply 
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})<)ints tire all equal, that is, -= i\ ^ 3 , then it may be assumed that 
ail these supply [)oiiils are coimeeted together as shown in Fig. 226, m> 
that th(" three conductors are (‘onnected together in parallel and con 
secpierilly th(‘ equivah'nt resistanc(‘ /y is given by the relationship 

1 11 I 

= + “t . 

^0 r ,, 7*3 

If ? o denotes the pressure at the junction, the ])ressures r at the 
terminals 1 , 2 , 11 , will be r - 4 7r„, and the current 1 will divide 

between th(‘ three conductors, so that 



and nothing will be altered as regards current and pressure in the rest 
of the network to which the system is connected, if the terminals 1 , 2 
and are assumed to be respectively loaded with the currents 1^:1^:!^ 
and these currents will be additional to the comf)onent equivalent cur 
rents /,' : I * I which c*orrespond to any c'onsumers' loads which ma\ 
be taken from tapping ])oints on the individual branches (see also Fig. 22 r) 

If the terminals I, 2 , and 3 are not all at the same potential, then 
c'ompensating c'urrents will flow' in each of the conductors in addition 
to the currents wdiic'h have been (‘onsidered already. The compensating 
cairrents can be easily c*alculated by the method which has been explained 
in previous exam|)les. 

Transformation of a Star Network into an Equivalent Mesh 

Fig. 23 show's four conductors of res])ective resistance Vi : : r, : 

and c'ormected to a c*omniofi junction G, it being assumed that a current 
of /a amperes is being taken from the terminal 3. In Fig. 24 the same 
four terminals are assumcul to be linked together by means of a mesh 
system of w'hich the resistaiu'cs of the respective links are marked in 
and it is a.ssumed that the same current of /g am])eres is taken from tlx* 
terminal 3 as show'ii in Fig. 24. 

It is required to find the relationship between the resistances of the* 
conductors of the mesh and those of the ecpiivalent star. That is to 
say, the two systems are sup])osed to be electrical ecpiivalent so that 
the pressure at the terminals and the current from these terminals shall 
be the same in both systems. 

For the star system of Fig. 23, 

^’1 ^'0 I ^’0 ^ ^'3 ^’0 ^ ^'4 ^'0 ( 21 ) 

ri r,, 7-3 ;*4 

by Kirchhoft'V rule since the total current flow'ing to the junction must 
be zero. Hence 
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that is 



'Fins exj)ression can be simplified somewhat as follows. Since the cur- 
TCiit flow will only de])end upon the relative ])otentiaIs of tlie terminals, 
nothing will be altered if one terminal (say 3) is termed zero ])otential 
.iiid r/ : are the res])ective potentials of the other terminals 

,ui(l the junction with respect to the potential of the terminal 3. Then 
the current /g flowing from terminal 3 will be 


I 3 





• (23) 




Now consider the wesh system of Fig. 24 in which the current /a 
flowing from the terminal 3. That is 




I 


1 


‘'O that for ccjuivaleiice of the star aiul mesh s\ stems, the following 
leLitionships must hold for the resistances of the individual conductors, 
\ 1/ 


^3 '*l 

rg.r, 

^0 

^ 3.^4 

1 


1 


^23 

1 

^ 34 


( 24 ) 


‘r, in general, 
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Example— The star junction of four links shown in Fig. 25 is con- 
nected to terminals of which the respective potentials are Vi = 280 ; 
Vi = 285 : Vi 300 : v* ^ 290 volts. Applying the relationships already 
obtained in the foregoing, it will be found that the pressure at the 
junction will be 



It is then a simple matter to determine the res])ective currents which 
will flow from the star into the terminals or from the terminals into the 
star, these currents being shown in Fig, 25. 

The values of the respective resistances of the conductors in tin 
mesh system of Fig. 20 can then be found by means of the equation^ 

1 r 3 

already given. For example, — " ~ , that is = 4-07, and 

^13 ^ 1-^3 14 

similarly 

Tii 9-33 : r34 14 : r4i = 7 : r,2 = 4 07 : ^ 14, 

from which the currents in the individual conductors are easily obtained 
and are marked in the diagram of Fig. 20. 

It is to 1)0 observed that, whereas a star group can always be con 
verted into an equivalent mesh grouping, the converse is not, in general 
tnie. ThuvS the mesh sliowm in Fig. 24 provides six equations out ot 
which only four unknowiis are required for the star, so that the problen. 
is over-dotiued. A special ease in which a mesh can be converted into 
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the equivalent star is that of a triangular mesh, as shown in Fig. 27, 
since from sueli a mesh three equations are obtained for the three un- 
knowns of the star. Sueh a transformation from star to triangular mesh 
or from triangular mesh to star is of frequent ju’actieal applieation, and 



tlie required relationships for the resistances of the eonduetors of the 
c oiTesponding systems are as follows. From the previous equations (24), 


or 


^12 


Tj xr2 

ro 




I 

^2 



(25) 


^12 


r,_,rj 

rz 


+ ri \ 


(20) 


Similarly, for the other resistances, hence : 


?'l2 

_ ^1.^2 
ro 

} 

1 

1 

^23 

1 

u 

1 r. 

1 r, > 

r 31 

II 

1 r, 

1 


(27) 


•Old these relationships give the equivalent mesh conductor resistanc*es 
in terms of the star-arranged conductors. 

In order to obtain the equivalent star from a given triangular mesh, 
the three equations corresj)onding to (24) are 


ri2 


ro I 


^21 

^31 


ro i 

^3.nj 

ro J 


(28) 
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Adding tliase three equations together gives 

r ir ^ ^ 

'12 t '23 r '31 — 

^0 

ro 

but, from (20) 



r 12 • ^2 3 

so that from (27) and (28) 


ri.rs.ra.r. 

ro" 


^1^2^ 3 

r 2 
' 0 




( 20 ) 

(30) 


Fi)/. 2S. 
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(f) 



26-26 

22-83 


< 9 > 

73-67 



r 



23-26 
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Fig. 28 . 
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Hence 




^2 


^3 


^ 31 • ' 21 

rii 4 4- 

rii 4 -I Til j 

^ S2-^ 31 

fit + rj3 I rsi i 


( 31 ) 


and these relationships give the equivalent star conductor resisHtances 
in terms of the triangular mesh arranged conductors (Fig. 27). 

CoMPKEHENSiVE EXAMPLE. — In Fig. 2Ha is .shown a loaded network, 
the solution of which is greatly facilitated by a judicious application of 
the princijjles which have been considered in the foregoing theorems. 

It will be seen from Fig. 2Ha that the total current taken by the net- 
work is 52 amjieres. The following ])rocedurc for finding the currents 
in the individual sections consists in a stcp-by-step reduction of the 
complex network of Fig. 28a to an increasingly simpler arrangement, viz. : 

(i) Transfer the currents of the individual distributors to the junc- 
tions by finding the corresponding equivalent cun*ents /' and /", thus, 
for the loads on AB the equivalent currents will be 5*17 amperes at B 
and 9*83 amperes at A, Similar treatment for the other distributors 
gives the total currents at the junctions, res])ectively, as shown in 
Fig. 28/j. 

(ii) Convert the mesh AJD into the equivalent star, thus obtaining 
the system shown in Fig. 28r, and in Fig. 2Hd is shown the equivalent 
star for the triangular mesh BllC of Fig. 28/>. The whole system now 
becomes simplified to the arrangement shown in Fig. 28^. 

(in) Reduce the load on the star terminals of Fig. ir>c to the equivalent 
loads at the respective star points A" and F, thus giving 

j __ (13-67 X 0-57) -I (22-83 x 6-57) (6-33 x 0-857) | (6-67 X 6-857) 

" 7-0 8-10 


— 26-26 amperes 

ly — 23-26 amperes. 

The resultant equivalent system will then be as showm in Fig. 28/. 

(iv) Re})lace the two ])arallel branches between X and Y in Fig. 28/ 
by an equivalent single line, viz. one of resistance 7-9 ohms in parallel 
with 8-19 ohms, thus giving 4-03 ohms on the equiv^alent resistance, the 
consequent equivalent system being then as showm in Fig. 28gf. If this 
loading is now reduced to the equivalent load at the terminals I and II 
the currents flowng into the line will be 




(23-26 X 0-857) -f (26-26 x 4-89) _ 

6-22 " " ' 


amperes : 

I jj = 2o* i 


amperes 
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(v) The potential of the point X is 280 — (23*9 x 1-33) = 248-4 volts 
and the potential of the point Y is 258 volts. 

The respective potentials of A and B (Fig. 28^.) can then be found 
thus : 

The p.d. between Y and X = 9-6 volts, 

9-6 = /a X 0-57 + /a X d ~ 1^ X 1*33 
and Ti -h I 2 — 22-83 : 1 3 = 13-67 ]- /g, 

so that Ii ~ 18-8 : I 2 — 4-03 : /a = 17-7 

and the potential of A will be 248-4 - (lS-8 x 1-33) — 223-4 volts 
„ B „ 258 (17-7 X 0-57) - 247-9 volts. 

Similarly, for the ])otciitials of C and />, 

7, = 7-85 : 7^ - 1-52 : = 5-15, 

so that 

The potential of will be 25-126 volts 
„ D „ „ 241-55 „ 



From these known values of the respe(;tive potentials the current 
distribution in the whole network is at once obtained, as shown in 
29. 

An alternative method for solving this network problem is to assume 
^one of the conductors is cut at some suitable ])oint as shown by XX 
in Fig. 30a and opened as shown in Fig. 306, it being observed that 
^iu(*e the terminals 7 and II are at the same potential they may be 
i>rought into coincidence. 

The simultaneous equations for the individual closed carouits may 
then be written down as follows, viz. 


280 - Fy = 3/,; 4 37^1 
280 - F^y = - 3/^) 


that is, 37^ + 67^ — 4/^ 
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^2 83 73 er 


a) 

Fi(j. .‘JO. 

then 


3 /„ 1 4 /„ 

/, 1 /,, ^ i:{ (i7 1 i„ 
/, t -- 22 -h:{ 1 !, 
If i \ I, - (i (!7 
:{/„ 1 2/„ =- 2/, 

2/^ i ()/,, =^4/, 

\ I,-l„ 


( 1 ) 

( 2 ) 

( 3 ) 

( 4 ) 
(•'■>) 
(«) 
(-) 
(«) 


Solving those equations gives the complete current distrihution thro\xgh 
out the network and it will he found that the two methods as exemi)tified 
by Pigs. 2S and 20 lead to the same results. 


The Economical Division of the Conductor Material for a Branched 
Distributor 

'I'he diagram of Fig. 21rt shows a distributor in which the various 
consumers’ currents have been referred to the junction points A and B 
and the end points 1 and 2, res|)cctiv'ely. If the total drop from A to 1 
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<h) 

Fh! 31 . 




and A to 2 is to be not greater tliaii l/\ and if th(‘ diop from A to B 
is l/'o and from B to \ and from B to 2 is b’', tlien b’ Ir' | 
ami the dimensions of Die eonduetors ean be eljosen so that the total 
drop Jr ean lie divided into the eomponents jro and 1r' as may be 
desired. For a given total eurrent in the* mam line AB the minimum 
\olume of eojiper will be obtained for one definite relationship betw'een 
7o : (/, and q^. It is seen tliat 


or 


Jr' -- 




X.q, X.q^' 


that is, Jr' 

Llr 

A. Jr' 


fJr 

A./i7i 


JJr 

A.///, 


where Qi and Q 2 are the respeetive volumes of eo])per in the lines 1 
and 2. The total volume of copper in tliese two lijies is therefore 

Qi^ ~ A J ' ~~~ \ A '~ number of spur lines. 

Now sup])ose these two lines are repla(*ed by a single line of the same 
volume and having the same pressure drop Jr', and let // be the 
length of this equivalent line and Ij, the eurrent flowing in the main line 
iB. Then 
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g ^ so that ,i 

X.4,>' l.Av' ' 


V It 


and the equivalent system will then Ihj as shown in Fig. 316. The total 
volume of copper for the whole distributor will then be 


SO tliat 


Qt ~ ^ Qb 

^ lo 

A \(K 


a constant, 

and for to be a minimum 
that is 


A./lco A. /Id;' 

. 1 Awhere K — (Avo -t Av') and is 

Av) Av'j 


dQr 


or 


d(Av') 

1 2 
* 0 

{K Ai>')^ 

h 

(An,)^ 


- 0, 


(Arr 

.2 


that is, 

But 
that is 


1 

At\ 


{Ary 

lo ^ /i 

di>0 /!(-'■ 
A.f/o 1 _ A. 7' 

1 tI 0 4^ r 1 


.'/»='/' (3<*) 

whore r/' is the cross-sectional area of the equivalent line of length //. 


Also 


7o 


{la 1 _ ItIo . 

}..Ar ’ " “ 


ii"l, 


k.t/a 

U"h 


A.7„ 


A.dr''^' ' l.Ar' 


Ai'Q Iq j 

Ap /q -( // } 

Example. — A network is su])plied from a 22()-volt terminal A and 
loaded as shown in Fig. .‘12«. Find the cross-sections for the res])ective 
aluminium conductors for a total dro]) of not more than 3 ])er cent, 
and for a minimum volume of aluminium. Hie lengths of the conductor 
sections are marked in metres in Fig. 32a. 

Transferring the loads shown in Fig. 32a to the ends of the individual 
distributors, viz. 

IT) X 50 

~ 1 fr/i ~ •* amperes 


15 \ 100 

to “ =10 amperes 

. „ _ 10 X 50 } 20 X 100 _ 
“ 100 ~ 

. „ 25 + 80 

tg == = 25 amperes 


25 


150 
5 amperes 

0 , 
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so that (see Pig. 326) 

/j. = 7. + 2:*" = *«" + U' 4 i.' + Si” 
= 15 + 30 = 65 amperes. 

For the equivalent line (Fig. 32c) 

/2irx 100*^2r>V802| 

V 66 ~ 1 

— 0-03 X 220 = 6-6 volts. 




79 metros 


A C 


tOOm 




A 


C 


tsom ^ M-ram 

% % 


<c) 

Fig. 32 . 
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The conductivity of aluminium is A = 34*8, so that 
(150 ^ 79) / 65 

r/n — 64 sq. mm. 

; H -8 / 6-6 ^ 

ibr aluminium (•(mducturH, ■w'liich is a standard size, lienee ; 

- . . ().") / 160 , 

- 64 sq. mm. — ‘id volts 

* “ ;i4-8 / 64 

Ar' - 6-6 4-3 - 2-3 volts 

26 / 100 . 2.-) . 80 

' 34 8 / 2-3 * 34-8 y 2-3 

1 ~ ^ sq. mm. : </o — 64 sq. mm. 


Th^venin’s Theorem 

Before stating this important and comprehensive theorem the follow- 
irif^ ])r(di miliary considerations will lie helpful. Sujijiose the diagram of 
Fig. 33 represents a fiortion of a network and let the pressure between 


B 



A 

Ft(/ :i:i 


the two points A and B be r volts. If now a eonductor AC is con- 
nected to A and if an e.m.f. r volts is operating in this conductor, 
then if C is connected to Ji no cuiTcnt will ilow in the conductor AC 
since the p.d. between the ])oints A and B is zero. If, liowever, for 
any reason, the ]).d. v volts which exists in the network fails, then 
when C is connected to B the e.m.f. r will produce a current in the 
network of a magnitude whicdi is given by the ratio 

r 

the resistance of the network as measured lietween the points A and B. 

Thevenin\s Theorem states that if the ])oints A and B of the actual 
network w'cre to be connected together, the consequent current change 
in the netw'ork would be the same as w'ould be ])roduced by the pressure 
V volts acting through the junction A and B wdien these points are con- 
nected together. This theorem applies not only to d.c. networks but 
also to networks ojierating under steady a.c. pressures as well as to 
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will flow in the hraneh A(U). The pressure drop along AB will there- 
fore he 

^ 3 — i)‘\HE volts, 

and the pressure drop along AC will be 

/ 12 = OAHE volts. 


Honee the ])ressuro between the points B and C will be 

— 0-3^’ volts . . . • (31) 

as shown in Fig. *Mh. 

(?0 Suf)i)ose. now, that the ])oints B and C arc brought into eon- 
taet as shown in Fig. 34r. The ecpiivalent resistance of tlie two Ioo})ed 
circuits between A and 1) will then be 


3 X 12 7 < 3 

3 t 12 S 4 3 
so that the current wjII now be 


— 4-0 ohms, 


E 

^i! — A , ^ ~ O-llH/i;' amperes. 

4 I 4-.) 

This current will divide in the loops so tliat 


Whi -- ainj)cres 

will How in AB 

-- {) U24E 

A(^ 

-- o-oar.A’ 

Bl) 


CD 


Reference to Fig. 34r will now sliow that the current which will flow 
across the sliort circuit from H to C will be n amj)eres. The resist- 
ance, thendore, of the short circuited network of Fig. 34r as measured 
[)etween the points B and C will be given by 

0*3/t/' volts {see expression (31)} 
amperes 




o l ohms. 


W hen the conductor B(^ of (> ohms resistance is re])laced in the system 
of lig. 34/>, the current which will flow in this conductor will be 


^ Hi 


()-3f; 

Rs r ^ <•> 


i)WE 

IM 


0'027/i/ amperes 


(32) 


and this is tlu' nujuired value of the current in the link B(\ 

In a similar way the respective currents in two other links may be 
found and it then becomes a simple matter to write down the current 
in each ot the other links. The values so obtained are shown in Fig. 34r/ 
for the assumption that E -- 100 volts. 


The Solution of Network Problems by Means of Determinants 

A network comprising a chain of similar circuits as shown in Fig. 35 
is representative ol a large number of practical cases, and the method 
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of finding the current distribution among the individual ‘‘ cells ” 
of the linked system by tlie use of determinants will now be con- 
sidered. 

Let E be the e.m.f. acting round any one of the “ cells ” and sup])ose 
this e.m.f. to be positive when acting in a (dockwise direction. Let 
)>c the current flowing in the 7ith cell and this will also be considered to 
he positive when flowing in a clockwise direction round the cell. Writing 
down the ecpiations for each cell for the conditions shown in Eig. 35, viz. 

E, f r) - /,r ^ 

E^ = i) = J.(R I 2r) — /,/• l^r) . . . (33) 

E,=h(R i r) - hr J 

or, rearranging the terms of these equations in numeri(*al sequence, 

J.{R \ r) i-h- r 1 J,A) ^E, 1 

/i(- r) d h{I^ I 2r) ^ I, ( r) ~ d . . (:U) 

/i.O \ 1,( - r) } h(R + r) = E:, J 



The (‘urrents m tlic individual cells may now 1)(‘ found from the 
(‘(juations (34) by means of the determinants as follows. Th(‘ dclermin- 
<int 1) is given by 

R \ r - r 0 

1) = ^ r R \ 2r r . . . (35) 

i) r R ^ r 

I'lic determinant 1)^ is obtained by replacing in column I of D th(‘ 
tnlumii of e.m.f.s E, ; E^ : E^, thus 

E^ - r 0 

K) R ^ f . . . (35) 

. E, - r R ^ r 

It can then be showm that the current h given by the ecpiation 


h - 


1 ) 


. (37) 


Similarly, the determinant Do is obtained b}^ replacing in e\])ression 
(•35) the column 2 by the column of e.m.f.s E^ : E^ : E^^ : thus 
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ITifi 


Ui(‘n 


n . /• 0 

I), r 0 r 

o hi, U ^ r 




D 




m 


Ttie (l(‘t(‘rnunant 1)^ is ()})taiiicd by re])lacing column 3 of expression 
(,Sr>) f)y th(* colunm of e.in.f.s : E., : E,, and then 


h 


l>. 

1 ) 


(40) 


Example. T\w foregoing ])roeediire will easily be understood ])\ 
ni(‘ans of a simple numerical examjde, the conditions being as shown in 
Fig. ‘Ui, where tlie numerical values of the individual resistances an* 
marked in ohms. 

In this example it will lx* se(m that E, acts in a counter-clockw isi* 
dir(‘ction round tiu* cell .‘k so that it is negative*. ^Vssuming then that 
E, IE I the det<‘rminant I) of ex[)ressi()n (.‘15) becomes 

2 I 0 


/> 


I :i I - 2(0 I) 1(0 4 2) - 8 

0 I 2 I 


determinant 

/>! 


/>, of expression (.‘10) is 


0 

\E, 


I 

:i 

I 


0 

1 

<•> 


- A’,(0 


1) 

\\K, 


so that 


Also 




so tliat 


E, ■ 

1 

0 

0 

:i 

1 

> E 

1 

2 



I, 


nh\ 


1) 

s 

o 


0 

1 

0 

1 

0 

\h\ 

»> 

o 


0 

1 

0 

1 

0 

\E, 

o 


u 

E, . . . . (41 j 

Hi ^ ' 

i>( AA’,) - 1(-2.A;,) 

- 



( 42 ) 
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Furtiier, 

1 

2 

™ 1 

E, 1 


- 1 

3 

0 1 

1 

0 

- 1 

- IE, ' 


2 

- 1 

' e', ■ 


- 1 

3 

0 


0 

- 1 

- \E, 

SO that 





= 2(- 3 X IE,) - 1( E, - IE,) 

--= - 


T ^^3 

" I) 


1(5 


yi’i 


. (43) 


Tliat the forogoiiijr arc the correct values for the respective currents in 
th(' individual cells in this simple example is easily verified by direct 
calcidation from the equations (34). 

In the foregoing numerical calculation each determinant has been 
duplicaled, as shown by the second columns under the dots, in order 
to facilitate the evaluations of the terms of each determinant without 
(onfusion of signs. Thus, taking the general form of a determinant of 
three rows and three columns as follows : 


I) 


A, n, 
A, B, 
A., 


(\ 

U. 


= A,(B,(\ B4\) ^ A,{B,(\ 

I A,{B,<\ - B,(\) 


B/\ 


A, B, a, 

A, B, (\ 

A s B, C, 

The method of determinants ap])lies, of course, to any mesh in which 
tlie e.m.f.s acting round the individual cells are known and al.so the 
UNistance comprised by the individual cells are known. 



Chapter VI 

THERMO-ELECTRICITY : PIEZO-ELECTRICITY 

Principles of Thermo-electricity 

(liseoveml in 1821 that in a closed circuit formed by 
two different metals, if the two junctions of the metals are at 
different termperatures, an electric current will flow round tlie 
circuit. For example, if the metals are resjiectively iron and copper 
s()ld<‘red to^etlier to form a closed circuit, and if one junction is heated 
(see Fijf. 1) a current will flow /row rojjpfr io iron across tlie hot junction 
Such currents are termed " thermo-electric currents ” and two different 
metals soldered together form a thermo-couple or thermo-junction. 

Peltier showed in IHIU that when a current flows across the junction 
of two dissimilar metals it gives rise to an absor])tion or a liberation of 
heat. If the current flows in the same direction as the current which 
would flow when the junction is heated, then an absorption of heat will 
take ])lace. If the current flows in the same direction as the current 
across the cold junction of a tliermo-couple then heat is liberated. This 
effect is known as the “ Peltier Effect ”, 



I Fiq. 2. 


(dimming, in 1S2I1, showed that there are thermo-electric circuits 
such that when the temjierature of the hot junction is raised above a 
certain value, the thermo-electric e.m.f. of the circuit decreases. Thus, 
sup])ose that a thermo-electric circuit is made of copper and iron, and 
let the cold junction be kept at 20 (\ As the tem])erature of the hot 
junction is raised the e.m.f. round the circuit increases until the tem- 
perature of the hot junction reaches a value of about 2h0 ('., when 
the e.m.f. reacdies a maximum value. If the temjierature of the hot 
junction is still further increased the e.m.f. decreases and eventualh 

ir>s 
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Ix'conicR zero and then reverses in direction. TJie temperature of the 
hot junction for which the e.m.f. is a maximum lias a definite value tor 
aii> given pair of metals and does not dej)end upon the temperature of 
the cold junction. This temperature, which, as already stated^ is about 
C. for an iron-copper couple, is termed the neutral temjierature. 
f’rom what follows, it will be seen 


that, if the mean temperature of 
the junctions is the same as the 
mniral temperature, there will be no 
tfurmo-electric e.m.f. in the circuit. 
This effect is shown by the dia- 
grams of Fig. 2. Thus, in Fig. 2a 
the mean temperature of the two 
lopper-iron junctions is 250^ C., 
that is, less than the neutral tem- 
peiature, and consecpiently the 
(‘in.f. is directed from copper to 
tion across the hotter junction 
C.). In Fig. 21) the mean 
t(‘m])erature of the two junctions is 
-7(1 C., that is, greater than the 
tieiitral junction and consecpiently 
the e.m.f, is directed from iron to 
iopfur across the hotter junctions 
(2s() C.). In Fig. 2r the mean 
temperature is ecpial to the neutral 
temperature so that there is no 
lesultant e.m.f. round the circuit. 

Fig. 3 gives a thermo-electric 
diagram for a series of different 
metals with lead as the datum 
metal. That is to say, the thernio- 
eh'ctric line for any given metal 
lies above that of lead for the mean 
tein])crature of the hot and cold 
junctions, the direction of the 
ni.f. is from that metal to lead 
across the cold junction and if for 
the mean temperature the line lies 
helow’ the lead line the direction of 
the e.m.f. is from that metal to 
lead across the hot junction. As an 
example of the application of this 
diagram suppose that, for athermo- 
< ouple of iron and copper, the 



Fig. 3 . 
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mean tem])erature of the hot and cold junctions is 100® C. From Fig. ,3 
it is seen that at this temperature the corresponding e.m.f. is O ii 
micro- volts and is directed from eoi)per to iron across the hot junction. 
If the difference of temperature between the hot and cold junctions is 
100'^(\, then the e.m.f. acting round the circuit will be 

6-6 X 150 = 990 micro-volts. 

The metal lead is taken as the datum metal in the diagram of Fig. 
because the ‘‘ J'homson Effect ” for lead is practically zero, that is 1(» 
say, there is no e.m.f. developed in a lead wire between points in the 
wire which are at different temperatures. In all other metals an e.m.f. 
is developed between two ])oints in the metal Avhich are at different 
tem])eratures, and although this effect is relatively small, it cannot 
always be neglected. 



Fuj. 4 . 

The alloy technically known as “ constantan ” (00 per cent.(\i : 40 per 
cent. Ni), when used as a thermo-cou])le with either co])per, iron, ot 
ni(*hrome, has a relatively very high thermo-electric e.m.f., and conse 
quently this alloy has been widely used for the measurement of teni 
])erature. The chief disadvantages of this alloy are : (?) In spite of the 
greatest care in ])re])aring the melt it has not been found ])ossible to 
manufacture the alloy so that the thermo-e.m.f.s of different melts arc 
in sufficiently close agreement with one another. This necessitates th(* 
(*alibration of the measuring instrument each time a new couple is used 
(/i) Its application is limited to ranges of temperature which are well 
below 1,000® C. since otherwise oxidation sets in and rapid deterioration 
of the alloy takes place. 

In Fig. 4 is shown the thermo-electric characteristic for a copper- 
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Open Circuit E.M.F. Cold Junction at 0 C. 


Trtnpcrature 

(\ 

Iron 

M iJli vohs 

Eureka 

Millirolta 
per C\ 

Copper Eureka 

, MilliroUs 

Milhroits ' , 

jier ' (\ 

10 

00 

0-0.7S 

0-4 

0-040 

lM) 

1-2 


OS 

1 

:in 

1-7 


1-2 

.> 

40 

2:1 

,, 

1-0 


no 

20 

,, 

21 

1 

<iO 

:i-.7 


2-.7 

,7 

7(‘ 

40 


3-0 

.7 

so 

40 

0-0.77 

3-4 

0 

00 

.7-2 


.30 

7 

100 

.7-S 


4-3 

7 

no 

0:1 


4-S 

s 

120 

00 


.7-3 

0 

i;{o 

7.7 


.7-8 

0 

l 10 

S-0 

,, 

0-3 

0-0.70 

mo 

S-0 


0-K 

1 

100 

0 2 

,, 

7-3 

1 

170 

0-7 


7-S 

•> 

ISO 

10:1 


S-3 

0 

100 

100 

,, 

s-s 

.3 

200 

J 1 -.7 


0-4 

4 

210 

12-0 


0-0 

1 

220 

12'0 


10-4 

.7 

2:10 

13-2 


1 1-0 

.7 

210 

13-7 


1 1-.7 

0 

2.70 

14-3 


12-1 

0 

200 

140 


12-7 

7 

270 

1.7-.7 


13-2 

S 

2S(» 

101 


13 S 

K 

200 

JO-0 

0-0.7S 

14-1 

0 

:ino ' 

17-2 


1.7-0 

0 

aio 

17S 


1.7-0 

0-000 

:{2u 

lS-4 


10-2 

0 

:i:io 

ISO 


lOS 

1 

:{4o 

10-4 


17-1 

1 

:i.7o 

20-1 


ISO 

1 

:{0(» 

20-7 


ISO 

‘> 

H70 

21-3 


10-2 

2 

:iso 

21 s 


10-S 

-> 

:ioo 

22-4 


20 .7 

3 

400 

23-0 


21-1 

.3 

410 

23- 0 

,, 

21-7 

.3 

420 

24-2 

,, 

22-3 

.3 

4:10 

24'7 


23-0 

4 

440 

27-3 


23-0 

4 

4.70 

2.70 


24-3 

4 

400 

20-.7 

00.7S 

24-0 

4 

470 ' 

271 


2.7-.7 

4 

4S0 1 

27-0 

1 

20-2 

4 

400 

2S-2 

,, 1 

20-S 1 

4 

.700 

2S-8 

»♦ j 

27-.7 

— 
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constantan couple and relates the e.m.f. in micro-volts per 1° C. with 
the temperature, from whicli it is seen that tliis relationship is a straight 
line for the range of tempera! ures given. If the hot ami cold junctions 
of sueli a thermo cou[)le are, respectively, given by tin* points J) and A 
then the e.m.f. in micro volts which will be generated will be given b\ 
the area AB(D. If, for examjile, the cold junction is at 20"" C. and 
the hot junction at 400 ' ('., the mean temperature will be 212° C. Refer- 
(uice to Fig. 4 shows that at 212° C. the thermo-e.m.f. is about 56 micro 
volts per 1° f'., so that for a temperature difference between the hot and 
cold junctions of 3S0° C. the thermo-e.m.f. of the couple will be 

56 V 380 ~ 22,000 micro-volts — 22 milli-volts. 

Usually iron-(*onstantan couples can be used up to 800° ni(‘kcl-nichrome 
couples up to 1,100' (\, and couples of jdatinum with a platinum 
rhodium alloy up to about 1,600° (\ 

Jn the 1'able J will be found the thermo-e.m.f. (*alibration of a repre 
sentative eopper-constantan couple and also an iron -constantan couple 
In Table II is given the calibration for a platinum-platinum-rhodium 
couple. Such couples can be manufactured to sucli a degree of identit} 
that when a now couple is used to replace a defective one there is no 
necessity to re calibrate the measuring instrument. 

Feussner has found that a couple of jnire iridium and an allo\ 
(60 per cent, rhodium : 40 per cent, iridium) can be used for the precision 
measurement of temperatures up to 2,000° (\, and such couples can be 
duplicated wnth such uniformity that it is not necessary to re-calibrate 
the measuring instrument when renewing the couple. The following 
table gives the characteristics : 


Vmj) (’ 

200 400 000 

800 

1,000 

1,200 1,400 

J.GOO 

1,800 2,000 

: M K. mV. 

11 22 33 

4 4 

5 5 

G G 7 05 

8 7 

9 8 10 85 


TABLE 11 




TenipfraUui 

Thinno K.M F 


Ti 

mpiratuH | 

Thiimo K.M F. 

^ V 

mV . 



‘ (’ 


mV. 

20 

0 00 



800 


1 23 

100 

0 54 



900 


8 30 

200 

1 33 



1,000 


9 50 

300 

2 22 



1,100 


10 OG 

400 

3 15 



1,200 


1 1 85 

500 

4 12 



1,300 


13 04 

(iOO 

513 



1,400 


14*25 

700 

0 IG 



1,500 


15 45 





1,G00 


16 G2 


It wall be seen that this characteristic gives a straight line relation- 
ship between the temperature and the e.m.f. As regards the necessary 
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•)roteoting sheath it has been found that corundum is satisfactory up 
to 1,700'' C., spinell up to 1,950° C., magnesia and zirconium oxide up 
to 2,000° C. 

For temperatures u]) to about 1,600° C. a widely used type of thermo- 
M)uple is the ]>latinum : (platinum-rhodium) couple of which the char- 
.uteristic is given in Table II, page 162. 

Thermo-couples which are made from noble metals for the high tem- 
])crature ranges are expensive, besides which, such metals have a high 
specific resistance so that the use of cheap measuring instruments which 
require a relatively large operating current (*an only be used to a limited 
(‘xtent. Such thermo-couples are extremely sensitive to the jiresencx' 
of metal vapour so that they must never be used in a metal protecting 
sheath but must have a gas-tight ceramic sheath. 

Practical Applications 

In almost every kind of industrial })lant there are processes which 
require the satisfactory maintenance of a definite tempeiature. For 
example, the iron and steel industries comprise a multitude of furnaces 
of every kind wliich must operate fit specified temperatures, and almost 
(*\ cry chemical process 
requires the mainten- 
ance of jrrecise tem- 
pei’atures in order that 
the process shall be 
(orreetly performed at 
t he requisite efficiency. 

The electrical methods 
lor measuring temper- 
«iture which are com- 
mercially available are 
tlie radiation pyro- 
meter, the thermo- 
'<mplc, and the resist- 
oicf^ thermometer. 

1 or temperatures from 
down to as low a 

\«ilu(‘ as desired, resistance thermometers can b(‘ used (see ('hapter V, 
page 126, for the principle of o])eration of the resistance^ thermometer), 
f'or temperatures greater than 800° V. up to the highest attainable 
values, the radiation pyrometer can be used. The principle of this 
ipphance will be seen by reference to Fig. 5. A thermo-couple of small 
dimensions is sealed into a glass bulb which may be either evacuated 
or filled with some suitable gas. The radiation from the hot body of 
which the temperature is to be measured is focussed on to the therm o- 
‘ ouple and the corresponding value of the e.m.f. measured by a moving 
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coil voltmeter. The advantage of this type of thermometer is that the 
th(‘rmo-coupJe is only subjected to low tem})eratures, but an essential 
requirement for accurate measurements is that the radiation should b(‘ 
from a “ black ” body, (has-filled bulbs show, in general, a shorter time-lag 
than (‘vacua! od bulbs. With well -constructed units a time-lag of from 
2 to T) seconds may Ihj obtained, and radiation pyrometers comprising 
a thermo coiqrle would tlum be suitable for use in those cases in which 
such a time lag would be permissible. 

lire leads from the thermo-couple wires may have to be taken sorm* 
distan(*e to where the measurement instruments are installed, and this 
can be done by connecting copper leads to the i*(‘ 
spective ends of the w'ires wdiich form the thermo 
couple itself. It is to be observed, how'ever, that 
in this case, each of the junctions of these copp(‘i 
wares with the thermo-couple wares involves a new 
thermo-junction, and consequently it is essential 
that pi’ovisiou must be made to ensure that thes(‘ 
junctions are maintained at a constant known 
temp(*i*ature, other-wise the readings of the thermo 
couple may be ser-iously falsified. One method of 
doing this is to bury the junctions in the earth, in 
w'hich (*as(* only small temperature fluctuations wall 
be obtained. A nror*e fre(|ueutly used method is to 
pr-ovide a small thermostatic- (‘ontrol, by means ot 
w'hieh the junctions of the ccqrpc'r leads to the- 
thermo cou|>le wires can be maintained at the re 
quisite known t(‘mper’ature. 

It has now' been found ])ossible to construct 
thermo coujrles such that the wares of wdiich thc- 
couple ar-e foraned ar-e so selected that for temper 
atiu'es under 150 (\ no thermo-electric e.m.f. i'' 

develo|)ed, and corrsequ(‘ntly, if the cold junction 

I temperatui*e is less than this value, no fluctuation*- 

of the cold junction temper-at ur-e wall affect the- 
i-eading obtained from the hot junction. Thesc 
thermo couple's ai-c built for measuraug temperatures u]) to 1,250 

In Fig. t) is showai a diagrammatic view' of a thermo-galvanornetei 
in w'hich a loop of silver ware L is suspended by means of a quartz fibre 
Q betw'een the ]M)les pieces X, S, of a jrerananent magnet. The loop is 
surmounted by a glass stem carrying a rnira-or J/, wliilst its lower ends 
ar-e comrectecl to a bismuth antimony theiano-cou])le. A “ i-(\sistance 
h(*ater ” c-onsisting of a tine filament of high spi'eific resistance, such 
a platinisc'd cjuai-tz tibi-e, is ti\('d immediately under the ther-mo-cou])le 
Th(' cur-i-ent to be measur-ed is passed through the heater and the- 
radiated heat so generated pi-oduces an e.m.f. in the tliermo-junctiom 
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,u(l hence a eurrerit in 
tl,(‘ loo]) L. The (le- 
llcMtion of the J() 0 |) L 
IS measured by means 
(,{ a spot of light re- 
ll(‘tted from the mirror 
to a distant scale. The 
instrument is siiftici- 
(iitly s(Misitive to 
measure a current of 20 
micro amperes, whilst 
( urienls as small as 2-2 
micro am]>eres may be 
detected. 

For some ])urposes 
lor \\liich great con- 
stancy of electrical 
supply pressure is 
necessary, a thermo- 
(‘lectric generator can 
he used which com- 



Fhj. 7. 


pris(N a number of thermo couples connected in seri(*s.* In Fig. 7 
the straight line shows the terminal p.d. and the j)araboli(‘ (uirve the 
outjmt of such a generator of wdiicdi the thermo couples were iron- 

constant an and lieaied 


by gas. The internal 
resistance in the gener- 
ator was 2 ohms and 
the parabolic form of 
tlie output curve is 
defin(‘d by the equation 
Output K.I - 
watts, 

where E volts is the 
t herrno e.m .f . , I am peres 
is the current and R; 
ohms is the internal 
resistance. 

In Fig. 8 is sliown 
the relationship of the 
outjmt (curve O) and 

0 os 10* The Electrical He- 

GAS CONSUMPTION IN CUBIC -METRES PER HOUR ► view, Vol. 101, 1927, Nov. 18, 

Fhj. S. p. 847. 
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the power consumed at short circuit (curve D) as a function of the gas 
consumption. Tlie thermal efficiency is very low, viz. for the gas-heated 
generator about 0 04 per cent. For a coke -heated generator of 0-5 k\V 
output the thermal efficiency was from 3 to 4 per cent. 

Thermo-Converter 

This instrument is a heat-transformer consisting of an electricallx 
lieated thermo-couple (Fig. 9) and it provides a valuable means foi 
measuring alternating currents of small magnitudes. The a.c. to b( 
measured is caused to lieat the thermo-cou])le, thus generating a direct 





current, the magnitude of which v411 de})end upon the a.c. heating 
current. The direct current so generated is ])assed thiougli a ])ermanent 
magnet, moving-coil instrument. 

The thermo-couple which is used for this pur[)ose may be of nicked 
and cliromium, or of iron and constantan. The soldeied joint of tlic 
cou})le is also soldered to the heating wire which carries the a.c. current 
so that this heating wire produces the heat immediately at the thermo 



A C CURRENT M mA ► APPLIED A C PRESSURE IN \/OlTS 

10, Fig. 11. 
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junction. For current strengths up to lOOmA. the thermo-converti^r 
IS (*n(‘lose(l in an exhausted glass bulb in order to avoid harmful dissipa- 
tion of the heat. The general arrangement of the device will be clear 
hoiu Fig. 9, the source of the a.c. which it is desired to measure is con- 
nected to the heating wire H and the measuring instrument is connected 
to the thermo-couple T, 

In Figs. 10 and 11 are shown the calibration curves for a thermo- 
loinerter from which the values of the current through tlie heating wire 
cind the applied pressure at the heating uire input terminals, respectively, 
tan be measured. The ordinates in each case give the dellection of the 
instrument pointer in mV. and the abscissa show what current and 
jiressure, respectively, must be applied to the heater wire in order to 
jnoduce a given deflection of the pointer of the measuring instrument. 

Piezo-electricity 

In 1782 Hauy discovered that an electric charge was deveIo])ed on 
the surfa(*e of (*ertain crystals when subjected to mechanical pressure. 
In 1880 the brothers I. and P. (iirie found that faces of certain pyro- 
electric crystals became electrically charged when the crystal was sub- 
iccted to pressure or tension. These inves- 

I I gators also showed that if such crystals 
were placed in an electric field they would 
become mechanically deformed. »Such phe- 
nomena are now termed piezo-electrical 
cflects ”. 

A crystal is termed ])iezo-electrie ’’ if 
it lias one or more polar axes. By a “polar 
axis ” is meant an imaginary straight line 

III the crystal of which the beginning and 
c'lul are not equivalent, that is to say, are 
not interchangeable, so that if the crystal 
is turned through 180° about an axis which 
1^ at right angles to the polar axis, the 
oiiginal aspect of the crystal is not attained. 

V good example of this is shown in Fig. 12, 
m which the polar axis of a pentaerythrit crystal is marked x. 

A quartz crystal is shown in Fig. 13 and such a crystal has three 
polar axes which are respectively marked x,, x^, and each of these 

i\es jiasses through a pair of opjiosite edges of the six-sided prism, 
fhe axis marked is the ofitical axis and is an axis of .symmetry for 
optical f)ur])oses. The jiractical significance of the polar axes lies in the 
tact that when the cTystal is subjected to an elastic* stress the greatest 
^alue of the corresjionding electric charge is always found at the ends 
of a polar axis. The consequence is that when plates or rods are to 
be cut from the crystal for piezo electric purposes, care is taken that 


X 




168 PRINCIPLES OF ELECTRICAL ENGINEERING 


Z 




the main pair of ])arallel surfaces are at right angles to one of the ]K)lar 
axes. For (piartz, the most suitable ])laces for cutting out such slabs 
are shown in Fig. 14. 4'he polar axis mIucIi is at right angles to the 
main ])air of parallel faces is tlie electrical axis .r, whilst the axis //, which 
is at right angles to the electrical axis, is the neutral axis. The axe-^ 
X and ?/ form with the optical axis a rectangular three-dimensional system 
of co-ordinate axes.* 

From the matliematical treatment of the ])roblem of the relationship 
between the eom])ressive or tensile stress in the electrical axis of a ])iezo 
crystal and the (‘orresponding electrical (piantity to which that stress 
will give rise, the following equations have been derived : 

^ ( 1 ) 

.... ( 2 ) 

where i is the ])i(*zo electric modulus, is the total compressive or 
tensile force in tlie direction of the electrical axis, and Py the total force 
in the direction of the neutral axis y. The magnitude of the piezo 
modulus for quartz has been found to be 

(> = 0-9 X 10 ® e.g.s. units . . . (3) 

Equation (1) expresses the important fact that a mechanical force Pj^ 
* EUktiokchtJischt Ziitschnjty Aug. 4, 1938, p. 819. 
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111 the direction of the polar axis gives rise to an electric charge on both 
iaies of the slab which are at right angles to the ])olar axis, and that 
the magnitude of this charge does not depend u])on the surface area of 
the faces. This is known as the “ direct ])iezo-electric effect Equa- 
tion (2) states that if a mechanical force Py is applied in the direction 
of the neutral axis, the faces which are parallel to this axis will become 
< barged with a quantity of electricity which is ])roj)ortional to the total 
force applied and also proportional to the ratio, 

Area of each of the electrically charged surfaces 

Area of the surface to which the mechanical force is a]) plied 

Tins result is knowm as the “ cross piezo-electric effect Both effects 
h<i\e the ])olar characteristic that a reversal of the direction of the 
pressure results in a reversal of the sign of tlie corresponding induced 
charges. 

Ewmple. — Su})]3osc the main faces of the slab arc fitted each with 
a metal plate electrode so that the arrangement may be regarded as a 
condenser of ca])acitance and the ]).d. which will be developed 
between the electrodes will be given by the ex])ression 


here (\ is the capacitance of the electrostatic voltmeter whi(‘h is used 
to measure the ]).d. If the total capacitance C | T,, 10 electrostatic 

units, and if the applied pressure is 2 kg., then from equation (1) 

the (juantity of electricity with which tlie fa(*es of the crystal w-ill become 
charged is 

q — 6-9 X 10 ^ X 2,000 y 987 = 0-136 ele(‘trostatic e.g.s. units 
so that the p.d. which the voltmeter will measure will be 

V — _ electrostatic units — 4-08 volts. 


11 however, the siqiplenicntary capacitan(*e (\ of the voltmeter wTre 
not connected in parallel w'ith the crystal, and if the ( apacitance C is 
c alculated from the dimensions of the crystal (see Chapter IV, jiagc 109), 
that is 

47Tfl ’ 


\vhere e ~ 4-5 and is the dielectric constant of quartz, 
(i cm. is the thickness of the quartz slab, 
h ,, breadth „ „ „ 

^ >> >> length ,, ,, ,, 
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then for x6x2=lxlxl cm.* 

4 * *5 • 

C =r = 0-36 electrostatic c.g.s. uaits, 

^7Z 

and V ^ = 0-378 electrostatic units = 113-4 volts 

(J 0-36 

Since however, the capacitance C of the quartz slab is only about 0-4 pF 
and is consequently negligibly small in comparison with the capacitance' 
Co of the voltmeter, it follows that the theoretically maximum value ol 
the p.d. can never be realised for practical purposes. 



Fl(/. IT). Ji'ig 10. 


Next, suppose that a quartz slab of dimensions 
J X 6 X d = 5 X 1 X 0-5 

as shown in Fig. 15 is used and a total force of = 2 kg. is applied 
in the direction of the neutral axis, then the corresponding value of th(‘ 
quantity of electricity with which the faces will become charged will be 

gr = - 6 <) X 10 8 X X 2,000 X 981 
0-5 

= — 1-36 electrostatic units, 

so that for the total capacitance C 1 Co of the quartz slab and measuring 
instrument the p.d. realisable for practical purposes will be 

F = ^ == 0-136 electrostatic units, 

that is V = 40-8 volts. 

The “ direct piezo electric effect " is reversible, that is to say, if an 
elet'tric field is impressed on the crystal in the direction of the elcctru 
axis, that is, if a p.d. V is applied to the faces of the slab by nieam 
of two electrodes (Fig. 16), an elastic change of dimension u will be 
produced in the direction of the electric axis and an elastic change of 
dimension v in the direction of the neutral axis where 

v — ] e.V , . . . . (5) 

. v^-c.vf . . . . (6) 
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i hese equations state that, if an electric field is impressed on the crystal 
111 the direction of the electric axis, an elastic (jhargc of dimension will 
h(‘ produced in the direction of that axis, the amount of which will be 
iiulependent of the surface area of the faces. There will also be a 
simultaneous change of dimension in the direction of tlie neutral axis 
ihe magnitude of which will be proportional to the ratio, 

Area of faces parallel to the neutral axis 

Area of faces parallel to the electric axis’ 

l>()th effects are jjolar in nature, that is, the extension b(5(‘omes a com- 
picssion when the sign of the im])resscd field is changed. 

Making use of the numerical data of the previous example and 
assuming that the applied ]).d. is F = 100 volts :: J electrostatic unit, 
and considering the crystal of dimensions Z x Z> x d = 5 ^ 1 \ 0-5 cm.-*, 
Ihen 

u ~ 6*9 X 10 ® X — 2*3 X 10 ® cm. “ 211 x 10 
(1// - one micron -=10 ® metre) 

and since == = 10 : ^ x I x 10 ■= 2H x 10"" Vb 

that is to say, the change in dimension in the direction of the neutral 
axis is 10 times that in the direction of the electric axis. The practical 
a|)|)li(*ations of these effects can be divided into two groups, {i) when 
the effe(;ts are static and (ii) when the effects are dynamic. The static 
effects are usually associated with quantitative measurements, e.g. the 
mc'asurement of the iudu(;ed charge due to the application of a mec-hanical 
.Old consequently the determination of the magnitude of the applied 
force from the magnitude of the inducied electric charge. The dynamic! 
cfff'ct is utilised by causing the c*rystal to ])erfc)rm elastic! osc-illations. 

One interesting exanqde of the applicuition of the static! effect is the 
measurements which have been carried out in c-onnection with tfie Krenc!h 
railway system in which determinations were made of the forc-es which 
o'c developed between the rails and the wlieels of the vehiciles. Idie 
hi'oblem of such measurements is an extremely complicated one and the 
'i^c of the piezo-electric effects has provided a notable addition to the 
•viw)wledge of the subject. 

The dynamic effect is of the utmost importance in the realm of high- 
^}c‘ciuoncy technique. P. Langevin in 1917 was the first to produc*o 
"-^cillations of a quartz crystal by means of an im[)ressed alternating 
lUTent field. In 1922 W. O. Cady demonstrated that quartz ])lates 
Old rods when placed in a high-frequency alternating electric field could 
h(^ caused to execute powerful oscillations, and he commenced to develoj) 
die applications of this princijde for the purposes of generating and 
cceiving high-frequency currents. In consequence of the j)roduction of 
^ be mechanical change of dimensions in both the electric and the neutral 
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axes, eorres ponding oscillations will also occur in the direction of each 
of these axes. 

For oscillations in the direction of the electric axis, the natural 
frequency will be given by the equation 




1 

2dV p 


hz. (for (i in centimetres) 


( 7 ) 


and for oscillations in the direction of the neutral axis the natural 
fre(|uency will be 

~ ^ /^i/ hz. (for I in centimetres) . . (H) 

p 


where Ej. and Ey are the respective moduli of elasticity and p is the 
density. 


For quartz p — 2 ()r) gm. per cm.'* 

Ej. S,711 kg. per mm.^ 

Ey 7.H7I kg. per mm.-* 

If these values are substituted in equations (7) and (H), respectively, then 




and 


f„ = - 2 fi« X 10® hz. 


For exam])le, if a quartz ])late is 0*5 mm. tliick, that is, if 


then 


d - 0-0,*) cm. 


fti ^ Gie wave-length is 

^ _ speed of light _ 3 < 

/;, " r>-82 / W 

For a quartz rod of length I - 5 cm., 

yA,m) hz. 

and the wave-length is A ~ 5,590 m. 


- 51-5 m. 


In addition to the fundamental frequencies which are defined by th(‘ 
foregoing exj)ressions, high harmonics may also be produced, and of 
parti(*ular importance in this connection is the excitation of the oscilla 
tion of quartz plates in the direction of the electric axis. It is possible, 
for example, in the case of a quartz ])late 10 mm. thick to obtain an 
oscillation harmonic of 200 times the frequency of the fundamental 
oscillation. The magnitude of the amplitude of the oscillation for quartz 
in practice is about 10 ^ mm., the limit being fixed by the mechanical 
sti*ength of the quartz. 

Tlie damping of the oscillations of a quartz plate in air is extremely 
small, the logarithmic decrement being about 10~^. The limiting value 
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Ilf the fundamental frequency which a quartz ])late can he maintained 
,<itisfactorily in oscillation is about 30 x 10" hz., the corresponding 
thickness of the quartz jdate being O-OO,') mm. For tourmaline crystals 
the modulus of elasticity in the direction of the electric axis is 16,110 kg. 
[M-r nun.- and the demsity is 2-94 gm. per cm.®, from which it follows 
that the fundamental frequency of a tourmaline plak' oscillating in the 
direction of its electric axis is 

/,./ - ‘ - :«k-k(i20. 

M) that for a ^iveii frequency a tourmaline ])late will ho about IhS per cent, 
thicker than a quartz plate. The highest frequency so far obtained foe 
a tourmaline jilate is 1*5(> x It)® hz. 

The quartz-crystal os(*illator when operaterl uiHicr the most favour- 
able conditions is rec'ognised as the most accurate known marker of 
time intervals. Pendulums and tuning-forks could possibly be operated 
witli (‘omparable precision, although greater difficulties would probably 
be experienced in doing so. Usually, standard piezo-oscillators operate 
at frecjuencies of about 100 kHz., and lower frequencies are obtained 
by multivibrators. Frequencies down to about 1,000 Hz. are. usually 
obtained in this way. 

Formerly, the difficulty of measuring frequencies of very high values 
was the measurement of the time. The best standard clocks could not 
d(*\(‘lop a greater accuracy than about one to tw^’o-thousandths of a se(*ond 
p(*r day. Uonsequently, the idea was conceived of measuring time by 
fre(|uencv and the first published account of such a ‘‘ clock ” was made 
in 102t). As a result of many years’ research, (juartz clo(*ks can now 
b(‘ constnict(‘d wdiich for long fjcriods of time maintain an accuracy of 
1 part in 100,000,000. that is, at the rate of O il second per annum. 
Such a quartz clock is now the time and frequency standard to which 
all measurements can be refm-red. The quartz oscillator of the clock 
gimerates a frequency of fiO.OOO hz. atid the tom])eratun^ of the (Tystal 
i'' automatically maintained constant to 0-001 (\ For short ])eriods 
''iK'h a clock can maintain an accuracy of 1 part in It)*^, that is, at the 
late of 0-03 second per annum. For further information, reference should 
h(‘ made to the Bureau of Sf a udanLs Journal of Ji(. search, Vol. 21, H)3S, 
page 307 (see also Chapter I, ])age 18). 
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MAGNETISM : MAGNETIC MATERIALS : MAGNETIC TESTING 


The Atomic Structure of Iron 

I N Chapter 1 T some account has been given of the modern view of tlio 
structure of tiic atom and reference was made to the fact that th(‘ 
theory of atomic structure can be extended to embrace an explanation 
of the phenomenal magnetic characteristics of the three elements iron, 
cobalt, and nickel, the atomic numbers of which are respectively 2(5, 
27, and 2S. 

Spectroscopic analysis has shoum that not only do the electrons of 
an atom revolve round the nucleus like ])lanets round the sun, but they 
also like planets, spin on tlunr axes, and it is to this spin effect that the 
magnetic* properties of an atom are believed to be due.* To a relativelv 
minute degrcjc, ewery clement exhibits magnetic*, properties, but iron, 
cobalt, and nic*kel are magnetic to such an extraordinary degree that 
they are in a class by themselves and are termed fei^ro-magnetic; * 

metals. In Fig. 1 is 

^ ^ shown a diagram - 

matical view of the 
su])j)osed structure ol 
the atom of iron. 'J'Ik* 
\ nucleus contains 2(> 

\ jirotons and there arc* 

/,j.; + normally 26 electrons 

revolving round tlie 
nucleus, these elec- 
trons being grouped in 
four concentric* shells 
In the outer shell 
tlierc are two elec- 

tnms, the spins ol 

I which are in opposite 

directions so that thc\ 

neutralise eacli other’s magnetic* effect. These electrons in the 
outer shell are the “ valency electrons ’’ and are responsible for the 
ordinary chemic*al ])roperties of the atom. In each shell, except the 
third from the c*entrc, there is an equal number of electrons having 
positive and negative spins. In the third shell from the centre, how- 
ever, there are four unbalanc^ed s])ins, and it is to these unbalanced spins 

* llozorth, Electrical Etigitvccring, Now York, November, 1935. 
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th,it the magnetic properties of the atom of iron are believed to be 

fiiii^lcunentally due. 


fundamental Facts of Magnetism 

Jlie study of tlie complicated pheiiomoiia of maguetisiu is considcr- 
ihl v clarified by realising that the magnetic state of a substance can be 
described from two different standpoints, (i) the conception of magnetic 
poles, and (ii) the conception of magnetic induction as associated with 
an electric current. These two aspects of magnetism will now be briefly 
( onsidered. 

(i) A bar magnet is assumed to have two equal quantities of mag- 
netism of op})osite signs, viz. + m and— m, concentrated respectively 
at a point near each end of the bar. These two i)oints are termed the 
‘ j>oles ” of the magnet and the strength of each pok is said to be 
/// units. If two different bar magnets have, respectively, polo strengths 
liti and m 2 , then the force which will act between the ])oles of the two 
nhignets will be defined by the expression 


mi. mg 


dynes 


( 1 ) 


where fi is the magnetic ‘‘permeability ” of the medium in which the 
PKigiiets are placed, and r cm. the distance between the poles mi and mg. 
TiiH relationship is (Joulomb’s “ Law of Inverse Squares ” for magnetic 
poles. For a vacuum // = 1 and for air and gases generally, fi is very 
nearly equal to unity. If ’the magnet poles are of equal strength and 
^luii that H = I dyne when r = 1 cm., and if the medium is air of a 
^ acuum, then // = 1 ; mj = mg = m ; r 1 : // — J, so that m^ ~ 1, 
that IS, m =■ 1, and this leads to the definition of the e.g.s. unit magnetic 
pole (see also (Jhapter I, pages 2 and 

A ufiit inagnetic pole is such that, when placed in air at a distance of 
i ( m. from an equal pole, the mutual force with which each acts on the other, 

I dyne. 

'fhe expression (1) and the consequent definition of a unit pole 
Pi j^iietic should be compared with the corresponding results for electric 
qn mtities given in Chapter III, page 70. Actually, it is not possible to 
^l.ite a magnetic pole in the sense that electric quantities can be isolated, 
magnetic poles always appear in pairs. Experimentally, however, 

' liood approximation to an isolated pole can be obtained when a long 
^hin iron wire is magnetised in the direction of its axis. If the distance 
tween the two poles of a magnet is I cm. and if m e.g.s. units is the 
"tK'ngth of each pole, then 

M =m.l . . . . . (2) 

'p‘re M is termed the “ magnetic moment ”, and this conception of 
' ‘ ^giietic moment may be considered to be the .most generalised state- 
at of magnetic polarisation. 
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Tlio sfifioe in the neig!i})ourhood of a magnet is termed a “ magnetic 
fiel<i ” and its strength or “ intensity ” is denoted by the symbol //, viz. 

The inieimtif at atnj point in a rnagiietir jieUi in the mechunical fonr 
in dynen which would act on a unit f pole if placed at that point and thf 
direction of the magnetic force is the direction in which the unit + jmJi 
would tend to move^ 

The unit of magnetic field intensity was formerly termed the “ gauss \ 
but by international agreement the name “ oersted ” was substituted 
for this quantity in the year 1930. The direction and the strength ol 
a magn(‘tic tield can be graphically represented by means of “ lines ol 
force ” in a pre(*isely similar way to that which has been descriluMl 
already in detail for tlie case of an electric field (see (liapter III, pages 7s, 
79 and 80.) 

Suj)pose a magnetic pole of strength |- 1 unit is at the centre of a 
(geometrical) sphere in air, the radius.of the s])here being 1 cm. Then 
in accordance with the foregoing definition, the magnetic intensity at 
any point on the surface of the sjdiore will be unity, that is to say, oiu* 
unit line of magnetic force will cross each sq. (‘in. of the surface of tlie 
sphere. Since the area of the s])herical surface is 4jr sq. cms. it follows 
that a total of An unit lines of magnetic force will cross this surface 
or, in other words, a unit magnetic ])ole hi air, gives rise to 4jr unit lines 
of magnetic force (see also Chaf)ter III, p. 81). 

If a plane surface of S sq. cm. aioa is ])la(‘ed at right angles to tlu' 
lines of force of a magnetic field of imiforni intensity, then 

<p -- //.N nia.xwell . . . . (’1) 

where 0 is the magiu'tic flux through the area S. 

(ii) The second method of di'scribing magnetic ])henomena de])ends 
upon the mutual action betwoeii a magnet and an electric current. In 
the year 1820 Oersted discovered that in the neighbourhood of a wiic 
w hich carries an electric current a magnetic field exists. Thus, if a lonu 
straight coil of insulated w ire (i.e. a “ solenoid ”) such that the diametci 
of the coil is small in comf)arison w'itli its axial length, and if the current 
of I am])eres is flowing in the coil, then at places wnthin the solenoul 
and not far removed from the mid-]M)int of the axis, the intensity ‘>1 
the magnetic foive w'ill be given by the ex] session (see also Ohajiter VI 11. 
])age 218) 

H — oersted . . . (I) 

10 / ^ 

where W is the total number of turns in the solenoid winding, 

/ cm. is the length of the solenoid. 

* It is to be noted Iiere that a | pole is a N-soekiiig pole, e.g. that end of a compe ^ 
ncedlo which points towards the north pole. 
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riie profluct IW i« the number of “ am|}ere-tiiriis '' of the solenoid and 
^ is tlie number of ampere-turns per eentimetre length of the solenoid, 
that the expression (4) may be stated as follows : 


10 

(ampere-turns per centimetre) 

• (■•) 

in oersted, so that 

1 oersted = 0-796 /IF cm. | 

1 /IF/cin. — oersted ) 

• («) 


If a substane>e, c.g. iron, is brought into a magnetic field it will be- 
coine magnetised and will exhibit, temporarily and (pialitatively, all the 
properties of a ])ermanent magnet. The degi-ee of magnetisation which 
the substance ac^quires will depend upon the strength of the field, the 
>luipe of the substance, and, in particular, the nature of the substance. 
4'he phenomena of magnetisation in this case can also be considered 
iroin the same two stand-])oints as have been stated in the foregoing. 

(i) From the point of view of magnetic ])olarisation it may be said 
that each element of volume of the substance wliich is jfiaced in the mag- 
ii(di(‘ field is subjected to the polarisation effect of the field. That is to 
>ay, the substance when under the influence of the magnetic field acquires 
.in “ induced ” pole strength m, and if the distance between tlie poles 
js / cm. the corresponding magnetic moment will be M — m,L If 
r c.cm. is the volume of the substance, then the induced magnetic 
moment j^er unit volume is 


J = 


M _w .1 
V ~ V 


( 7 ) 


1’lius, if a cylindrical iron rod of cross-section aV sq. cm. and length I cm. 
is ])laced in the magnetic field with its axis in the direction of the field, 
then 


7n.l 

S.l ~~ aV 


~ ])ole strength [)er square centimetre 


(«) 


vvlicn* J is termed the “intensity of magnetisation 

The ratio of the intensity of the magnetisation J to the magnetising 
iorce H is the “ magnetic susceptibility ” 



lM)r a vacuum x ~ but in the case of all substances, the value of ^ 
not zero. 

Just as w’as seen to be the case for a quantity of electricity (see 
t’ha})ter III, page 77), a unit magnetic pole gives rise to unit lines of 
magnetic force as explained already on page 77, i.e., if the induced pole 
strength is m units per sq. cm. cross-section of the magnet, then each 
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HCjuare centimetre of the eroHS-section will give rise to ^nm induced unit 
linen of force, and these will be superimposed on the original lines of 
forces // in t he ne'glibourhood of the magnetised substance. Instead oi 
considering the lines of magnetic; induction separately from the induein^ 
lines of force to which they arc due, it is to be observed that for a whole* 
range of magnetic ])henomena it is the resultant of the magnetising force 
and the induced magnetisation which is the salient quantity, particular! \ 
tor practical calculations relating to electrical engineering appliances and 
machines. The Ilux of magnetic induction 0, that is, the total numht*i 
of lines of force which pass through the cross-section of aV sq. cm., is 

.... ( 10 ) 

wlicrc If oersted is the intensity of the magnetising force and fi is a 
factor which defines the magnetic “ permeability ” of the substance as 
compared vdth that of free sfiace. 

The density of the magnetic induction, that is, the number of line> 
of force wliich cross each square (‘entimetre of cross-section of the area 
which is at right angles to the lines of force, is termed the “ induction 
density ”, or, more simply, the ” induction ” B, so that 

= . . . . ( 11 ) 


As a matter of definition, tlie total flux 0 is assumed to be the algebraic 
s\un of II and AtiJ, that is, 

B - H \ (12) 


so that 




B 

H 


// - 



. (18) 


For the comparison of some aspects of the magnetic quality of different 
materials the “ reluctivity ” k is used, this quantity being the reciprocal 

of the ])ermeability, viz. k \ 

For all th<‘oret i(*al investigatioiLs the quantities which are the more 
apfiropriate and generally used are J and x rather than 

C B and /o llie most common }>ractical application of 
the foregoing ex})ressions, however, involves the i*ela” 
tionship between the of a 

magnetic circuit and the corresponding value of the 
d'jj flux 0, as will be seen for the considerations in what 
follows. Reference should also be made to Chapter 
' VIII, pages 219 and 222, for a more detailed study of 
^ the formulae which are used in what follows. 

Fig. 2. (ii) Fig. 2 shows a uniformly wound coil of insulated 
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w ire the axis of which is circular. If the mean length of the axis is Z cm, 
and if there are W turns in the coil, then when a current of i amj)eres 
Hows in the coil, the total number of ampere-turns will be iW. From 
expressions (4) and (10) the flux through the coil will be 


0 = H.8 = 

10 I 


(14) 


since the medium which is enclosed by the coil is assumed to be air. 
If, now, the coil is assumed to be filled with a magnetic substance, for 
(‘xanij)le, if the coil is wound on an iron ring of whi(*li the magnetic 
j)cnneability is /i, then the flux through the coil will be 


tliat is 


0 = ^HS = 


4jc iW 

i()“z 


Sfi 


0 


—iW 

10 

" I 


(15) 


Sfi 

The expression (15) was first used by Hopkinsoii^iu 1886. The (piantity 
is termed the “ magneto-motive forge ” (m.m.f.) round the closed 


magnetic circuit (in this case, the iron ring), and the quantity is 

JSjii 

t (Tilled the “ reluctance ” of the closed magnetic circuit. The equa- 
tion (15) may therefore be written 

.. n Magneto motive force 
Magnetic flux = ^ ^ , 

Keluctance 


(16) 


If this relationshij) is (‘onijiared with the Ohm’s law relationship for 
tlic electric circuit, viz. 

^ ^ Electro motive force 

Electric current = - . - , 

Hesistance 

it will be se.en that the magnetic reluctance is analogous to electric 
i<‘sistance, magneto -motive force to electro-motive force, and magnetic 
Ilux to electric current. The great practical significance of the relation- 
"'hip (1.^)) is the fact that it can be applied to the calculation of a magnetics 
< ircuit which is built up of a number of materials of different dimensions 
‘nd different magnetic qualities, in which case the total reluctance of 

^he magnetic circuit as expressed by the quantity J in equation (15) 

aS/Y 

niay be obtained by adding the respective reluctances of the individual 
component parts of the magnetic circuit, viz. 

Jl. = A- h 4 - 4 - 

Sfx aSVs^ ' ' ' 


. ( 17 ) 
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and in Cha])ter VIII, page 221, a numerical example of the calculation^ 
involved in this tyj)e of problem will be found. 

It is to be notecl that the ])ractieal values of the ])ermeability // var\ 
over a very wide range according to the nature of the substance and th(‘ 
intensity of th(j magnetising force //. Substances for which fi is less 
than 1 are termed (Hatpm/upf'ir, the most notable of which is bismuth 
for which at a temperature of IS C. 

X ^ 1-4 / 10 \ so that - 47tx ^ 1 == 0 099082. 

Substances for which // is a little greater than 1 are termed pr/m 
ma(jneti(\ (‘.g. o\yg<‘n gas, for which at a temperature of IIV C. 

X * 0 l2:i / 10 so that // - lOOOOOlf):). 

Substances for which p is very large are termed ferromagtietir 
(‘.g. iron, cobalt, and nickel. As the temperature increases to definite 
values, the respective^ ferromagnetic substances become paraniagnetK 
and the corres[)onding temperature at which the change takes plac(‘ 
is known as the “ Cin-ie point the values of which for the three ferro- 
magneti(‘ metals are as follows : 

Inui . about 770 C’ 

(’nl)alt . ,, j,(>eo (’. 

NicU(‘l . ,, ;{(>() C 

SO that for temperatures between about 770 V. and 1,000 (\ cobalt is 
the only knowui feiTomagnetic substance. 

The Magnetisation Curve and the Hysteresis Loop 

The curve which relates t he magnetising force H and the induction li 
is knowm as the magnetisation curve or, more ex|)li(‘itly, the “null*' 
magnetisation curve, siiu'C it passes through the origin of co-ordinates 
In Fig. 3 are shown re|)resentativ(‘ curves for dynamo stampings and 



Fuj. ,3. 
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for (‘asl iron, respectively. These curves show that the ])enneability 


}( 


B 

II 


varies over a very wide range of values, and in Fig. 4 is shown 


the relationship between the ])ermeabilitv // and the magnet ’sirig force // 
tor another typical magnetisation curve. It will be seeji that for very 
small values of the magnetising force //, that is, in the neighbourhood 
of the origin, the ])ermcability is small and the \alue at the origin, that 
IS the slope of the magnetisation curve at the origin, is termed the initial 
ix^rmeability //o- As H increases // also increases to a maximum value 
falling again to a small value for very high values of B, that is, 
ior the “ saturated condition of the magnetised substan(*e. 

If, commencing from the completely demagnetised condition of the 
^nbstan(‘e, the magnetising force II is increased from zero to a maximum 
\cilue ()( \ Fig. o, this magnetising process vill be defined by the “ null 
magnetisation curve such as that shown by OA in Fig. 5. If the mag- 
netising force is then decreased and passed through the zero value to a 
maximum negative value OI) which is ecpial to the fircviously attained 
maximum ]K)sitive value 0(\ the curve such as A(IB will be obtained. 
If H is then again reduced in magnitude and, jiassing through the zero 
value, is increased to the previcmsly attained jiositive maximum value, 
it will be found that the closed loo|) AOBFA has been obtained and this 

< losed curve is known as the “ hysteresis loo]) The area of this loop 
lepresents the energy which has been converted into heat during the 

< .\(1(^ of magnetisation, and consequently this area represents a definite 
loss of energy knowai as the “ hysteresis loss ”, viz. 


r 


h 


that is 


1 

4je 


{area of hysteresis loop} , ergs jier cubic centimetre 


^ cubic centimetre . . . (18) 

vv here the integration is carried out for the complete cycle of mag- 
netisation (see also, Chapter VIII, page 242). 
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When the demagnetisation curve AO cuts the ordinate axis, the 
induction OF gives the remanent in duction which exists when the 

magn(*tising force is renToved!’ Where the demagnetisation curve_^(; 
cuts the abscissa axis, the negative value of the magnetising force 00 
is termed the coerciv e force since it is the negative force whicli 

is necessary to com])I^ely demagnetise the substance. The demagnet 
isation curve AG is of primary importance in defining the quality of a 
substance suitable for the manufa(‘ture of permanent magnets. 



On the basis of a large number of experimental results, Gumlich has 
found that the following relationship exists between the previously defined 
characterist ic (juantities, 

\/W = (19) 

that is to say, the maximum |)ermeatinity is directly ])roportional to the 
remanent induction and inversely proportional to the coercive force. 




4.7 J 
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This relationship gives accurate results for substances having very small 
\alues of the coercive force. For values of up to 27-5 oersted the 
error is not greater than about 5 per cent. 

Unless otherwise stated, the coercive force and the remanent 
induction Bj, refer to the condition that the maximum magnetising force 
(>C (Fig. 5) is sufficient to magnetise the substance to its saturation 
induction density. 

In Fig. 6 are shown the hysteresis half-loops for (a) soft iron with 
small carlion content (C ~ 0*01 per cent.), (b) nickel, and (c) cobalt. 



F}g. 6 . 


yUa null magnetisation curves are not shown in or der to j)reservo the 

< Icirity of the diagrams. Tlie ordinate values for tliese curves are the 
^ allies of 4:7 J. It is to be observed that the soft iron reaches a maximum 
\alue of 47iJ^ is about 21,000, whilst for a magnetising force of H ^ 10 
^•ersted the value of 47rf/ is about 30 })er cent., and for H — 100 oersted 
d)out 10 to 15 ])er cent, below the saturation value. Saturation is practi- 

< ally complete for values of a magnetising force from 1 ,000 to 2,000 oersted, 
file descending branch of the hysteresis loop cuts the ordinate axis at 
f>r — 13,000, and the coercive force is from 0-9 to 1*0 oersted. The 
inaximum permeability reaches a value of 5,000 to 10,000. Materials 
' Inch have similar characteristic features to the foregoing are termed 

^^^afiSiSfeically soft 
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1'lie following table gives the leading characteristic data for various 
qualities of iron. 


TABLK 


Matrnaf 

Max. 

Pi rmm- 


hilltif 



fhnax 

0 


Dynamo Stool twioo an- 


ncalrd 

I t.KOO 

:i20 

Swedish Chan'Mul Iron 


- 

Annealed Kh'cl rol\ t le Iron 

I I. .•)()(> 


Kleetrolylie Iron niel<<*d ' 

2.'>,K(th 


til raruo . . . I 



Fdectrolj t le Ii(‘n tnehed 
in rtiruo vMlh addition 

ol ')• I.'^i per cent . Si 



Aririeo Iron .... 

7,(KKt 

2.70 

ArnuM) Iron annealed at 
l.lHtt in pre.senee 

d // 

MM), non 

(i.OOO 


l*innmbility fi jor H — 


( Utercive 
Force 

Hr 

Hystcresr 
Loss in 
Krgti per 

OOl 

OlO 

0-50 

10 

Oerrted 

c.rrn . 
per Fyrh 

:i.7I 

872 



0-37 




1,000 

2,000 

0*02 

2,700 

— 


1 1,200 

0.000 1 

— 

1,410 


_ 

2:i,ooo 

1 4,000 1 

0-20 

000 


1,700 

27,000 

1 1,000 

01 7 

.700 



t 27,000 

1 4, .700 

0 00 

200 

200 

:i2o 

1,000 

i.rjoo 

0-72 

2,100 

.70,000 

1 10.000 



1 0-02.7 

100 


A very pure form of iron is that which is prepared from iron carbonyl. 
Fe(C())fl. The iron ])owder so o!)tained is formed into sheets by sinter- 
ing and roiling. The following cluu-acteristic data were obtained after 
annealing in the presence of hydrogen. 


Initial p(M‘inea))ilit> 

. . . 

2,01)0 to 

.3,000 

fi for 7/ 0-(M).7 

a.ooo to 

4,000 

Mh\. pi'nia'iihilit \ 

p,„a. 

1.7,000 


<7a'n*iv(' f'nree .... 

. Hr 

0-21 


Kcoiaiu'nro 

. Hr 

.7,. 7.70 



I'he following table shows the effect of different heat treatments 
on the magnetic quality of electrolytic iron. The results refer to the 
test (Joiulitions that the maximum value of the magnetising force was 

--- I-"'"- 



( 'aercivc 
Force 

Hr 

( )ersie(l 

H( fUfifiCHrc 

Meu'imutn 

Halt Trratnn)}f 

Br 

Pvnneohility . 


(iftUfiH 

pmax. 

Hoforo any boat treat nuMit . 

After hoatinjjr {n niruo for 24 Iiouin 

2-83 

11,4,70 

1,8,70 

J 

at 800 C\ and ‘<lov\ly etioliii^ . 

After .7th ht'utinfi to 020 (*. and 

0-37.7 

10,850 

14,400 

rapidly coolinj; 

After 13th hcatinu: at 830 (1. tuid 

0 22.7 

.7,000 

1 1,000 

rapidly rooliiip .... 

0-155 

850 

4,800 
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For very weak fields, e.g. for soft iron in field strengths up to 
II 0-4 oersted, the relationshij) between B and H has been shown to 
fx defined by the expression 

B = 1S3H -1- 1,3827/2 . . . (20) 

, 1 . tliat the permeability is 

^ ^ ^ 183 I 1,382// 

H 

(,r /<=//«(! |-«.//) 

« liere //„ is the initial permeability. This expi'cssion represents a straight- 
line function between the 
[K‘nneal)ility and the mag- 
netising^ force and is usually 
termed the Rayleigh formula. 

In Fig. 7 is shown the value 
of // as a function of II for 
\nnco iron, that is, a very 
]mrc form of commercial iron 
|)rodu(*ed ))y the Americaji 
boiling (^ompany. 

As the result of a large 
number of tests, Steinmetz 
found that the hysteresis loss ])er (*ycle could be represented by the 
«‘\prcssion 

= • • ■ (“') 
in which is the induction coiTCsponding to the tip of the hysteresis 

ioo]) and // is the “ hysteresis constant or “ Steinmetz coefiiciemt ”, 
th(‘ value of which dcfiends upon the magnetic (piality of the material 
<onccrned. This relationship holds over a wnde rangi* of values of the 
induction and in the case of iron it has Ix^en found that a varies 

horn I T) to 2, according to the chemi(*al coinjiosition of the iron, whilst 
- N larger for high values of the indmdion density than for low values. 
I'lius. f()r inductions betw’een 2,000 and 7,000, a — 1-0, and for 

liighcr values of the induction a increases so that for 10 , 000 , a has 
tlic \alue from 2-0 to 3-2. The jnagnitudeof the factor// is given in the 
f'»ll()W’ing table for a number of the more im]>ortant magnetii; materials. 
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H OERSTED 
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Material 


V 


l*urc* Iron 

Mild Stool (’listings 

(’asl Iron 

Hard Ca-^t 8to(‘l . 

\ickol 

Hard Tunjajston Stool 


0 003 

0 003 to 0 000 
0 013 

0 025 to 0 028 
0 013 to 0 040 
0058 



m PRINCIPLES OF ELECTRICAL ENGINEERING 

Fig. S {a d) nhowH a group of four typical null magnetisation curves 
and the associated hysteresis half-loops. Each member of this grouji 
represents a set of different characteristic properties of practical import 
arice and may be summarised as follows : 

In Fig. H{a) the null curve rises rapidly for small values of the mag 
netising force and then bends back to give an almost rectangular form 
That is to say, the curve denotes high permeability whilaCsaturatiou 
is obtained with a relatively low value of the magnetising force. Tlio 
rising and the falling branches of the hysteresis loop lie very close togethei , 
the remanenco is high, the coercive force is small, and the hysteresis 




(d) 



Fuj. 8 . 


loss is small. Such a characteristic diagram is representative of {)ei 
.Bialioy” tyj)e of magnetically soft materials as required for* jelectri > 
.nmchiiiRs and txansfo^ e rs. 

Fig. S(6) shovs a hysteresislialfToop with the same saturation value 
as show n in Fig. S (u) and the same high remanence value, but the coercive 
force is now very large and the hysteresis loss is also very large. Further 
the null magnetisation curve is very flat and consequently the pei 
moability is low . This type of magnetic characteristic curves may b ‘ 
tenned the type. 

Fig. 8 (c) gives a hystersis loop for which low coercive force and lovv 
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K inanence are the characteristic features. The hysteresis !oss is small 
a - in Fig. 8 (a), but the whole loop is displaced in the sense that saturation 
h only obtained with a high magnetising forc^ and consequently the 
I a rineability is low. 

Fig. 8 (d) characterises a magnetic material of low remanenee and high 
rot icive force : the hysteresis loss is large and the null magnetisation 
( in V e is very flat especially in the range of low intensity of magnetisation. 

Further references to members of this group of magnetic* character- 
istics will be made in wdiat follow^s. 

Effect of Temperature on Magnetic Quality 

The general nature of the change of the magnetic characteristics 
.issociatecl with a (*hange of temperature is similar for all the ferro- 




iiiagiu'tic metals and their alloys. There are, however, many comolicatc'd 
flitU‘ren(*es in detail which are difticult to fit into a general comprehensive 
Mii\ey owing to the fact that changes of tem|)erature produce changes 
molecular and atomic structure, the eff'ec*ts of wiiich are su])erim])osed 
oil the effects of temperature common to all the ferromagnetic substances. 

The general nature of the effects of tem])erature may be seen by 
’• tcrence to Fig. 9, which shows the null magnetisation curves and the 
f ^ steresis half-loof)s for the same substance at two different temperatures. 
^ iic larger loop refers to the room temperature and the smaller to a very 
rncii higher temperature, and the following characteristic features may 
' distinguished : 

(0 For High Values of the Magnetising Force H, the saturation 
due of magnetisation, the permeability, the coercive force, the reman- 
' H e, and the area of the hysteresis loop decrease as the temperature 
reases. If these individual quantities are plotted as functions of the 
mperature, a group of curves will be obtained which, when referred 
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to the a})soluie zero or to the room temperature as a datum, bceonu* 
at first gradually l<*ss and tlnui decmise rapidly until at a definite tern 
perature, knoun as the “ Curie point ” or the “ magnetic change f)oiut ", 
they fall to zero. 

(//) For Small V'aluks of the Macjnetlsivo Force H quite differ- 
ent results are obtained. Reference to Fig. shows that corresponding 
to the reduction of the coercive force and the size of the hysteresis 
loop, the null magnetisation curve for the higher tem])erature is much 
steeper than for the lower temperature, and consequently the magneti< 
quantities which appertain to this steepcT region of the magnetisation 
curve, that is, for low values of the magneiising force, viz. the initi<il 
permeability //y, and the maximum permeability increases as tlH‘ 

temperature increases and then fall rapidly to zen) at the Curie point 

In betweem these two extreme conditions as defined in (/) and (//) 
there is a rang(‘ of medium values of the magiu'tising force for which 




Fiu. 11 . 


Fnf 12 . 


the magnetic (jualities remain constant over a wide range of tenqieratun"' 
up to values near the Curie ])oint, after whicli the\ fall rapidly to zero 

These general effects are shown in Fig. 1th which refers to tests on 
large single crystals of iron. In Fig. 11 is shown the relationship of tin 
initial ])ermeability //(, and the tenqierature for soft iron. 

At temjieraturc's above the Curie point, that is to say for ferro 
magnetic substances when in the paramagnetic state, the (’urie-Wei^" 
law is followed, viz. 

X(T ' 273 C.) - a constant . . . (22) 

that is, the susceptibility y is inversely proportional to the absolute 
temperature. 

Effect of Elastic Stress on Magnetic Quality 

It is now known that a very intimate relationship exists betweei 
the magnetic characteristics of a substance and the mechanical stres- 
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to which it is subjected. The development of the “ stress theory has 
proved to be a notable advance in clarifying the complicated })]ienomena 
associated with magnetisation. Briefly, it may be said that in every 
erystalline substance, intercrystalliiie stresses e.vist due to impurities 
or due to the change of the crystal dimensions in accordance with the 
‘ inagneto-striction effect When a ferromagnetie sul)stam*e is sub- 
jt‘(*tcd to a magnetising field, energy has to be exjieiided in overcoming 
these internal stresses, and there is reason to believe tliat if a substance 
were eomjiletely free from internal stress the magnetisation cycle would 
be of tlie ty|)e illustrated in Fig. H{a) and the associated coercive for(*o 
would be vanishingly small. l)e])arlure from this ideal form of nrig- 

// 0£RST£D — ^ 



Fnj Ki 

a<tis,ition curve is due to the distortion of the ciystal lattice, and 
Kcehan has shown that the very small hysteresis loss associated with 
Hic mckel-iron alloy “ permalloy *' is also characterised by a vanishingly 
'^nirill ‘‘jnagneto-striction ” effect. 

.Matfeucci discovered that if a bar of magnetised iron is stretcherl 
magnetisation is thereby increased, and this effect was further in* 
^‘“>tigated by Villari, who found that Matteucei’s result only holds if 
bar is weakly magnetised. If the bar is strongly magnetised the 
‘bet of stretching is to decrease the magnetisation. That is to say, 

' ere is a certain critical value for the magnetising force su(*h that 
’ctcliiiig the bar has no effect on its magnetisation. If the magnetising 
J'C is hflow this critical value, strrtrhiny the bar increases the magnet- 
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isation, whereas if the magnetising force is above this critical value, 
stretching the bar decreases the magnetisation. 

Joule a})f)ears to have been the first to observe that . a bar. of ^oii 
changes its length when magnetised, and Shelford Bidwell carried out 
a large number of exact investigations on this subject. In Fig. 12 are 
shown the magnitudes of the magneto-striction effect for the ferro- 
magnetic metals. It will be seen that the change of length invoked is 
extremely small, yet it is a characteristic magnitude for the individual 
metals. It is of interest to note that nickel contracts under all values 
of the magnetising foice, whilst in the case of iron the effect changes 
sign in the neigh I >urhood to from 100 to 300 oersted. 



As has been mentioned in the foregoing, the nickel-iron alloys an* 
of special importance, and ])articularly the one having 78-2 ])er cent, of 
nickel. In Fig. 13 are shown the magneto-striction effect for a number 
of such alloys of different percentage of nickel content. It will be seen 
that for a nickel content greater than about 81 ])or cent, contraction 
takes ])lacc for all values of the magnetising force, whilst for a percentage 
of nickel less than about 81, extension takes place for all values of the 
magnetising force. In the neighbourhood of the permalloy composition, 
therefore, the magneto-striction effect becomes zero. 

The re(‘iprocal I’clationship between the magneto-striction effect (i.e. 
the change of length due to magnetisation) and the change of magnet- 
isation due to loading is summarised in the following table for an iron rod 
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h ffcct of Magnetisation on 
the Length 


A 10(1 of iron becomes increased in length 
when magnetised in a weak field. 

A rod of iron becomes decreased in length 
when magnetised in a strong field. 


LJJect of Mechanical ^Stress on 
Oh Magnetisation 


Stretching a weakly magnet ised rod of iron 
increases its magnetisation. 

Stretching a strongly magnetised bar of 
iron decreases its magnetisation. 


In Fig. 14 is shown tlie effe(*t of loading a steel ro|)e wiie to ji stiess 
of 51,000 lb. per square inch, and in Fig. 15 tlie eQ>resjH>nding oftVet 
on the penneability. 



Fig. ir». 


Nickel-Iron Alloys 

Alloys having^^ecial characteristics when magnetised by wt^ak fields 
>H‘ of great importance for ])urposes of teleifiiony and telegrajihy. They 
iu‘ required for tlie magnet cores of relays and re(‘ording ajifiafatus for 
Inch only very weak cuirents are available. Their cardinal iniftortaneo, 
fi()\\(‘ver, is for the purpose of increasing the distribuU'd self-induction 
cables, and it may be said that some of the prohhuns of long-distance 
' oimnuiiication technique could only be solved when the alloys had 
'><‘(‘11 discovered which possessed the requisite magnetic (‘haracteristics. 
I’iius the damping of the travelling electric waves in a cable can be 
n duced by increasing the distributed self-induction of the cable, as was 
br.st shown by Heaviside, and, in consequence, the distortion is reduced 
^nd a higher speed of trtyrsmission becomes possible. For this ])urpose 
^uo methods have become available (^) the use of “ Pupin coil s ”, which 
insist of inductancs of suitable magnitude connected in series with the 
ible at regular intervals ; (ii) the Jtrarup method of wrapping round 
I he cable core throughout its length a wire or band of suitable magnetic 
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material, thus providing an additional distributed inductance to the 
cable (see Fig. 16). 

The necessary magnetic characteristics of material suitable for these 
methods of “ loading a cable are : 

(i) The highest ])Ossible initial permeability. 

(ii) Small hysteresis loss and high specific electric resistance. 

(Hi) The permeability must be as constant as possible over a range 
of magnetising forces from 0 to 0-1 oersted (see, for example, 
Fig. 8 (c). 

(iv) The maximum possible stability of the magnetic characteristics, 
that is to say, tlic permeability and the hysteresis loss must 
be as far as ])ossible independent of externally superimposed 
magnetic fields, whether due to direct current or alternating 
current. 




Fi(j. It). Fig. 17. 

The special magnetic qualities of nickel-iron alloys and, in particular, 
tlie high ])ermeability obtainable, were first pointed out by Panebianco 
in 1910, but no further progress was made until 1923, when Arnold 
and Elmen, as the result of exhaustive investigations with a view to the 
])roduction of suitable material for the Kraru]) winding, discovered the 
remarkable characteristics of the range of nickel-iron alloys. 

In Fig. 17 is shown the initial permeability, jliq, of a nickel-iron 
alloy as a function of the nickel content, and it will 1^ seen that in the 
neighbourhood of-JZS^jgr , nickel content the initial permeability 
reaches values of about 12,000 and nickel-iron alloys of nickel content 
corresponding to this high peak value of the curve of Fig. IJ are known 
as J^erm alloy Fig. 18 shows the hysteresis loops for armco iron 

andf^rmalloy re8])ectively, whilst Fig. 19 shows the permeability of these 
two materials as a function of the induction B. In Fig. 20 the permeability 
of permalloy is given for very low values of the magnetising force, and 
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the hharp curve shown by this diagram is a disadvantageous feature of 
|)ernialloy as regards its applications for certain purj) 08 es, as pointed 
out in what follows. 

For practical purposes two main types of nickel-iron alloys come 
cliicfly into consideration, vi7_permalloy with about 78 per cent, nickel 
lontent, and the alloy_ witJi about 50 per cent, nickel content and 
\iiri()u.sly known by the trade names of Invariat, H.i])ernik, and Copernik. 
P(>rnialloy is characterised by its extreme values of high permeability 
and low hysteresis loss ; thus, iiermalloy (', which is the softest mag- 



uctic material, is useil for telephones and other similar apparatus and 
has the following leading characteristics : 


liiifial ))(‘rrTU'a>)ihty ....... /Xy 

MMMiniun pfrmeability (i o. for H 0 ooi-stoti) 

'^ui unit ion induction density . . . Jhat 

‘ 'M H i\ t‘ lorct' .... .Hr 

f 1 \ v.t(‘rMsis lt)ss for B,„ajr 5,(M)() gauss 
if 1 C electrical resistance 


(i.OOO 
10(),()(>0 
9,000 gauss 
0 OJbl oersttsi 
.*“>0 ergs per c.o. pcir cycle 
21 microhms per cm. cube 


The advantages of the 50 ])er cent, nickel alloys are that, notwith- 
^t. lading the soinewliat lower values of //„ and permeability 

allows great eonstaney for k)w values of the magnetising force and, what 
i'" of particular importance, the saturation value is af)])reciably 
Ingher, so that for a given operating condition, a somewhat smaller 
naiisformer core is ])ossible. This 50 per cent, nickel alloy has the 
blither advantages that it is less sensitive to heat treatment and to 
oiechanical handling. The leading characteristics are : 
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Initial permeability . 

Maximum jHjnneability 
Saturation iiuluctioii (lorisity 
HystcroHiH Iohh for Umajc — 10,000 
RemanojKJo .... 
Coercive force . 

Specific electrical r('siHtanee 


/io == 3,000 
- 70,000 

B^t. == 15,500 gauss 

220 ergs per c.c. per cycle 
Br =» 7,300 gauss 
He -=* 0 05 oersted 

. 46 microhms per cm. cube 


A i)urcly binary alloy of nickel and iron, however, is comparatively 
little used in j)ractice. Usually, some additional element is included 
which in ea(*h case gives some special characteristic feature to the alloy. 
Such additional elements give either a somewhat more easily worked 




material or give an increased specific electrical resistance, or give a greater 
constancy of the permeability. Among such additional elements whicli 
are a])pro})riato for one or other of these ])urposes are copper, manganese, 
chromiiun, vanadium, silicon, tungsten,, cobalt, aluminium, and silv^ei 
The so-called “ Mumetal ” for example, has the following composition 
74 per cent. Ni : 20 per cent. Fe : 5 j)er cent. Cu : 1 per cent. Mn. The 
characteristic features of this material are stated to be that after cool 
ing from 600'^ C. the initial ])ermeability is 800 : after cooling from 
700"' C. the value of //q Is 2,600: and after cooling from 900® C. tlu‘ 
initial }>ermeability is //o = 7,000, with corresponding change of th< 
constancy of the permeability. The specific electrical resistance i' 
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((•2512in/mm®. A similar material with 70 per cent. Ni : 15 per cent. Fe : 
1.") per cent. Cu : showB the following of the permeability 

H = 0-001 oersteds . . . . . . /i = 6,300 

H = 0-01 ^ 6,800 

H = 05 = 7,400 

However important it may be to obtain the highest possible value 
of the permeability for weak magnetising fields, yet for many purposes 
(»f telephony and telegraphy technique the foregoing nickel-iron alloys 
are not suitable because, associated with the high values of the per- 
meability, is the fact that the permeability varies with the strength of 
the magnetising field, that is to say, the permeability curve such as in 
Fig. 20 shows a sharp bend. For certain purposes, it is essential that 
the permeability shall remain as constant as possible when the magnetising 
force varies. If, for example, the permeability varies with the mag- 
netising force, telephony by means of cables over long distances would 
})ccome practically impossible owing to the severe distortion which would 
take place in thfi^-wavc-form of the si)eech. A typical magnetic curve 
which shows constant permeability over a wide range of magnetising forces 
shown in Fig. 8 (c). One method for solving this problem is the choice 
of a suitable composition for the alloy, and a successful result is obtained 
with the tertiary system, nickel-iron-cobalt, the so-called “ Perminvar 
In Fig. 21 are given curves which show how successful this material is 
for the purpose in view. 

Magnetic Material for Pupin Coils 

The purpose of Pupin coils has been referred to already on ]>age ]9], 
and the most suitable constructional methods for these coils has been the 
>iii)ject of prolonged investigations. The earliest ty])e of the magnet 
<‘ore was sim])ly built up from transformer sheet material or from tape, 
or from wire of diameter usually from 0-1 to 015 mm. Instead of using 
magnetically soft material a change-over was soon made to hard steel 
''ire, and although this wire lias a relatively small value for the initial 
iKTineability it has the advantage that there is only a relatively small 
increase of permeability with increasing field strength. The next stage 
m the development was to subdivide the core by one or more air spaces, 
01(1 in this way a very small gradient was obtained for the magnetisation 
» urve, so that the permeability varied very little with the field strength 
of externally impressed fields. 

A notable improvement of the core characteristics was obtained by 
means of the “ cross-wire ” principle of building up the core, the mag- 
netic wire of the core being arranged in a direction at right angles to 
^ he magnetic field in the core. Eventually, the modem constmetion of 
' he Pupin coil was arrived at in which use is made of the so-called powder 
oi dust core magnetic material. The powdered magnetic material is 
nitimately mixed with insulating material (which also acts as a binding 
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medium) and the whole is subjected to high compression. By this 
means the eddy current loss becomes extremely small, although naturally 
tlie absolute value of the f)ermeability is very small in comparison with 
that of the magnetic material when in the solid form. In the following 
table is given a comparison of the magnetic properties of different types 
of construction of Pupin coils. 


W }ri wound fio an to 
form a /tiur/ (Utrv 


Powdrr (^orc 


“ Cross-Wirf ” 
Pi Off (\)rf 


MafjfutiH 
ifu/ t'ldd 
Sirffufth 


Oersted 


Soft Iron I Hard Sted 
Wire ' Wire 

1 


Meehan icnlhj 
Powdi red 
Matdia! 


Klertrohftic 

Iron 


Hard Sted 
Wire 



li 


li 

/A 

li 


li 

1 

B 


or» 

.57 

12.5 1 

30 

78 

20 

.52 

20 

1 

40 ' 



10 

100 

lOO ' 

83 

83 

.53 

.53 

41 

41 ' 

11 

11 1 

0 

1,170 

:ioo 

.300 

102 

10.5 

.5.5 

120 

4.3 1 

34 i 

11 5 

.50 

:i. 2 oo 

o:io ' 

00,5 

1.33 

20.5 

.50 

22.5 

4,5 I 

.58 

1 1 *. 

lo-o 

0,240 

021 1 

3,030 

303 

7,50 

7.5 

.510 

.51 1 

118 

11 s 

If) 0 

7,140 

48:i 

0,370 

12.5 

1,.500 

100 

840 

.50 1 

ISO ' 

120 

20-0 

7,000 

:io.5 

7,700 

.38,5 

2,280 

114 

1,200 

00 

241 

12 0 

40-0 

8,800 

220 

0.,52(> 

2.38 

4,040 

110 

2.720 

0.5 

170 

11 s 

(i0<0 

o,:ioo 

1 .5,5 

10,200 

171 

0,180 

10.3 

.3,780 

03 ' 

00.5 

11 0 

KO 0 

0,000 

120 1 

- 


7,200 

00 

4,880 

01 

— 


0 (» 

.5,o;io 

1 

0,0(K) 


2,270 


1,130 

__ 

44 


10 

.5,070 


0,7()0 


2,120 


1,0.50 


32 


0 

2,0(K> 


0,310 


1,770 


880 


10 


.5 0 

;i,ioo 


,5,080 


1,100 


720 


- 28 


10 0 

«),200 


00(> 


300 


240 

1 

102 


1,5 0 

7,200 


.5,070 


010 


480 


10.5 



This table defines the null magnetisation curve and the de magnet isiicj 
(*urve in eacli case and it will be seen that the core wliich is built up ol 
wire wound in ring form has a relatively high ])ermeability, but tlx* 
variation of permeability with the magnetising field strength is much 
too largo for the pur|)()se in view. The “ cross-wire ” core shows small 
])ermeability but great constancy of [)ermeability with varying ficM 
stnmgth, whilst the ])owder core shows relatively high ])ermeability and 
great constancy of the permeability for a wide range of values of th(‘ 
magnetising field strength. 

% 

Materials for Permanent Magnets 

The essential magnetic characteristics for the materials of which 
j)crmanent magnets are to be made are that they shall have the highest 
possible value of the remanenco induction and the highest possible 
value of the coercive force In accordance with the stress theory 
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of magnetisation, which was referred to on page 189, these requirements 
imply the greatest possible heterogeneity of the structure of the material 
and the consequent greatest possible internal stresses. The typical 
characteristic for a permanent magnet material is shown in Fig. 8 (6) 
and the portion of the demagnetisation curve which lies in the quadrant 
to the left of the positive ordinate axis defines the working range for 
such materials. The measurements necessary to obtain the demag- 
netisation curve can be made by means of the “ bar and yoke ’’ method 
which is described on page 202. 

In Figs. 22 (a e) are shown the demagnetising curves for a number 
of permanent magnet materials. If for any point such as C (Fig. 22 (a) ) 
the product B x H in found and then plotted (point F) in the quadrant 
to the riglit of the positive ordinate axis, a curve will be obtained which 
reaches a maximum value as indicated by (B x the correspond 

mg component values being denoted by B^^ and //q, respectively. It 
can be shown that this quantity (B x is a measure of the quality 

of the material for use for manufacturing permanent magnets. Further, 

the quantity gives the amount of energy in ergs per cubic 

centimetre of the material whicdi a magnet of suitable form can maintain 
in a space outside the magnet. 

In Fig. 23 are shown the values of {B x as a function of the 

maximum magnetising force for iron-cobalt-nickel steel ; 34 })ei‘ 

cent, cobalt-steel ; 10 [)er cent, cobalt-steel ; hardened spring-steel ; and 
a platinum -cobalt alloy. 

Magnets from 2 to 2-5 cm, thick can be made fairly homogeneous 
throughout the section, but for greater thicknesses the magnet quality 
rapidly deteriorates on account of the non-uniformity of the hardening 

])rocess, and consequently the values 
of the coercive force and the remanent 
induction fall to a serious extent 
from the characteristic values of the 
particular material which is used. 

As an exam])le of the practical 
significance of a high value for the 
quantity (B x Fig. 24 shows 

magnetos made from tungsten steel 
and from 34 per cent, cobalt-steel 
respectively, from which it will be 
seen that although cobalt-steel is 
much more expensive than tungsten 
steel, the smaller dimensions of the 
cobalt-steel magnet enables it to 
compete successfully with the tung- 
sten-steel type. 


Fe-Ni-Co-Tt 
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Magnetic Testing 

In what follows, throe of the more generally useful ‘nothods of mag> 
netie testing will be briefly described. 

(1) The Sample is in the Form of a (^losed Ring. — This method 
IS normally suitable for tests up to a maximum value of the magnetising 
force of from about 2«50 to 350 oersted. One of the chief advan- 

tages of this method is that no magnetic measurements are necessary to 
<letennine the value of the magnetising force. FuriluT, since there are 
no free magnetic poles produced when 
the ring is magnetised there will be no 
corrections necessary for the so-called 
“ self-demagnetising effect 

Fig. 25 shows diagrammatically the 
ring sample wound with a uniformly dis- 
tributed magnetising coil of Wi turns 
and a concentrated search coil of Witurnn. 

The length of the mean magnetic ])ath in 
t he ring is cm. , as shown in the diagram . 

If a current of Ji amperes flows in the 
magnetising coil, then the m.m.f. round 
the mean })ath is related to the magnetis- 
mg force H along the path by the equa- 
tion 



471 

Id 


Lwi = H.l„ 


H = l-257^ oersted 


(23) 


so that 
that is 

// = 1*257 (ampere-tums per centimetre length of the mean magnetic path) 
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Fig. 20 sfiows diagrammatically the circuit connections for obtaining 
{i) the null magnet isation curve, (ii) the hysteresis loop, (Hi) the calibra- 
tion of Ihe ballistic galvanometer (see page 206). 

I'est (?). The Null Magnetimiion Curve. — For this test the switch Q 
is kef)t closed so that the resistance is short-circuited, and the switch 
N, is f)lac(Hi on contact n. By adjusting the resistances E^ and E^ the 
eiim*nt in the magnetising coil M^. of the test sam])le is set by means 
of the ammeter Aj^j to the necessary value, so as to ])roduce the required 
maximum vahui of the magnetising force as calculated from 

equation (211), With the ballistic galvanometer short-circuited by the 
key K the current in the magnetising coil is reversed several times by 


OC SUPPLY 



means of the switch iSy., tlius bringing the magnetic condition of tlu' 
sample into a cyclic state, the i-eversing ])rocess finishing, say, with tin 
switch on the aa contacts. The galvanometer key K is then ])ressed so 
that the galvanometer is in series with the resistance E^, which has ])revi 
ously been adjusted by trial, to a suitable value, the swHch being 
closed, say, on the right-hand side contacts. The sw itch is then quickly 
moved over to the contacts hh and the galvanometer deflection noteil 
After the galvanometer has come to rest, the switch is moved quickly 
bac‘k to the contacts aa and the galvanometer deflection again noted 
The galvanometer sw’itch Nyy is then moved over to the left-hand side 
contacts and two further readings of the galvanometer deflection taken 
by repeating the two respective reversal operations of the switch so 
that in this w^ay jour galvanometer readings are obtained for the out 
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value of the current in the magnetising coil the mean value 0 of 
these four readings being then taken as the true deflection eorresj)onding 
to that j)articular value of the magnetising current. 

The magnetising current is now reduced by a suitable amount and, 
after reversing the current several times in order to bring the magucti(‘ 
condition of the sam])le again into the cyclic state, the mean value of 
the four readings of the galvanometer deflection which corresponds to 
this new value of the magnetising current is taken, and the procedure 
is then repeated with successively smaller values of the magnetising 
ciuTent. The method by which the galvanometer deflection 0 is (‘on- 
verted into the corresponding value of the induction B is ex])lnin(‘d on 
j)age 207 : that is to say, Test (///), is carried out by means of the air-core 
solenoid C and tlie search coil v shown in Fig. 20. 

Tkst {ii). The Ht/sferesis Loop. For this test, th(‘ resistan(‘c^s /f, 
and R, are adjusted with the switch Q closed so that the magnetising 
current corres])onds to the required value of H for the hysteresis 
loop, ancl after reversing the switch several times in order to bring 
the condition of the sample into the c\clic state, the v<ilue of is 

obtained, as has been explained already in the foregoing descri])tion of 
Test (/), and the corresponding values of and will then fix 

the position of the tip of the hysteresis loop wdiicb is showm in Fig. 27 
by the f)oint A. 

With the setting of the resistances and R> maintained throughout 
I lie test, the switch Bj, is ])Iaccd on the contacts aa and the short - 
(ircuiting switch Q is oj)ened. The resi.stance R^ is then adjusted so 
that the current show'n by the ammeter /4, corresponds to some suitable 
\alue //,, see Fig. 27, of the magnetising force. The swit(*b Q is now 
closed and, after reversing several times to ensure that the magnetic 
< ondition of the samjde is again brought into a cyclic state, the reversing 
process is finislicd with the switch left on the contacts an. The galvano- 
meter key K is now pressed and the switch Q quickly ojiened, thus reducing 
the current in the magnetising coil by the predetermined amount to 
correspond to the magnetising force //,. From the deflection of the 
g<dvanonieter due to the opening of the switch, the resultant reduriion of 
the indu(‘tion, is found in accordance with the prOc(*dur(5 

explained in the foregoing descri])tion of Test (/), so that the new value 
of tlie induction and the new' value of the magnetising force II ^ tc^gether 
define the ])oint P on the descending branch of the hysteresis loop as 
•''ho wn in Fig. 27. By repeating the procedure with a new adjustment 
of tlie resistance R^ so as to give a smaller value of the magnetising force, 
other points on this branch of the hysteresis loop are obtained, the 
point V being given when the current in R, is indefinitely large, that 
I'' to say. the point V is obtained by sim])ly moving the reversing switch 
from the contacts aa to the off position. 

For points on the portion VG of the descending branch of the loop 
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the general procedure, as already explained in the foregoing, is followed, 
with the exception that the reversing process which is carried out with the 
switch Q closed is now to be finished with the switch left on the bb contacts 
and, having previously adjusted the resistance Ri to a suitable value, 
when, after finishing the reversing process, the switch *^22 is on the bh 
contacts, the switch Q is opened and the switch moved quickly over 
to the aa contacts, so that in effect the magnetising current in the winding 
Me is changed from the full value in one direction to something 
less than the full value in the opposite direction, and in this way, points 
on the descending branch of the loop, such as D, are obtained. From 

the branch AVO, the op- 
posite branch 0 ViA is then 
easily drawn by plotting, 
for example, Pp = Pip, 
and so on, for other points 
such as Fi, Di, Pj. 

(2) The Bar 'and 
Yoke Method. — In many 
practical cases it is not 
convenient to prepare, in 
the form of a closed ring, 
a sample of the material 
which it is desired to test, 
and more frequently the 
sample is available in the 
form of a straight bar or 
rod. A convenient feature 
of this method of testing 
is that the magnetising 
coil and the search coil 
are comprised by the yoke 
system, and it is conse- 
quently uimecessary to s}>ecially wind both magnetising coil and search 
coil for each new 8ani})le, as is the case when the sample is in the form 
of a closed ring. 

The sample may conveniently be about 30 cm. long, and in the form 
of a rod, having a diameter of about 0*6 cm. : in the case of a bar a 
section of about 0-5 x 0-5 sq. cm. is suitable. The sample is arranged 
in combination with a special magnetic yoke system to form a closed 
magnetic circuit as shown in Fig. 28, the sample being firmly clamped 
betw'een the two halves of the yoke. In this way the self-demagnetising 
effect of the ends of the sample is eliminated. It is essential that the 
yoke shall be of high permeability, of a high specific resistance, and 
small magnetic viscosity. A suitable material is soft iron alloyed with 
from 3 to 4 per cent, silicon, or better still, a 60‘per cent, nickel-iron 
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alloy. The cross-section of the yoke must ^ ^ x 

he sufficiently large, and for a sample of the y' . ^ ^ 

cross-section given -in the foregoing, the see- ^ ^ 

tion of the yoke should be about 2 x 50 sq. ' , 

cm. ('are must be taken to ensure that ^ ^ ' 

good magnetic contact shall be maintained yj ' ^ ^ . 

between the yoke and sample throughout 

the end portions which are calmped between 

the two yoke halves. 

The magnetic testing circuit is the same 
as that shown in Fig. 26, and the general 
procedure for carrying out the test is iden- 
tical with that described for the ring samjile 

of the Method (1), the magnetising coil and the search coil Wi of 
Fig 28 corresponding respectively to the coils and of Fig. 26. 

(3) Method of Measuring the Magnetic Potential between 
T\\() Points on the Surface of the Test Sample. 

The methods of magnetic testing which have been considered in the 
loregoing pages give the values of the induction B by direct measure- 
ment. The “ magnetic potential ’* method, however, provides a means 
for the direct measurement of the magnetic intensity H. In many cases, 
Jl can be calculated from the m.m.f. of the magnetising coil as has been 
(*\])lained already in the foregoing, viz. : 

H = = iw oersted . . . (24) 

where IW m the total number of ampere-turns in the magnetising coil 
<ind iw is the number of ampere turns jier cm. length of the magnetic 
(ircuit. This simple calculation gives satisfactory results when the 
magnetic circuit is of uniform cross-section and of the same material 
throughout its path as for example, is the case when a ring sample of 
uniform section is being tested. 8uch a calculation fails, however, when 
the path of the magnetic circuit comprises a sudden change of per- 
meability as for example, when it contains an air-gap or when there is 
‘ large diminution of section in some part of the path. In such cases, 

^ lie magnetic intensity H will be different at different parts of the mag- 
netic circuit because free magnetic poles will be developed, the effect 
t>t which would not b© included in the calculation. In such cases there- 
fore, it is desirable to be able to determine the magnetic intensity by 
^lirect measurement and this can be done by means of the “ magnetic 
potential meter 

This appliance comprises a long flexible coil of wire the cross-section 
>f this coil being constant throughout its length. The coil section may 
oe rectangular or circular, as may be found to be convenient, but in 
tny case, the section must be small in comparison with the non-uniformi- 
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ties of tlie magnetic field under test. The winding of the coil is so 
an’anged that tlie two leads which are to be connected to the balUstic 
galvanometer, emerge from the middle of the coil. Such a coil may then 
be used for measuring directly, the magnetic potential between any 
two f)oints of a magnetic circuit. That is to say, for the measurement 
of the m.nj.f. })etween any two such ])oints (see Fig. 29), by suddenly 
withdrawing the (*oil out of the field and observing tlie consequent 
“ throw ” of the ballistic galvanometer. 



In order to obtain the calibration constant of this apjiliance, it is 
necessary to make use of a coil A (Fig. 30) of a known mimber of turns 
and which is carrying a known current. The magnetic ])otential meter 
flexible coil /i (Fig. is then arranged to link with the calibrating 
coil A so that the two ends of the flexible coil frame come together as 
shown in Fig. 110. The known current in the coil A is then reversed 
in direction and the consequent ballistic throw (9 of the galvanometer 
is noted. If the calibrating coil A has ir turns and the magnitude of 
the current which is reversed is I amperes, then the calibration constant 
of the e(piipinent is. 


f _ r})er 1° deflection of)^ 

m.m. • — ^ ~ I galvam meter J 



If then, the equipment is used to measure the value of 1/ for any 
given samjile, and tlie galvanometer deflection so obtained, is 0, then 
the measured value of the magnetic potential will be 


m.m.f. = ^ {OAjtwI) ergs (i.e. oersted-cm.) . . (26) 
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Procedure for carrying out 
(in actual Test. — Suppose in 
Fig. 31 a semicircular core of 
non -magnetic material, such as 
vulcanised rubber, is uniformly 
wound from end to end with a 
known number of turns of in- 
sulated wire. If this wound 



Fiij. 31 . 


(*()re is now arranged on a bar magnet as shown in Fig. 31, then the 
total magneto-motive-force round the broken-lino path will he zer(>, since 
no magnetising ampere-turns are anywhere linked with this \K\i\) (see 
also pages 179 and 219). That is to say. 


I 


li 

A 


Hdfi along the path in the core 

— - f Hds along the path in the bar magnet . 

J B 


(27) 



Fig. 32 . 


If now the eiid.'. ah of the vul- 
canised rubber core w inding of 
Fig. 31 are connected to a galvano- 
meter, the mean value of II may be 
measured by the procedure which 
has been described already in con- 
nection with e(|uation (27). 

In Fig. 32 is shown diagram- 
inatically a system of connections 
by means of which this method 
may be ai)])Iied to the measuremont 
of the null magnetisation curve 
and the hysteresis loop of a strip of 
sheet material. This strip bridges 
the two arms of a U-sha])ed yoke, 
and a magnetising coil C is wound 
on the transverse limb, as shown 
in the diagram, 'flic sanifile is 
provided wdth a search coil I) of a 
known number of turns. The cur- 
rent in the exciting coil G may be 
adjust(‘d by means of the resistance 
E and the current in this coil can 
be reversed by means of the switch 

S. A ballistic galvanometer (I is 
conne(*ted to a change-over swdtch 

T, so that when the switch T is 
on the contacts ab the magnetic 
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potential coil J is connected to the galvanometer and the galvano- 
meter deflection 0, which is obtained when the magnetising current in 
the coil (j is reversed, is then a measure of the magnetising force H. 
When the switch T is moved over to the upper contacts, the search 
coil D is connected to the galvanometer and the deflection obtained 
when the current in coil C is reversed is a measure of the magnetic induc- 
tion B in the sample. The hysteresis loop may also be determined by 
means of the same switching procedure as has been described already 
with reference to Fig. 26. 

Calibration of the Ballistic Galvanometer 

In Fig. 26 is shown a long straight solenoid C having an air core and 
uniformly wound with turns per centimetre length, and by means of 
the switch /S'g this solenoid winding may be placed in series with the 
d.c. supply and the reversing switch A search coil v is wound with 
a total number of turns, the winding being of mean cross-section A 
sq. cm. and is arranged coaxially with the solenoid and near the central 
point of the axis. This search coil will be seen to be permanently in 
series with the search coil tCg of the test sample. 

Now it is known from other considerations (see Chapter VIII, p. 218) 
that the magnetic intensity in the neighbourhood of the central part of 
the axis of a long straight solenoid is defined by the equation 

ampere-turns ])er centimetre 
length of the solenoid 

oersted, that is 

// ~ oersted ..... (28) 

when the current fiow’ing in the solenoid winding is I amperes. 

Suj)])ose that when this current is reversed, the galvanometer deflec- 
tion is 0, which, when corrected for damping, becomes G ; the method 
of making this correction will be explained in what follows. Then it 
can be shown that (see page 227) the quantity of electricity discharged 
through the galvanometer is, 

Q = \ J & coulomb . . . (29) 

r , 10** k iTi 



where r ohms is the total resistance in the galvanometer circuit including 
the search coils v and t/’,, 0 maxwells is the magnetic flux linked witli 

the search coil v, ^ is a constant of the galvanometer, and t seconds 


is the time of one complete oscillation of the galvanometer (see also 
Chapter X, page 341). Now when the solenoid current is 1 amperes, 
the corres|)onding value of the magnetic flux which is linked with the 
search coil r will be 


= H.A = ^Iw 


yA maxwolls 


. (30) 
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where A sq. cm. is the cross-section of the search coil v 
so that from equation (29) 

^ ^ 

k 'In r.l0®.61 


(31) 


and this gives the ballistic galvanometer constant G. 

Hence, when a magnetic test is made on a sample as shown in Fig. 26 
and the galvanometer deflection (when corrected for dami)ing) is 61, then 
the corresponding value of the induction will bo given by means of 
equation (31), viz., 




OQ gauss 


(32) 


where F sq. cm, is the cioss-sectional area of the sam]fle. Since all the 
quantities on the right-hand side of the equation (31) are known, the 
corresponding value of the magnetic induction B can be found at once. 

As regards the relationship between 
the observed deflection 0 i of the gal- 
vanometer and the corrected deflection 
(61), it is to be observed that if the 
deflection during a series of successive 
swings of such a galvanometer is 
j)lotted as a function of the time, a 
damped sine wave will be obtained 
such as is shown in Fig. 33, in which 
: O 3 : . . . indicate the respective 
amplitudes of the successive swings in 
t he same direction of the galvanometer 
scale. It can then be shown that the true deflection corrected for damp- 
iiig is given by 

0 = 0,^1 +1^ (33) 

wliere 





(34) 


here n is the number of galvanometer swings as, for example, in Fig. 33, 
uhere n = 3. 


riie quantity X is termed the “ logarithmic decrement ” (see also 
('hapter X, page 341). 



Chapter VIII 
ELECTRO-MAGNETISM 

/ 

Oersted’s Experiment 

I N JH19 the DaiiiHh ])liysi(*ist Oersted diseovered tliat-a-wir© caiTviiig 
an electric current is surrounded by a magnetic field due to the 
current. Supposi^ in Fig. 1 a wire is held in the magnetic meridian 
so that it is ])arallel to, and a little distance above, a compass needle. 
If an electric current is caused to flow through tlie wire in the direction 
from south to north the needle will be deflected so that the N -seeking 
(i.e. red) pole moves towards the uest, whilst if the current ih the wire 
flow\s from north to south, the red pole of tiie needle will be deflected 

Fiif 1 . Fi(f. 2 . 

towards the east. If, however, the current-carrying wire is })la(*ed below 
the compass needle, the corresponding directions of movement of th(‘ 
needle will be opf)osite to those which are obtained when the wire is 
above the needle. 

The following rule gives the relationshi]) between the direction of 
the current in tlie conductor and the direction of the magnetic force 
due to the current (see also Fig. 2) : 

Imagine a right-handed scnir with it ft axift in the conductor and pointing 
in the direction in which the current is flowing. The direction of the lines 
of forc( is th( same as that in which the screw must be turned to cause it 
to advance in the direction of the current. 

Now suppose that a long wire is bent to a coil of rectangular shaf)c 
and placed with its [dane in the magnetic meridian (Fig. 3), a compass 




Fiy. 


needle being supported in the plane of the rectangle. If a current 
flows round the coil in the direction shown, it follows from what has 
been said in the foregoing, that the action of the current in both of 
the horizontal sides of the rectangle as well as the two vertical sides 
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will deflect the red pole of the needle to the west. If the coil is wound 
with a number of turns and the current is maintained at its original 
value, each additional turn of the coil will increase the magnetic* action, 
that is to say, the deflecting effect on the compass needle will be ])ro- 
portional to the product of the magnitude of 
the current and the number of turns in the coil. 

If the current is measured in amperes, the 
magnetic force exerted by the coil on the com- 
])ass needle will be proportional to the number 
of “ ampere>turns ” in the coil. 

Suppose in Fig. 4 the circle A represents 
the trace in the plane of the paper of a long 
straight conductor which is perpendicular to 
the ])lane of the paper and is carrying a cur- 
rent of i amperes flowing in the direction away 4 . 

fi om the observer, as indicated by the symbol 0 . 

Then it can be shown (see also expression (6), ])age 213) tint the magnetic 
force on a unit positive magnetic pole placed at any jioint P which is 
distant r cm. from the axis of the wire is 

^ = ^lOr • • • • 

and this force \vill act in a direction at right angles to the line AP as 
shown ill Fig. 4. The ex])ression (1) should be coinjiared with the 
(oiresponding expression (9) in Chapter III for the electrostatic force 
due to a charged long straight wire, it being observed that in the case 
of the magnetic force defined by the expression (1) the system is jilaced 
111 a medium of wdiich the magnetic ]>ermeability is /^ — 1, that is, the 
( onditions which hold for air. 

Since the force has the same magnitude at all iioints at a given 
distance r cm. from the centre of the circle A, it follows that the lines 
of magnetic force are circles which are concentric with the conductor A. 
In Fig. 5 is shown a series of such lines of force, the intensity of the 
magnetic forces associated with the resjiective circles being given by 
t Ik‘ values II : 2H : 4tH : 8/f oersted. 

An experimental proof that the magnetic force due to a long straight 
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conductor in which a current is flowing is inversely proportional to the 
distance r from the axis of the conductor, was devised by Maxwell as 
follows. The conductor is arranged in a vertical position as indicated 
by A in Fig. 6, which shows a plan view of the arrangement. A light 
carriage of n<^-magnetic material is suspended so as to be free to turn 
round the conductor as an axis. It is found that when a magnet is 
secured to this carriage and a current is flowing in the wire, there will 
be no couple tending to turn the carriage round the conductor, and 
this is true whatever the position of the magnet on the carriage may 
be. Assume, for example, that a thin uniform bar magnet, NS in Fig. (i, 
is used. This magnet may be regarded as composed of two equal and 
opi>osite magnetic x>oles fixed at its extremities. Let and be the 
forces on the respective poles, each force acting at right angles to the 
plane through the conductor and the poles. If Vi and are the distances 
of the N and S {)ole8 respectively, from the conductor, the couple tending 
to turn the magnet (and hence also the carriage) round the conductor 
will be — F/ 2 - The actual experiment, however, shows that this 
resultant couple is zero, so that 

F. n 

or the forces are inversely proportional to the distances of the pole 
from the conductor. 


The Magnetic Force at the Centre of a Plane Circular Coil and Due to a 
Current in the Coil 


Fig. 7 represents a circular coil of one turn arranged x^erpendicular 
to the plane of the i)aper, the radius of the coil being r cm. A current 
of i am})eres is assumed to be flowing in the coil in the direction away 
from the observer, as denoted by the symbol 0, and towards the observer 
as denoted by the symbol © (see also page 229). It can be shown (se<‘ 
page 4) that the force at the centre F is given by the expression. 



Fig. 7 . 


F == ~ dynes . . . . (2) 


and is directed as shown in 
The intensity of the force 
centre of the coil can be de- 
termined by means of the 
solid angle which is sub- 
tended at the point by the 
coil as explained on page 215. 
Fig. 8 shows the lines of mag- 
netic force in a diametrical 
plane which is perpendicular 
to the plane of the coil AB. 


the diagram. 

at any i)oint other than the 



Fig. 8 . 
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Laplace Formula (see also Chapter I, page 3) 

Laplace showed that the experimental results obtained by Oersted, 
Biot and Savart, and Maxwell, could be summarised by the formula, 

F = ds.H sin d dynes . . . • (3) 

where i amperes is the current strength in an element of conductor of 
length»&9 cm. which is placed in a magnetic field of strength H oersted, 
and 6 is the angle between the conductor element and the direction of 
the field intensity H as shown in Fig. 9 (a). The direction of the force 
will be at right-angles to the plane which contains the conductor element 
ds and the direction of H as shown in Fig. 9 (a). The force will be a maxi- 
mum when 0 — 90° in which case the direction of H will be at right- 



Fig. 9 {a). Fig. 9 (b). 


angle to the conductor element ds as shown in Fig. 9 (/>). Now suppose 
in Fig. 10 an element of conductor ds is carrying a current of elec- 
tromagnetic units and that a unit magnetic N j)oIe is ])laced at P, then 
the force on the unit pole will be, 

P = ^ ^ . (5.9 . sin (!? == \ ^-.ds.ninO dynes . . (4) 

•'here r is the distance CP and 0 is the angle between the conductor 
<nid the line CP, it being observed that the lines of force due to the 
unit pole are radiating straight lines. The intensity of the magnetic 

iorce at C will therefore bo dynes. Since the force which is exerted 

on the unit pole by the current element is equal and opposite to the 
fi>rce exerted on the current element by the unit f)ole, the expression (4) 
"ill also define the force on the current element. Now consider a circular 
conductor of radius r cm. and assume a unit magnetic pole to be placed 
ut the centre P of the circle. * The lines of force will be uniformly dis- 
tributed straight lines, as shown in Fig. 11, and will be everywhere 
right angles to the current-carrying conductor, that is, the angle 0 
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/ 


/ 


0 ^/ 



/’/r/. 10. 



of the expression (4) will be 9(f . The total force on the unit })ole will 
then be . 


i 

Ojo 


L 

10 


1 , 2n I 
(is = 

r 10 


dynes 




when i is the current in amperes. 


If, now r = 1 cm. and F =- 27z dynes, then 


= 1 and this relationship 


defines the absolute unit of electric current in the electromagnetic c.g.^ 
system That is to say, the elecfromagnetic r g s. unit of current is that 
current v^hich, when flowing in a plane circular conductor of 1 cm, radius 
will act with a force of 27 t dynes on a unit magnetic pole placed at the centa 
of the circle. This is e(|uivalent to saying that each centimetre length 
of the conductor will exert a force of 1 dyne on the unit magnetic pol(' 
at the centre of the circular conductor (see also page 4). 

For technical pur})oses, the unit of current is the ampere, the relation 
ship between the electromagnetic absolute unit and the technical unit 
being 

10 amperes == 1 electromagnetic c.g.s. unit. 

A general consideration of units will be found in Chapter 1. 


^ The Electromagnetic Force at a point P distant a cm. from an Infinitely 
Long Wire which carries a Current of i Amperes 

In Fig. 12 is shown a straight wire AB which is assumed to extend 
to an infinite distance in each direction, and it is also assumed that 
the wire is carrying a current of i amperes. Consider a unit magnetn 
pole at P which is distant a cm. from the wire so that the wire is situated 
in the magnetic field of this unit pole. The force exerted on a current 
element ids of the wire, which is r cm, from the unit pole, will be [h} 
expression (4)] 

F — ’ dsH sin a = * dsH cos 0 dvnes, 

10 10 ‘ 
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uhere H — oersted and is the intensity of the magnetic field at the 

place occupied by the current element ids. 

The total force on the wire Mill then be 

r** i C'' ^ 1 

= 2 1 H cos Ods — I cos (ids, 

J«=o 10 loj, , 

but - = cos 0 : 

r 

1 dO r2 

so that - == sec 2 0 : ds dd, 

a ds a 

from which it is seen tliat the total force on the Mire Mill be 

2 / 1 2 / 

F ~ \ QOsOdO =- (ivn(*s . . (6) 

lOJo a lOr/ ‘ ^ 

and this is alsQ^the force magnetic at P due to the current in the Mire. 
This result should be com])ared with tlie (‘orrespontli’‘g ex])ression for 
the intensity of the electric field at a point in the neighbourhood of 
a uniformly charged straight wire of infinite length |Cha])ter III, ])agc 83J. 



I 

B 


The Electromagnetic Force and the Elec- 
tromagnetic Potential at a Point P 
Due to the Current in a Coil in the 
Neighbourhood 

Fig. 13 shoMs a cross-section of a 
])Iane circular coil JVM of radius a cm. 
and Mdiich is assumed to be set Mith its 



Fig. 12 . 


Ftg. 13 . 
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plane at right angles to the plane of the paper. The current of mag- 
nitude C electromagnetic units is assumed to flow in the direction shown 
by the signs at N and M respectively. If a unit magnetic pole is placed 
on the axis of symmetry at P, where PN is r cm., then the force on the 
pole due to an elementary length ia cm. of the coil at, say, N will be 
given by the Laplace formula of page 3, viz. 

F = 1^(7 Sa dynes, 

and the component of this force in the direction of the axis of symmetry 
will be 

F' ~ ^ C da sin a dynes, 

r2 

so that the total resultant force at P due to the whole length of the 
coil will be 




r2na (J 


(Is = 2nC sin a -„ = 


( 7 ) 


The work done in moving the unit magnetic pole at P through a small 
distance dx cm. along PG will be 


dV = ^dx ergs, 

r 

dx = d{OP) = d(a cot a) = 

^ ' sm^ a 


where 

and = sin a, 

r 

so that dU = 2716^ sin a da ergs . . . . (^) 

If the unit magnetic pole is brought along the direction of the axis of 
symmetry PO from an infinite distance to the point P, the position 
of P being defined by the angle a, then the work done wdll be 


U = \ 27iC sin (xdoL = 27iC[\ — cos oc ) . 

Jo 


00 


Again, for a coil QT, Pig, 13, which carries the same current O and 
subtends the same angle a at P, but for which the distance PT = Ti cm. 

and the radius is cm., so that — = ~ == sin a, then the force at P 

ri r 

due to this coil will be 


r2jta, 1 


so that 


dsi 


2nC sin* a 


dynes. 


Porce at P due to the current C in coil NM _ 
Force at P due to the current C in coil QT r 


(10) 
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The work done in moving the unit magnetic pole at P through a small 
distance 

dx == d{ai cot a) == 

' sin2 a 

is 

^{7 = 2n( f^- ^ = 2nC sin a da 

sin^ a 

that is 

U = 27iC(l — cos a), 

and this is the same value as has been found already [see equation (9)] 
for the electro-magnetic potential at P due to the current G in the coil 
NM, 

If the unit magnetic pole is brought from an inlinitc distance to the 
centre 0 of the coil NMy that is, to the position for which the angle 
a = 90°, the work done will be 

U = 27iC ergs . . . • (H) 

Now the solid angle D which is subtended at the ])oint P by the coil 
NM is given by the relationship 

Q _ Area of the spherical segment N DM 
471 Area of the sj)her© of radius r 

that is 

D _ 27rr^(\ — cos a) 

471 47rr^ ’ 

or 

= 27r(l — cos a) ...... (12) 

From a comparison of the exj)ressions (9) and (12) it will be seen that 
the work done in moving the unit magnetic pole along the direction 
PG from an infinite distance to the point P is given by 

TJ n /Change of the solid angle which is subtended/ . 

^ ^ |atthe magnetic pole by the circular coil ' 

If the unit magnetic pole is moved in the direction PG from infinity and 
passes through the coil to infinity in the opposite direction, the total 
c hange in the solid angle which is subtended at the magnetic pole by 
the coil will be given by the expression (13), viz. 

U = 47iC 

If the coil has w turns then, 

U = ^Cw=‘^^^iw .... (14) 

where C is the current in electromagnetic e.g.s. units and i is the current 
in amperes. This is the expression for the magneto-motive force round 
any closed path which is linked once with a coil of w turns and carrying 
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a current of C electromagnetic units. This same expression is derived in 
a different way on page 219. 

The com])onent of the magnetic force in any direction a; at a point P 
and due to a current-carrying coil in the neighbourhood is given by 
the expression 

Hj. ~ oersted . . . • (L">) 

^ dx • ^ 

that is to say, the magnitude of the component of the force in any 
dirortion x is equal to the rate of fall of the electromagnetic potential 
in that direction. The total magnetic force at any point P, therefore, is 

II ^ oersted . . . (Li) 

L J max 

and a('ts in that direction in which the potential gradient has a maximum 
negative value. The foregoing results are identical in form with those 
which have been obtained with respect to an electric field of force (see 
])ageH 98 and 100). 



Fhj. 14 . Fi(j. 15 . 


As a corollary to the foregoing results it will be seen that the electro- 
magnetic ])otential at a point P due to a ciiiTent-carrying coil in tlic 
neighbourhood will be the same for all coils such as A and P, as shown 
in Fig. 14, which carry the same current and wdiich subtend the same 
solid angle at P. 

The Work Done in Moving a Current-carrying Conductor in a Magnetic 
Field 

Supj)ose the magnetic field is of uniform intensity H oersted and 
the conductor is placed in a ])lane wdiich is |)erpon<licular to the magnetic 
field as is show n in Figs. 15 and 16. The mechanical force acting on 
the conductor will then be 

F = H.l.a === H.l^ dynes . 


(17) 
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Fig. 16. 


where I cm. is the length of the coiuiuctor, 
C is the strength of the current in electro- 
magnetic units, and i tlie strength of the 
current in amperes. If the conductor is 
allowed to move under the action of this 
force through a distance d cm., then the 
work done on the conductor will bo 

ergs (18) 


Rcferenc^e to Fig. 16 will show that the quantity Hid rejiresonts the 
total number of magnetic lines cut by the conductor during thv^ move- 
ment so that the work done during the movement will be given b\ the 
e\])reSvSion 


(Total number of lines cut) x (Current in amperes) 

ergs . (16) 


As w^ill be seen later, the energy necessary to perform this w^ork is 
derived from the source which su])plies the current to the conductor, 
since tlie movement of the conductor in the field induces an e.m.f. in 
tlic conductor which opfioses the flow and hence, in order to kee]) the 
current strength constant during the movement, the ]).d. which is ajiplied 
to the conductor must be increased corresjxmdingly. 

If the field intensity is not uniform the same result is arrived at by 
considering elementary portions of the conductor moving through small 
tractions of the distance, so that the general statement of the result 
can be expressed as follows : 

If a conductor carryint^ a current of i amperes cuts 0 unit magnetic 
lines of magnetic force, the w^ork done during the movement is 

ergs (20) 

V' 

Mutual Force between Two Long Parallel Conductors in Each of which 
a Current is Flowing 

Suppose in Fig. 17 the two conductors A B are each carrying a 
c urrent' of / amj)eres and are placed at a distan(‘e of r cm. ajiart. The 
intensity of the field at B due to the current in A is, (see page 213) 

2i 

H lines per square centimetre. 


riie force on the conductor B carrying a current of i amperes and situated 
2i 

ni a field of intensity is, (see ex])ression (17), page 216) 

~ dynes per centimetre length of conductor. 
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It will be clear that there must also be an equal force on conductor A, 

f i\^ I 

so that the total force on each conductor will be — j X -dynes, where 

I cm. is the length of each conductor. If the current flows in the same 
direction in each conductor the force will be one of mutual attraction, 
whilst if the currents flow in opposite directions the force will be one 
of repulsion. 


Example. — If a current of 100 amperes flows in euch conductor and the 
conductors are 3 inches apart and 100 yards long, then the mutual force 
between them urill be 


2 X 


104 X 3,600 X 2-54 
102 7.02 


= 2-4 X 10® dynes — 0-54 Ih. weight. 
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Fi(j, 17. Fig. 18. 


The Magnetic Force at the Middle of a Long Solenoid 

Suppose the solenoid is wound with w turns per centimetre length. 
the total length of the solenoid winding being I cm. The magnetic 
force at the point P due to the current in the element dx of the solenoid 
winding (Fig. IS) distant x cm. from the mid-point P, is 




10 (a 2 -|- 


w dx dynes, 


where i amperes is the current strength and a cm. is the radius of the 
solenoid winding. The total force at P due to the whole solenoid will 
therefore be 


• f //2 


1/2 


10 (a^ + x^) 


[\/2 


w dx ~ 271 




dynes. 


If a is small in comparison w ith h the force acting on a unit magnetic 
jiolo at P will be 


^71 ~w dynes. 
10 


That is to say, the intensity of the magnetic field at P is 
H (oersted) 

= —{ampere-turns per centimetre length of the solenoid} . (21) 
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This result is of great importance in practice, as, for example, in the 
(\ilibration of a ballistic galvanometer (see Chapter VIT, j)age 206). 


Magneto-motive Force Round a Closed Circuit which is Linked with a 
Current-carrying Conductor 


It has been seen from expression (20), page 217, that when a con- 
ductor in which a current of i amperes is flowing is cut by 0 unit magnetic 

lines of force, the work done in the process is ergs. 

It is a matter of indifference whether the conductor cuts tlic lines 
by reason of the magnetic flux moving or the conductor moving, or 
both conductor and flux moving. 

Now consider the electric circuit shown in Fig. 10 in which a current 
of i amps, is flowing, and assume that a unit magnetic ])ole P i^ earned 
once round the closed circuit linked with the 
electric circuit and shown by the broken line 
curve in Fig. 19. Since a unit magnetic pole 
(jives rise to 4n unit magnetic lines of force, then 
if the pole is carried once round the closed looj) 
which is linked with the electric circuit, each of 
the 4jr lines will cut the electric circuit once. 

Hence the work done in carrying the unit pole 



once round the closed loop is 47r, 

^ 10 


ergs. 


If the 


Fuj U). 


electric circuit has %v turns in series and the closed loo]) links the whole 
of the w turns, the work done is 


^^iw ergs (22) 

I'he work done is independent of the* actual j>ath taken in making the 
journey round the closed loop so long as the path only links once with 
t lie circuit. 

The work done in traversing the closed loop with unit magnetic 
f'ole is the magneto-motive force round the loop and is usually written, 
Ju.m.f. Hence — 

AJl 

The magneto-motive force round the path of a single closed loop is 
times ampere-tums linked with theloop [see also page 216, expression (14)J. 

This is an extremely important result and, for example, forms the 
basis for the design of the magnetic circuit of electrical machines and 
apparatus. 

Now the work done in carrying a unit pole round the magnetic 
circuit may also be stated as the sum E(H ,1), where H is the intensity 
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at any the circuit and I cm. the lenj^th of the part of the circuit 

over which tlic force has the value II. so that 

\.w ^ }:(II.l) or iw E(II.l) . . . (2:1) 

In order to find the value of the magnetic flux produced by any given 
value of the ampere-turns iw, it is necessary to plot a curve connecting 
flux and am])ere-turns by assuming different values for the flux ancl 
calculating the corres])onding values of 0*8 ZH .1. If the path of the 
closed loop is not wholly in air but ])asses f)artly or wholly througli 
magnetic materials, the results stated in the foregoing still hold because 
the work done in carrying a unit magnetic j)ole round a closed palli 
in a field due to magnetised bodies is zero, just as the work done in 
carrying a unit electric charge round a closed path in an electrostatic 
field is zero. Hence: whatever materials the closed loop may jjass 

4t7t . 

through, the fnagneto-rnotire force is x (mnpere4urns) linked with th( 
loop. 

Example. — As an example of the ajipli cation of this result the 
magnetic circuit of a two-pole dynamo will be considered, as shown 
in Fig. 20. The poles are marked N and S, and on 
each pole is wound an exciting coil. The magnetic 
flux passes from the N pole, across the air-ga]), 
through the armature, across the second air-gap, 
through the S j)ole, and divides into the two halves 
of the yoke, thus completing the magnetic circuit to 
the N ])ole. 

The total flux of magnetic induction is constant 
at any cross-section of the circuit (neglecting an} 
leakage which jiasses from the sides of the ])oIcs 
into the sides of the yoke). 

Hie induction density at any cross-section of the 
circuit is obtained by dividing the magnitude of the flux by the cross- 
section. Having thus determined the value of the induction B at dif* 
ferent parts of the circuit, the corresjionding values of H are read oil 
from the B-H curves such as are given, for example, in Oha]>ter VI. 

Then, if i is the current in amperes in the exciting coils and w the 
total number of turns in series, the m.m.f. round the magnetic circuit is— 

For this example it is assumed that the cross-section of the magnetic 
circuit in j)oles and yoke is the same. 

The cross-section of the yoke is the sum of the sections of the two 
limbs through which the total pole flux passes. 
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The following numerical values have been assumed, viz. : 

Area of air-gap, = 100 sq. cm. 

Length of double air-gap, = 0*4 cm. 

Total cross-sectional area of (iron) armature, — 75 sq. cm. 
Length of the mean path of the flux in the armature, /,, = 17 cm. 
Cross-sectional area of (steel) poles and yoke, A^ = 50 sq. om. 
Total length of the mean path of the flux in poles and yoke, 1y = S8 cm. 

The area of the gap is taken as being twice tlio area of tlie poles, 
it being assumed that pole shoes are fitted but are not shown in 
Fig. 20. 

In tlie following table, a aeries of values of total flux X ih taken 
and the corresponding values of the ampere-turns cahmlated. 


Flu c 
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Hy 
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15 
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42 
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soo.ooo 
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10,040 

3 
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27 2 

3,200 

51 

2,400 

5.>)51 

4,521 


I 


The results are ])lottcd as a curve in Fig. 21, from which it is possible 
to read off the value of the total flux for any given value of the exciting 
ampere-turns. 
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Magnetic Reluctance 

If 0 is the flux of induction in a magnetic circuit which consifits 
of different media it has been seen that the magneto-motive force is 
given by the expression — 

m.m.f. =YQwi = (HA + HJ,, + HjL, ■ • •). 

where Hi is the intensity of the magnetic force along a path of length 
Zj cms. and similarly for H2\H^. . . . 

0 

ft I Aifti 

whore sq. cm. is the crsss-sectional area of path of Zj. 

Similarly ^ 


But 


= = 


H, = 

A^fiz 


(24) 


Hence m.m.f. - + -7-* + — h • • •!• 

10 [Aifii A^fH A^fi:, J 

From a comparison of this equation with the analogous one for the 
electric circuit, viz. : 

e.m f. = current x resistance, 


the quantity 


' -f 

_A ifii A^fit A 2ft 3 




(25) 


has been termed the relucUince of the magnetic circuit, and consequent!} 
the following relationship holds, viz. : 

ni.m f. ~ flux X reluctance. 

The reluctance of any part of a magnetic circuit of which the length 
is Z cm., the cross-section A sq. cm., and the permeability is /i, is — 

/ 

Ay 

For example, consider an electromagnet, as shown in Fig. 22. 

If Zj cm. is the length of the magnetic circuit in the iron and cm 
the length of the gap, and if A sq. cm. is the area of the circuit — 


^71 


10 


wi 


4^ + '*] . 

[Afi, ^ 


(26) 


the permeability of the air-gap being unity. 

For values of flux density in the iron below, say B = 15,000 (sec 

Chapter VIT) the value of fiy will be large and will be relativeh 

A ft I 

negligibly small as compared with and hence the m.m.f. is almost 
entirely used in driving the flux across the air-gap. 
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Fig. 22. Fig. 23. 


Electro-magnetic Induction 

In Fig. 23 is shown a stretched wire, AB, connected to a galvanometer, 
6', so that a closed circuit is obtained. A wire, CD, is arrajiged ])arallel 
io A B and connected through a switch to an accumulator cell. When 
a steady current flows in the wire CD no deflection of the galvanometer 
needle is to be observed. When the switch is being closed, however, 
the galvanometer shows a momentary deflection and then comes to 
rest. When the switch is being opened again, the needle again shows 
a momentary deflection and then comes to rest, tlie deflection when 
opening the switch being in the opposite direction to that which is 
obtained on closing the switch. A current is therefore induced in the 
circuit of A B only when the electrical condition of the neighbouring 
circuit CD is disturbed, that is, when the current in CD is (‘hanged. 

If the current in CD flows in the direction from C to D when the 
switch is closed, the deflection of the galvanometer will correspond to 
a current flowing in A B in the direction from A to B. When the switch 
is being opened (that is, when the current in CD is being sto})])ed) 
the deflection shown by the galvanometer will (jorrespond to a current 
llowing in AB in the direction from A to B. This electromagnetic 
induction effect between the two circuits is due to the variation of the 
magnetic flux in the neighbourhood of the wires when the current is 
being altered. It has already been seen on page 208 that wlicn a current 
hows in a wire such as CD in Fig, 23, a magnetic field is established 
in the neighbouring space, the lines of magnetic force being closed con- 
centric circles. When the current is being started in CD the magnetic 
held may be considered as becoming established by the lines of force- 
^‘xpanding outwards from the wire CD and linking the circuit of which 
AB is a part, thus generating an e.m.f. in the circuit of AB, Wl^^en 
the current in CD has become steady, the magnetic field associated with 
this cyrrent also becomes steady and the condition is then reached 
that a magnetic flux is linked with the circuit of AB, and so long as 
this flux is steady, no e.m.f. will be induced in the circuit of AB, 

When the current in CD is being stopped, the magnetic field due 
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to the current simultaneously disappears and this may be considered 
as taking [dace by the lines of force shrinking and eventually collapsing 
on to the conductor (^D. In thus shrinking, the flux linked with the 
(‘ircuit of AR becomes withdrawn, and during the withdrawal of the flux 
an e, 7 n.f. ifi induced in the circuit of AB. the direction of this e.m.f. being 
oj)posite to that which is induced when the magnetic field is being 
established, that is, when the lines of force were expanding. 

By revolving a given circuit at different speeds in a magnetic field 
Faraday arrived at the following result : 

In a circuit, any part of which moves across lines of magnetic induction, 
an e.m.f. is induced which is proportional to the rate at which the numhei 
of lines linked inth the circuit changes. 

Lenz’s Law 

Almost immediately after Faraday’s discovery of the principle of 
electromagnetic induction, Lenz gave the rule by wliicli the direction 



of the induced e.m.f. could be determined, and this rule is generally 
known as I^enz’s Law, viz. : 

The direction of the induced e.m.f. is always such that, by its electro 
magnetic action, if hnds to oppose the effect which produces it. 

Thus, in Fig. 211, vhen the switch is being closed and the current 
started in CD, an e.m.f. is induced in AB in a direction such that it 
tends to prevent the magnetic field due to the current in CD from linking 
with the circuit AB, hence the current induwd in AB will be in the 
opposite direction to that started in CD. When the switch is being 
ojKjned the stoppage of the current in CD will induce an e.m.f. in the 
circuit of AB in a direction such that it will tend to oj)2)ose the with- 
drawal of the flux linked with AB, hence the current induced in A B 
will be in the same direction as the current which flowed in CD before 
opening the switch. 


Further Examples of Electromagnetic Induction 

In Figs. 24 and 25 NB is a permanent magnet and C is a short-circuited 
coil of insulated wire. If this coil is threaded quickly over the N-pole 
of the magnet (see Fig. 24), a current will be induced in the coil during 
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the movement, the direction being such that it will oppose the flux 
of the magnet from becoming linked with the coil. If the coil is now 
(juiekly withdrawn from the position shown in Fig. 25, a current will 
be induced in the reverse direction to that shown in Fig. 24, and Ijcnz's 
law shows that the direction of the current induced in the coil during 
the withdrawal will be as shown in Fig. 25, w4iether the coil bo removed 
by drawing it off the N end or the S end of the magnet. 

In Fig. 26 a coil is shown, wound on an iron core and connected 
thfough a switch to an accumulator battery of low^ e.m.f., say 30 volts, 
and across the terminals of the coil is connected a filament electric 
lam}), say, for example, rated at 100 volts. When the switch is closed 
only a very small current will flow' in the lamp filament, which will 
therefore remain dark. When the switch is oj)ened, how'ever, the electro- 
magnetic induction is such that it tends to maintain the flux linking 
the coil, and an e.m.f. is thereby induced which may be sufficiently 
large to cause the lamp to glow. If the lamp were removed, the electro- 



Fuj. 20 . 



(a) (b) 


Fig. 27 . 


magnetic action would be such as to caus(‘ a substantial s})ark to })ass 
inoss the switch contacts when breaking the circuit. 

The Magnitude of the E.M.F. which is Induced by Electromagnetic 
Action 

In 1831 Faraday established the conditions under which electro- 
magnetic induction takes j)lace, and in 1845 Neumann gave an expression 
the magnitude of the induced e.m.f. The law of electromagnetic 
induction may be stated as follows . 

Whenever the Jiux of magnetic mducHon which links a circuit is changed, 
e.m.f. is induced in the circuit of magnitude equal to the rate of change 
the magnetic flux and acts in such a direction as to tend to 'prevent that 
change of flux. 

It is to be noted that, in so far as the induced e.m.f. is concerned. 
It is only the relative movement of the circuit and the flux linked wliich 
natters, and it makes no difference whether this relative movement 
orres}ionds to a stationary circuit or to a stationary field. 

Q 
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Suppose in Fig. 27a the magnetic flux linked with the coil at any 
moment t is If 0 varies, then an e.m.f. e will be induced in the coil 

such that e ^ electromagnetic units. If there are w turns in the 

di 

coil closely wound so that each turn embraces the whole of the 0 lines, 
then, 

d0 

c = w ^ electromagnetic units . . . (27) 

dt * 

The negative sign in this expression means that the direction of the 
induced e.m.f. is such that it tends to jirevent the change in the numbei 
of lines which are linked with the coil. Thus, in Fig. 27a the flux 0 is 
assumed to be diminisliing so that the induced e.m.f. produces a current 
which tends to jirevent 0 from diminishing. In Fig. 276 the flux 0 is 
increasing so that the induced e.m.f. produces a current which tends to 
])rcvent 0 from increasing. The exjiression (27) for the induced e.in f 
leads to the definition of the electromagnetic unit of e.m.f. as follows 
The eleclrcmiagnettc nnit of c.w./. (or 'pAl.) is that e.m.f. induced in a 
coil of one (urn by a flux of magnetic induction linked iinth the coil and 
chmging at the rate of 1 c.g.s. unit magnetic line per second. 

For jiractical jmrjioses, however, this unit is far too small and con- 
sequently, a unit one hundred million times (10^) as large as the electro 
magnetic unit is used and is termed the volt, that is (see also Chapter 1, 
Table II, page 8) 

1 volt = 10^ (electromagnetic units of e.m.f. or p.d.) . (28) 

It is seen, therefore, that an e.m.f. of 1 volt will be induced in a con 
ducting coil of one turn through which the flux of magnetic induction 
is varying at the rate of 10” c.g.s. unit lines ])er second. Using the 
same symbols as before, 

c = — ^f^lO ” volts 
dt 

for a coil of one turn. If the coil has %v turns, each of which is linked 
with the whole flux 0, then, 

d0 

e = ~w- 10“® volts .... (210 

dt ^ 

Quantity of Electricity Set in Motion by Electromagnetic Induction 

Suppose a closed circuit such as that shown by the coils in Figs. 21(f 
and 276 has a resistance of B ohms and is linked with a steady magnetu 
flux of 0 c.g.s. lines. If this flux is then withdrawn from the coil oi 
alternatively, if the coil is removed from the neighbourhood of tla* 
flux, an e.m.f. e will be induced in the coil such that 

1 d0 
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for a coil of one turn, and consequently, a current i will flow round the 
coil where 


i 


R 


amperes. 


A quantity of q coulombs of electricity will therefore ])ass round the coil 
circuit such that, . , 


that is, 


_ * f" 


(i<P coulomb 


= R, 10 « 


where <P is the total change of flux \shich is linked with the coil. If 
the coil has turns each of which is litiked with the flux <I> then the 
({uantitv of electricity wdiicli Avill ])ass round the (‘ircud of tlie coil wdll be 

0 IV 

7 = ^ .... (30) 

Electric Generators 


In Fig. 28 is shown a conductor placed in the magnetic fleld between 
two ])oles N and S, the axis of the conductor being ]>erpendicular to 
the direction of the field as shown 
m the diagram. The conductor 
IS connected to a wire of resist 
a nee R ohms so as to form a 
cIos(m 1 circuit and the length of 
the pole face perj)endicular to the 
plane of the j)a])er is / cm. The 
magnetic intensity of the field 
between the poles is H oersted, 
and the conductor is moving 
])arallel to itself with a velocity 
of r cm. per second. At anytime 
/ the distance of the conductor tz; 

from the upper edge of the pole Fnf, l>s. 

is X cm. Then the flux linking 

the circuit of the moving conductor at the time t will be 

0 e.g.s. lines .... (31) 

The magnitude of the e.m.f. which will be induced in the circuit 
will then be 



e 



HI dx- 
10« dt 


IJlv 


volts 


(32) 


The direction of the induced e.m.f. is such as to tend to op])Ose the 
movement w^hich produces it, hence the current which will flow in the 
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circuit of the moving conductor and the resistance R will be (Fig. 28) 
directed tow^ards the observer because such a current will produce a 
flux which, when suj)erpo8ed on the magnetic field due to NS will give 
a resultant intensity which will be greater in front of the conductor and 
less behind the conductor than the intensity of the original field due to 
NS as shown in Fig. 29 (see also Fleming’s Rule, Fig. 31). Since, however, 
a characiteristic feature of the magnetic lines of force is that they tend 
to straigthen out, it will be clear from Fig. 29 that the magnetic field 
0 })[) 08 rs the downw^ard movement of the conductor. The same result 
is arrived at if it be c*onsidered that the e.m.f. induced in the conductor 
when cutting across the lines of force and may be stated as follows : 

The e.m.f. which is induced in a conductor when cutting across lines 
of nmgnetir induction at the rate of 0 unit lines per second, has the magnitude 
0.10 ® volts. 



The conception that the induced c.m f. is due to the conductor 
cutting across the lines of force is most convenient for application when 
considering the case of a generator or a motor. When dealing with 
transfornuTs, liowever, the cliange of flux linked with the circuit is the 
more convenient method of applying the formula for the induced e.m.f. 

If a conductor moves in any way in a magnetic field, the induced 
e.m.f. is given by tlie rate at which it cuts the lines of force. Thus, 
in Fig. 30, if the lines of force are parallel to the plane of the paper and 
the conductor is perpendicular to the plane of the paper, and if the 
conductor is moved parallel to it.self with a velocity of centimetres per 
second, in the direction shown in Fig. 30, then the induced e.m.f. will be 

e — (Hh’ sin 0)10 ^ volts .... (33) 

wdiere I cm. is the length of the conductor and H is the intensity of 
the magneti(‘ field. Generally stated, the magnitude of the e.m.f. 
induced in the element dl cm. of a conductor which is moving across 

a magnetic field is, where is the rate at which the elementarv 

10” dt df 

length (V cuts across the lines of magnetic induction. 

A very convenient rule for determining the direction of the induced 
e.m.f. in a conductor w^hich is moving across a magnetic field is Fleming’s 
“ Right-hand Rule ” ; 
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Let the thumb, fe^efinger, and the middle finger of the right hand be 
placed mutually at right angles as shoum in Fig. 31. Let the thumb point 
in the direction of movement of the cotuluctor relatively to the magnetic 
field, the forefimjer in the direction of the field, then the ' middle finger will 
point in the direction of the induced 
e.m.f. g 

This rule is easily remembered by ^2 

noting that the word “ thumb ” con- 
taining the letter “ m indicate the 
direction of motion, the fore-finger in- 
dicates by the letter “ f ” the direction 
of the magnetic field, and the middle induced 
finger indicates by the letter “ i ” the f m.f 
direction of the induced current (observ- 
ing that the technical symbol for cur- 
rent is the letter “ i ”). 

It is to be carefully noted that the 
“ direction of motion in this rule is 
the direction of motion of the conductor relatively to the field. Thus, 
for example, if the field is stationary and the conductoi* moves, say, 
from left to right, the induced e.m.f. is in the same direction, as is the 
case when the conductor is stationary and the field moves from right to 
left. In both cases the direction of movement of the conductor relatively 
to the field is from left to right. 

A very useful convention for diagrammatically lepresenting the 
direction of the current and e.m.f. in a conductoi’ is as follows : If the 
conductor is assumed to be [>erpendicular to the plane of the pa|)er, 
a current directed towards the observed is denoted by the sign @, which 
is intended to rejiresent the jioint of an arrow moving towards the 
observer. If the current is directed away from the observer, this is 
denoted by the symbol ®, which is intended to represent the feather- 
head of an arrow' moving away from the observcir (see, for examjile, 
Figs. 29, 30, and 32a). 

Example. — As a numerical exainjilc of the magnitudes of the difR^rent 
fiictors which are involved in the formula (32) for the magnitude of the 
generated e.m.f. in a conductor, sui)])ose the conductor is 50 cm. long, 
the flux density is H = 10,000 oersted, and the velocity of the conductor 
is 30 metres per second, that is, 3,000 cm. j>er second. Assuming that 
the direction of motion is at right angles to both field and conductor, 
a.s shown in Fig. 29, the induced e.m.f. will then he 



/'it/. ;n. 


_H.Lv _ 10,000 X 50 X 3,000 ^ 


Now suppose in Fig. 32a that a coil of rectangular shai)e is arranged 
fcio that it can rotate about an axis perpendicular to the plane of the 
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pole sides, XS, the arrangement being shown in perspeetive in Fig. 326. 
Ijet the coil 1 k‘ driven at a speed of n revs, per second and let 2r em. 
be fhe length of the side of the coil which is in the plane of the ])a])er, 

the area of the coil thus being 21. r sq. 



cm. If H oersted is the intensity of the 
magnet field, the flux through the coil 
when inclined at the angle 0 to the 
vertical (Fig. 32a), will be 
0 — 2l.r.H cos d 



(a) 


F^g. 32 . 




If ttie time t is measured from the moment at which the coil is in the 
vertical j)osition, then 0 — 27inl, so that 

0 = 2/.r.// cos 27t nt. 

The magnitude of the induced e.m f. will therefore be, 

e = , ^ , ~ .n .1 .r sm 2mi .t 

10» (It 10» 

that is e ~ 27t?i\i) ^0,„a, «in 6 volts . . • 

where 0fnax 1^ fbe maximum flux which is embraced by the coil- that 
is, the flux through the coil when its ])lane is at right angles to the field, 
in wdiieh ease 0 — 0. It is seen, therefore, that the e.m.f. varies as a 
sine function of 6, under the assumption that the angular velocity of 
the coil w = 2mi radians per second remains constant. The e.m.f. wave 
as obtained is shown in Fig. 32a as a function of the time t. The same 
result will of course be obtained if the e.m.f. is calculated from the rate 
at whicli eac’h conductor of the loop cuts the lines of force. 

In practice, in order to obtain in an efficient manner, a strong magnetic 
field, the coil is wound on an iron core which revolves between the pole 
pieces, a small gap being thus formed between the core and jiole faces 
as shown in Fig. 33. If the length of one of the active coil sides is I cm. 
the velocity r cm. per second, and the intensity of the magnetic field 
is H oersted, then the e.m.f. which will be induced in the coil side will 
bo ///rlO volts. If the core is driven at a constant sj)eed — that is, 
if r is constant — it wdll be seen that the e.m.f. will be proportional to 
//, the intensity of the magnetic field at that point in the gap at w hich 
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the coil side is placed at the instant considered. The wave of e.in.f. 
induced in the coil shown in Fig. 33 will then be as shown in that diagram. 
Instead of connecting the ends of the coil each to a separate slip-ring, 





F}(j. 34 . 


sup])()se a single slip-ring is cut into two equal ])arts, these two parts 
being mounted on the axle of the core, so that they are insulated from 
each other. Let the two segments be connected respectively to the 
ends of the coil as shown in Fig. 34. If two brushes be arranged dia- 
metrically opf)osite to each other and on an approximately horizontal 
axis as in Fig. 34, it will be seen that when a coil side is under the N polo 
it is connected to the brush marked — , and when the coil side ])asses 
to a position under the S pole it is connected to the brush marked 4 , 
The negative brush is thus maintained in contact with that coil side 
which is under the N pole and the positive brush with wdiichevor coil 
side is under the 8 })ole. The polarity of each brush thus remains the 
same as the coil revolves. The e.m.f. developed between the brushes 
will then be as shown in Fig. 34 and is therefore mn -direct tonal. 

7’his split -ring collector device thus rc(*tifies the alternating e.m.f. 
v^ave shown in Fig. 33, so that the uni-directional wave of Fig. 34 is 
obtainefl, and the arrangement of Fig. 34 is tlnis capable of giving a 
current which will always flow in the same direction. The s])lit-ring 
collector is thus a very sirnjde form of cofnmvtator . A single coil and 
a two-segment commutator arrangement as shown in Fig. 34 is not, 
however, a practicable arrangement sin(*e the e.m.f. varies from a maxi- 
mum to zero twice* during every revolution of tlie coil. 

A practical form of direct-current generator is show n diagrammatically 
in Fig. 3,1, in w hich a number of coils wound on a laminated iron ring 
and displaced relatively to each f)ther are connected in series so as to 
form a closed circuit, the assembly of iron ring and copper coils being 
then known as the ‘‘ armature ” of the machine. From each coil a 
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tapping is brought to an insulated seg~ 
ment of the commutator and the two 
brushes are placed diametrically op- 
posite to each other and on that axis 
whi(5h is ])erpendicular to the magnetic 
axis of the ])oles. For the direction of 
rotation of the armature and the direc- 
tion of the magnetic field as shown, the 
right-hand rule of Fig. 31 shows that 
the uf)])er brush will form the negative 
terminal and the lower brush the posi- 
tive terminal. Thce.m.f. wliich is induced between the brushes in such a 
machine may be calculated as follows : Let 0 be the total flux measured 
in c.g.s. lines which j)asses from the N pole to the S pole of the machine 
field system. Let Zi b(‘ the total number of active conductors on the 
surface of the armature, that is, lor the case illustrated in Fig. 35, Z =■ Uh 
and let n rvs. per second be the s])eed at which the armature is driven. 
It will be clear that each (‘onductor will cut 0 lines in half a revolution 

of the armature, that is, in second. The mean rate of cutting of 

2n 

the linos of forego by each conductor will therefore be 



0 

p 


— 20n lines per second. 


and the moan c.m.f. induced in each conductor will then be 


20n 

108 


volts. 


Since there are 


Z 


conductors in series betw^^t^ii the brushes, the mean 


e.m.f. induced between the brushes will be 


20,7uZ 
1(T8 X 2 


0.71. Z 
10 « 


volts 


(36) 


If the armature is wound with a relatively small number of coils 
in series and a correspondingly small number of commutator segments, 
the e.m.f. induced between the brushes will pulsate considerably above 
and below' the mean value. If, however, a large number of coils are 
an*anged in series betw'een the brushes and a correspondingly large 
number of commutator segments provided, the mean e.m.f. will ap])roach 
more closely to the actual e.m.f. at any instant : in other words, the 
pulsation of the e.m.f. at the brushes becomes relatively insignificant. 


Energy Involved in Generating an Electric Current 

It has been shown on page 217, expression (20), that in the case of a 
circuit in which a current of i amperes is flowing, then if the magnetic 
flux which is linked with the circuit is caused to change by an amount 
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0c.g.s. unit lines, the mechanical work expended in j)roducing the change 
of flux linked with the circuit will be 

^10 "" ^108 

If the flux linked changes at the rate of 0 lines per second, the mechanical 
j)ower expended will be, 

0i,lO~8 joules per second, i.e. watts. 

It has been shown, however, that the e.m.f. induced in the circuit 
when the flux linked with the circuit changes at the rate of 0 lines 
])er second is 

c = 010 8 volts. 

Hence the mechanical work expended iji ])roducing the change of flux 
through the circuit in which a current of i amperes is floA^ing is c./ vatts. 

If the resistance of the circuit is R ohms (see also Fig. 28) the electric 
f)Ower dissipated in heating this resistance is as 8ho\\ n on page 50, 

i^R e.i Wyatts, 

so that for the arrangement of Fig. 28 the mechanical power exjiended 
m driving the conductor across the field is (•om])letely accounted for 
by the electrical energy which is dissipated in the form of heat in the 
circuit resistance. 


The Electric Motor 

In Fig. 36 the conductor AB is jdaced in a uniform magnetic field 
of intensity H oersted and a current of i amperes is passed through the 
conductor from a battery (;f which the e.m.f. is E volts. If the con- 



B 


ductor is stationary and the resistance is R ohms, then by Ohm's Law 
E ~ i,R and from the results given on page 216 it will be clear that 
there will be a mechanical force F acting on the conductor such that 

Z’ = dynes .... (37) 

where I cm. is the length of the conductor, w^hich is actually situated in 
the magnetic field. Suppose now that the conductor is free to move and 
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that it develops a velocity of v cm. |>er second under the action of the 
force F. An e.m.f. will be induced in the conductor since it is cutting 
across magnetic lines and the magnitude of this e.m.f. will be 

^ == ^108 “ .... (38) 

The direction of this induced e.m.f. will, by Lenz’s Law, be such that it 
will oppose the effect whi(‘h produces it, and in this case it will therefore 
reduce the current i and hence reduce the force to which the movement 
is due. Hence the resultant e.m.f. in the circuit will be 

{F e) volts ..... (30) 


and the current will be i amperes, where 

{E e) = i.Ii . . . . (40) 

For the relative direction of current and field shown in Fig. 3fi, the 
direction of F wdll be from loft to right. The direction of the force E may 
be ascertained by an a])plication of the “ right-hand rule ” of Fig. 31, 
it being observed that the induced e.m.f. will o])pose the current. 
(Jenerally, however, the more convenient rule for relating the factors 
involved in the case of an ele(‘tric motor is Fleming’s “ left-h/tnd rule ” 
as follows : 

Place the thumh, forefvger, and middle finger of the left hand muhialhi 
at right angles as shown in Fig. 37. If the forefinger points in the direction 

of the field and the middle finger in the direction 
p of the current, then the thumb will point in the 

direction of the force which will act on the con- 
5^1 duct or — that is to say, the direction in which the 

conductor will tend to move. 

It will be seen, therefore, that the “ left- 
hand rule ” applies for the conditions of a,motor. 
whilst the ''right-hand rule'' applies for the 
conditions of a generator. 

Now if the mechanical force on the con- 
ductor, w hich is electromagnetically developed 
for the conditions shown in Fig. 30, is F dynes, 
the mechanical power which will be developed 
for a current of amperes will be 



Fig. :n. 


Fv ergs per second, i.e. 


F.v 

1()7 


w\atts. 


wdiere v cm. per second is the speed at which the conductor is cutting 
across the magnetic field. Substituting for F from equation (37) gives 
the mecliani(‘al power developed by the motor as 


H.l.i.v 

10 »‘ 


w'atts, 
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and substituting for e from equation (3S) it is seen that the ineelianieal 
power developed ^^ill be 

e.i watts . . . . . (41) 

The induced e.m.f. e of the motor is termed the “ back c.m.f."' of the 
motor, and the difference between the e.m.f. E of the battery and the 
back e.m.f. e of the motor is the pressure which is absorbed in driving the 
current of I amperes through the resistance of the wiiole (*ircuit of battery 
and conductor of total value R ohms. 

Any direct -current generator udl run as a motor if the field system 
is excited and current is supplied to the armature winding Thus, in 
the case of the machine shown in Fig. 35, if the lov\er brush is (‘oiinocted 
to the positive ])ole of a battery and the upper brush to the negative }K>le, 
current will flow in the armature winding in the jeverse direction to that 
A\hich is shown in Fig. 35, but the direction of rotation of the armature 
which is now' due to its action as a motor will remain the same as that 
sliown in Fig. 35, as will easily be seen by a[)plying the left hand rule. 
Tlic mechanical power developed by this motor wih [hen be 

e,i = {V i-Ra)f watts . . . * . (42) 

w here V volts is the ]).d. apfilit^il to the brushes and R^^ ohms the resistance 
of the armature winding. If the armature revolves at a sjieed of n revolu- 
tions per second, the torque t will be givmi by the ecpiation 

T.27TN - (.1.10’ ergs per sec. . . (43) 

wliere r is measured in dyne-centimetres so that 

c i 1 0 c . i 

r — * * dyne-centimetres ’ kg.m. 

27Tn ' "Inn > 9- HI 

ir T is measured in lbs. -feet, then 

T - o ils'' ' Ibs.-fl (44) 

n 

As a numerical exanijjle, suppose the length of the conductor which is 
111 the magnetic field as sliown in Fig. 30 is 50 cm. and that a current 
of 100 amperes is flowing in the conductor, the intensity of the magnetic 
lield being H ~ 10,000 oersted. The force on the conductor will then be 

F -= 10,000 y X 50 — 5 10® dynes - 11-2 lbs. -weight. 

10 

If the conductor is fixed to the surface of a cylindrical core of 2 feet 
diameter the torque on the core will be r — 11*2 ft. -lbs. — 1.55 kg. in. 

Inductance or Coefficient of Self-Induction 

Su})pose a coil of w turns’is carrying a current of i anifieres and that 
the magnetic flux 0 e.g.s. lines due to this current is linked with the 
whole of the w turns, then the product 0.wiH termed the “ flux-linkages ’’ 
of the coil. The number of flux-linkages jier ampere is then 
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i 


■ ( 45 ) 


and this quantity is a measure of the inductance of the coil. The practical 
unit of indui’tance is the henry ” and is defined as the fiux-linkages 
per ampere divided by 1()“. That is to say, the inductance of the coil 
of w turns which is carrying a current of i amperes, and each turn of the 
coil being linked with tlie flux 0 e.g.s. lines is 

j ^ henry .... (40) 

/ X 10« 


If the whole of the flux 0 is not linked with all the turns of the coil (as 
will usually be tlie case in practice), then the coeflicient of self-induction 
is given by the expression 


10*^. i 


henry 


(47) 


wliere the flux is linked with turns and the sum of the products 
such as 0jc.Wy. is taken to include all the turns of the coil. 

Example - Suj)pose a ring of iron is uni- 
formly wH>und with an exciting coil as shown 
in Fig. 38 and on pages 19 and 178. The 
cross sectional area of the iron is .4 = 6 sq 
cm., the mean length of the ])ath of the mag- 
netic flux in the ring is / = 20 cm. and the 
number of turns in the exciting coil is = 190. 
The magnetisation curve for the iron is that 
shown in Fig. 4, page 181. 

The relationship between the magnetising 
current i amperes and the corresponding 
magnetising force of H oersted is given b;v 
the exjiression (191), viz. 

r/ 7 

Fig . 38. 10 



so that 


„ 1-26 X 190. . , , 

// = , 7 = 12 i oersted. 

20 


If the current in the coil is i == 015 ampere, then H = 1*8 oersted and 
the corresponding value of the induction density as obtained from the 
curve of Fig. 4, page 181 is B = 9,200 gauss. Hence the inductance 
for this jiarticular value of the magnetising current is 


0.W _ B.A.w 
lOH ~ lO^i 


9.200 X Ox 190 
015 x 108 


henry. 


It is to be observed that if there is no magnetic material in the neigh- 
bourhood of the coil, the coeflicient of self-induction will be constant and 
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independent of the magnitude of the current. If, however, there is 
magnetisable material in the neighbourhood of the coil, the inductance 
will depend upon the strength of the current i and the magnetic char- 
acteristics of the material (see also page 181). 

It will be seen from the foregoing, therefore, that the induetame of 
a coil measured in henry is eqiuil to the number of jiux-Unkages of the coil 
per ampere divided by 10®. 

If the current is varying, there will be a back e.m.f. induced in the 
coil of magnitude (see page 226) 




d/^\ 


volts 


. (48) 


and since from expression (214) — Li, it folk'ws that 


e = - •= - volts . . . (4!>) 



Hence an alternative to the foregoing definitior. is the following : 
The inductance of a cqU in henry may be defined as 
being numerically equal to the induced e.m.f. in rolfs 
when the rate of change of the current is one ampere per 
second. 


Mutual Inductance or Coefficient of Mutual Induction 

, Suppose there are two coils, 1 and 2, as shown in Fig. 
3S, each having a concentrated winding, viz. coil 1 has 
Wi turns and coil 2 lias turns. Assume the coils are 
arranged in close association as diagram ?natically indi- 
<*ated in Fig. 39 and such that, when a current flows in 
either coil, the magnetic flux so produced will be linked 
with all the turns of the other coil. For e\am])le. if a 
current of amperes in coil 1 produces a flux 0i which 
is linked with all the w’j turns of coil 1 as w ell as with all 
the «/’jj turns of coil 2, then the flux-linkages j)er ampere 

of coil 1 will be \ 

'oil will be 

_ 01. M*, 

10»/i 

fhe corresponding flux -linkages of coil 2 will then he 


so that the inductance of this 


henry 


-O 


Fiy. 39 . 


0iW’s 


. (50) 

and ...this 


<iuantity is a measure of the mutual inductance ” of the two coils, that 
IS to say, the coefficient of mutual induction of the two coils will be given by 

0lWi 


M 


iilO® 


henry 


(51) 
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Similarly, if a current of i, amperes in coil 2 produces a flux 0, which 
links with the whole of the w, turns of this coil as well as with the whole 
of the Wi turns of coil 1, then the mutual inductance of the two coils will be 

.... (.^.2, 


If now, is the reluctance of the ])ath of the magnetic flux due to 
the current in either of the coils 1 and 2, of Fig. 3S, then from ex])rcs 
sion (26), on page 179, 




(•>••«) 


so that from cross-multiplication of these two expressions 

0pc2 __ 02^’! 

/, ?2 


(r>4) 


It is seen, therefore, that the two exjiressions (T)!) and (52) for tlu' 
mutual inductance are identical. Stated in words, tlierefore, the “ 
inducianev ” or “ coeffiri(tif of 7nHtu(tl induction " of two coils ineasurcd in 
henry is equal to the (Jlux-linicaqes) ^ 10 ^ of cither coil when a curnnl of 
1 ampere is Jlowinq in th( other coil. 

Further, since 

/ __ 

' ’ /j.lO" 


M -= 

/,.10** 

it is seen that, for the conditions of Fig. 3S, in which all the flux due to 
a current in one coil is assumed to be linked with all the turiif^i of the 
other (*oil, 


and consequently 





w^\ 

W’J 


~ L 1 .L 2 or M ~ x'Li.Lz 


(55) 


(56) 


and this is the highest value of the mutual inductance w hich two coib 
can have. When this condition holds, the “ coupling coefficient ” of the 
two coils is said to be unity or, otherwise stated, the “ coupling factor ” i- 


k = 




= I 


( 57 ; 
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Now suppose, as is generally the ease in practice, that the two coils 
arc sejmrated so that when a current is flowing, for example, in coil 1, 
the \Uiole of the flux so produced does not link with all the turns of 
coil 2. It will be clear tliat whilst in such a case the (*oeflicient of self- 
induction of each coil remains unaffected by the se[)aration of the two 
coils, the coefficient of mutual induction will be reduced— that is to say, 
the coupling factor will now’ be less than unity. In this case, therefore, 
the ex})ression (55) may be written (see Fig. 39) ; 

(L. - = m '"'' 

M's 

(is - -S's) =- 

u\ 

that is, (L, ,S',)(Ls - -S's) = J/- 

where 8-^ henry is the “ coefficient of leakage induction ” of coil 1 and 
^2 henry is the “ coefficient of leakage induction ’’ of coil 2, so that 


M — \ {Ly aSj)(Z/2 — 


(58) 


and the cou])ling factor is now’ 

Jl: = 


M 

VL,L2 

and is less than unity. Wlien the cou])ling factor k' is not mu(‘h less than 
unity tne condition is said to be one of “ tight coupling ”, and wdien the 
fa(‘t(>r k is much less than unity the 
c()U])ling is said to be loose ”. The 
expression (58) show's that tw'o coils hav- 
ing mutual induction relationship may 
be re])resented diagrammatically as 
show'll in Fig. 40. 

Since in the case for which there is no 
leakage inductance, the quantity LiL^ - 
is equal to zero, the magnitude of 
this quantity in the general case may be 
taken to be a measure of the leakage in- 
ductance, and various leakage factors of practical importance may then 
be defined as follow’s. The “ total leakage factor ”, sometiiiK^s known 
as the “ Blondel leakage factor ”, is 

_ 

n s 
(1 - t) -= 



Fuj. 40 . 


ho that 
and the coupling factor is 
k = 




LrL, 


= V'(l - t) 


(59) 

(60) 


(61) 
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Writing 


writing also 


(L, - S^) = M.u 
(L, - S,) =M.- 


S 2 

L, - S, 


(I f Ti) (1 + Tj) . Li.La 

HO that T== , ^ =1 — . . ((>2) 

Li.La (1 + + “^ 2 ) 

If Ti and Ta are each small in comparison with unity, then 

- {i - Ti)(l - r^) + T 2 . . . (03) 

It has already been jiointed out that if there is any magnetisable 
material in the path of the magnetic flux, the inductance will not be 
a constant quantity but will de})end uj)on the flux density in that material, 
that is, upon the magnitude of the current in the coil. If a current ol‘ 
i amperes produces a flux-linkage Q, then the coefficient of self-induction 
for the particular value of the flux density in the magnetic material 

which corresponds to that value of the current will be ^ henry. In 

order to find the value of the inductance for any given value of the 
magnetising current, it is necessary to refer to the magnetisation character- 
istic of the magnetici material concerned. 

The Energy of the Magnetic Field 

It has been seen in expression (50) that when a current of i ami^eres 
is flowing in a coil of self-induction L henry, the flux-linkages of the coil 
will be L.i.lO®. It has also been seen on page 217, expression (20), that the 
work done in causing a conductor which carries a current of i amperes 


to link with a flux of 0 maxwells is 


In the case of a coil ol* 


self-induction L henry the work done in increasing the current from i to 
i t di am[)eros is intermediate between 

dQ,i , dQ{i -I- di) 

- , ^ and ' ergs, 

where Q is the total flux-linkages when the current of i amperes is flowing 
in the coil, that is, Q = l!0^.w^. In the notation of the calculus when 
the increments are indefinitely small, the work done is 

dQ 

erga. 
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where dQ = Hence the work done is 

di ergs = Li di joules. 

The total work done, therefore, in Cvstablishing the eurrent of i aniperos 
in a coil of self-indiietion of L henry is 

I L./ rf/ joules = joules . . . ((54) 

J 0 

Otherwise expressed, it may be said that the work done in establishing 
a eurrent of i amperes in a coil of self-induction of L henry is 



The same result may be arrived at in a somewhat different way as 
follows. Tlie back e.m.f. induced in the coil when the current increases 
from i to i f di amperes is 

e — volts. 

dt 


The energy which is su})])lied in the tim(‘ di second in order that the 
curnmt of i anifieres may be driven against the back e.m.f. of v volts is 

vA.dt e.i.df - joules, 

where v is the ]).d, of the source wliich supplies the current of / amperes, 
'fhe total energy sufiplied in establishing the current is therefore 

V = = i' Li, n -- .1 Li^ joules. 

Jo dt 

(Consider next the case of two coils which are magnetically coupled as 
^how n diagrammatically in Fig, 40. If the mutual inductance is M henry 
ai^.d the self-inductances of the individual coils are resfiectively and 

Li henry, then by definition of mutual inductance, the 

of the coil 1 due to a current of 1*2 amjieres in coil 2 will 
the (mergy which is expended in establishing these flux-linkages in coil 1 
will l)e in accordance with exj)ression ( 60 ) 

\{Mi 2 )ii joules. 

similarly, the ^ current of ?i amj)eres 

m coil 1 will be AT.ij, so that the energy expended in establishing these 
Ihix linkages in coil 2 will be 

joules. 

The total energy exj)ended, therefore, in establishing the electromagnetic 
held due to the mutual inductance between the two coils will be 


flux-linkagesi 
10 « J 
Jfi2> fhat 


MAiAt joules, 


R 
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and consequently the total energy expended is establishing the electro- 
magnetic field of the whole system comprising two coils in mutual induc- 
tion relationship with each other will be 

db Mii.iz joules . . . (66) 

It is to be noted that the product in this expression will be positive 
or negative according to whether the currents ii and 1*2 have the same 
signs or opposite signs. The expression (66) may also be derived from 
considerations of the induced back e.m.f. in the respective coils as has 
been explained in the foregoing with regards to the expression ILi^ for 
a single coil. 

The foregoing results hold if the inductances are constant throughout 
the range of flux considered, that is to say, if the flux is proportional to 

the current throughout the range con- 
sidered. In order to calculate the energy 
stored in the electromagnetic field when 
there is iron in the magnetic circuit, it is 
necessary to have reference to the mag- 
netisation curve. For example, in the case 
of an iron ring magnetised by means of a 
closely and uniformly wound exciting coil 
as shown in Fig. 2, Chapter VII, page 
178, suppose that the magnetisation curve 
for the iron is as shown in Fig. 41. The 
energy expended in establishing the mag- 
Fig. 41. netic flux in the ring is 

Jci dt joules, 

where e volts is the back e.m.f. induced by the changing flux and i ampere 
is the corresponding current in the coil, the integration of this expression 
being taken over the time required to establish the flux in the iron ring. 
Hence the energy expended during the magnetisation process is 

To* f 



since e = — 


d/B.A.w\ 
dt\ "1O8 / 


, where w is the number of turns in the exciting 


coil. The energy expended in magnetising the iron ring is therefore 




ELECTRO-MAGNETISM 


243 


The energy expended, in ergs per cubic centimetre of the iron, in oi^er to 
produce a flux density of B gauss is therefore equal to the shaded area 
shown in Fig. 41 divided by 4^, 


Energy Loss in Iron Due to Magnetic Hysteresis 

Suppose in Fig. 42 a the initial magnetic condition of a piece of iron 
is defined by the point P and that the iron is then subjected to an increas- 
ing magnetising force H, so that the magnetising process is defined by 
the curve PQR in Fig. 42 a, the ultimate state of magnetisation being 
defined by the point R. Then, from the results which have been derived 
on page 242, it will be seen that the energy expended during this 
magnetising process will be 




_ (Shaded Area pPRr in B \ H units } 




ergs per c. cm. 


t 


t 



Fig. 42 . 




(b) 




If, now, tlie magnetising force be gradually reduced so that the iron 
is subjected to a demagnetising process as defined by the curve RSP in 
Fig. 42 b, the magnetic condition will eventually reach the initial condition 
as defined by the point P. By means of reasoning similar to that con- 
sidered on page 242 it can be shown that during this demagnetising 
])rocess an amount of energy U 2 will be recovered, 

jj __ (Shaded Area RrpP (Fig. A2b)m B \ H Units } ^ 

2 ergs per c. cm. 

m 

It follows therefore that the net expenditure of energy in passing 
through the mi,gnetic cycle PQRSP will be given by 

rr j -7 TT (Aroa of the Loop PQRSP} 

= Ui ~ U 2 — ^ ^ ^ ^ ergs per c. cm. 

47t 

For the particular case in which the iron is magnetised in accordance 
with the symmetrical cycle PQRSP in Fig. 43 the “ hysteresis loss ” will 
he given by 

Tj (Area of the Hysteresis Loop PQRP in B : H units ) 

== ^ > ergs per c. cm. 
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Growth of the Current in a Coil of 
Inductance L Henry and Resistance 
JR Ohms 

Su])pose the coil in Fig. 44 is con- 
nected to a source of steady p.d. of 



Fkj. 44. 


V volts. A current will then begin to flow in the coil and a corrcs})onding 
magnetic flux will bo developed linking the coil winding. By Lenz’s Law 
the increasing magnetic flux will induce a ba(*k e.m.f. of magnitude 
di 

e = L~ volts, and acting in the direction such that it will oppose the 
dt 

growth of the current. The actual effective e.m.f. in the circuit at any 
instant t will then be 

r - = F - volts, 

dt 

and this is the e.m.f. which is available for driving the current through 
the resistance of the coil of R ohms. Hence 


V or 

dt dt 


. m 


and from this equation the value of the current may be deduced at any 
instant after closing tlie switch aS, Fig. 44. Since at the moment of 
closing the switch tlie current is zero, it follows that 


dil __ V 
0 A 

so that a line drawn through the origin in Fig. 4') and at suc‘h an angle 0^ 
V 

that tan 0^ — will give the initial slope of the curve of rise of current. 

ij 

After a small time interval 6t the current will be — dt tan 0^ and hence 
at this instant, t — ti : 


jdi" 


Rh 


, rfn V - Ri, * 

and - == = tan 0,. 

This expression, therefore, defines the slope of the curve at the instant 
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t = ti. In this way the whole curve showing the rise of current as a 
function of the time may be ])lQtted and, by taking the time intervals dt 
between the successive points -sufficiently small, the curve of current 
growth may be plotted with as high a degree of accuracy as may be 
desired. This graphical method for determining the shape of the curve 
of current growth in an inductive circuit is particularly useful in those 
cases in which the magnetic circuit includes magnetisable material. 
Under these conditions the value of the inductance L will not be constant, 
but will be a function of the current. 



Fig. 45 . Fig. 40 . 


When tlie inductance L can be assumed to be constant or apj)roxi- 
niately constant, the most convenient w^ay for obtaining the curve of 
current rise is to w rite down the solution of the diH'erential equation (hS), 

viz. i ^(l - e /!') = /(I - e-'/'i’.) . . . ((i'J) 

XI ' 


• («») 


w here 1 — and is the final steady value to w hicli the current will rise. 
li 

iiiis relationship shown gra})hically in Fig. 4b and the quantity ^ is 

termed the “ electro-magnetic time constant ’’ 7\ of the circuit, that is 
to say, it is the time which would be required for the current to reach its 
iinal steady value I if the initial rate of rise were to remain constant. 
It is of interest to note that the actual value of the current at the time 

^tiinc constant ^ is given by the point P in Fig. 45. That is to 


say, inserting t 


To in the equation (69) gives 


= /(I _ e-i) = /(I - 0-368) = 0-6327, 

since e = 2-73 . . . , that is, the base of natural logarithms. Hence the 
time constant of the circuit may also be defined as the time required for 
the current to attain 63-2 per cent, of its final steady value. 



Chapter IX 

ALTERNATING CURRENTS-THE USE OF COMPLEX 
QUANTITIES 

Alternating Currents of Sine Wave Form 

S uppose the current varies with the time according to a sine 
law — viz. : 

i == sin (ot amperes, 

where t is the time in seconds, o) is a constant, and 1^,^ the maximum 
value which the current attains during a cycle. Such a wave form is 
taken as the standard in electrical engineering. Of all possible wave 
forms it is the simi)le8t to deal with mathematically, and it can be proved 
that any continuous periodic function can be analysed into a series of 
sine waves of different frequencies (see Chapter XIII). 



The e.m.f. wave forms of modern alternators are very approximately 
sine curves, and, as will be seen later, the sine wave form of e.m.f. has 
the advantage that there is no component of high frequency which 
might give rise to accidental -resonance effects in circuits containing 
inductance and capacity. 

Suppose a circle be drawn (Fig. la) of radius OiA representing to 
scale the maximum value of the current, and suppose OiA revolves 
about O with a uniform angular velocity co radians per second in a 
counter-clockwise direction. 

Let OjX be the starting position of O^A (i.e. let the zero of time 
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be reckoned from the moment when O^A coincides with OiX). At the 
time the angle which O^A makes with OiX will therefore be— 

cot radians. 

From A draw Ax perpendicular to OjX. 

Then Ax = OiA sin cot 

= sin cot ; 


or Ax represents the value at the time t of the alternating current of 
sine wave form, of which the 

maximum value is /^. i^l,n Cos cot 

Hence, if the values of < be | 

])lotted as abscissae, the corre- { n / 

spending projections of Oi A on the ^ Y / ^ \ 

vertical will give the sine wave A ^ f 

form of current. ^\ / 

Since the angular velocity of ^ ^ 

OiA is ft) radians per second it 

^ Fig. lb. 

follows that O.A makes — re- 

27t 

volutions per second — i.e. the current passes through cycles in 

271 

one second. 

Hence the relationship between the frequency / and the angular 
velocity co is — 


//» 

T 


The time of one complete cycle is — 


1 271 1 

r = - = — second. 

/ 


The quantity co is also termed the “ circular frequency 
In the following the symbols /^, F^, will be used to represent 
the maximum values (or amplitudes) of sine waves of current, potential 
<lifFerence, and e.m.f. respectively. 

In Pig. 16 is shown the current wave form as defined by the expression, 

i == cos ft) t. 


Vector Method of representing Sine Wave Forms of Alternating Current 

In Pig. 2 let the length of the vector OA represent the maximum 
value of a sine wave forip of current, the direction of the vector being 
from 0 to A. If the vector rotate with uniform angular velocity co in 
^ counter-clockwise direction it has been shown in the preceding para- 
J^raph that the projection of the vector on the vertical represents the 
instantaneous value of the current i ~ sin cot at the time t, the zero 
of time being taken as the moment at which OA coincides with OX. 
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When the vector OA is in quadrant I or quadrant II the current 
is positive, and when OA is in quadrant III or quadrant IV the current 
is negative. From the numerous examples given in subsequent pages 
it will be seen that the vector method forms a very powerful and simple 
means of dealing with alternating current problems. 

The remarks made in the foregoing paragraphs with reference io 
alternating currents apply also to alternating e.m.f.s and alternating 
p.d.s of sine wave forms. 



Fiif. 2. Fiq. 3. 

P.D. necessary to send an Alternating Current of Sine Wave Form through 

a Non-inductive Resistance 

Let E ohms be the value of the resistance and let the current be 
i sin (ot amj)eres (Fig. 3) 

The instantaneous value of the ]).d. across the resistance will then be 
— iR — sin cot volts ; 
or V — sin mt volts, 

where T",,, = volts. 

The p.d. across the resistance is of sine wave form, and is ]:)roportion il 
at every instant to the current at that instant. 

Example. — Let 

B - T) ohms :/ = 50 : co == 27 t x 50 = 314 

T — ^ = 0-02 second 
50 

i = 20 sin (ot — 20 sin 314/ am])eres. 

Then r = 20 x 5 sin 314/ 

- 100 sin 314/ volts. 

The waves of current and p.d, are shown in Fig. 4. The two waves 
pass through their zero values simultaneously, and also reach their 
maximum values simultaneously. The two waves are therefore said to 
be in phase, and it is a characteristic feature of a non-inductive resistance 
that the p.d. across the resistance is in ])hase with the current flowing 
in the resistance. 

The vector diagram for the current and p d. in this case is given in 
Fig. 5. The vector OA re])resents the current and the vector OB the 
p.d., the two vectors coinciding in direction. 
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P.D. necessary to send an Alternating Current of Sine Wave Form through 
an Inductance Coil of Negligibly Small Resistance 

}jet the inductance of the coil be L henrys (Fig. 0). It was shown 
on ]). 237, Chaf)ter VITT, that if a current of / amperes flowing in a coil 

of inductance L henrys varies at the rate a hac'k c.m.f. of volts 

(if dt 

is develo])ed which tends to o])p()se the variation of the current. 

If the current is 

/ = 7^^, sin (ot amperes, 
the back e.m.f. developed in the coil is 

cos (t)t volts, 

the direction of this back c.m.f. at any instant being sueh as to oppose 
the change of current at that instant. Hence in order to force the 











0 




< 

[. - t) — i 

Fig. fl. 

Fit/. 0. ^ 


current to vary as defined by the ex])ression I sin (M, a |).d. nvust be 
af)plied to the terminals of the coil, such as to be exactly equal and 
opposite to the back e.m.f. -- cos (nt. The ay)p]ied [).d. is therefore — 

V — 7^,Lo) cos (nt volts 
— V^,^ cos <nt volts ; 

Vm = volts. 


V here 
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The quantity Lo) is termed the inductive reactance of the coil, and 
is measured in ohms. 

Example. — Let 

L = 0*01 henry : / = 50 : <0 = 27tf = 314. 

L(o = 3*14 ohms : i = 30 sin cot = 30 sin 314^ amperes. 

Then v = cos (ot = I^Lco cos wt volts, 

or v = 94 cos 314^ volts. 

In Fig. 7 the waves of current and applied p.d. are shown, and it 
will be seen that the current reaches its maximum positive value one- 

quarter of a period ^i.e. ^ radians or 90° in the vector diagram^ later 

than the applied p.d. The current is therefore said to lag on the applied 

p.d. by one-quarter of a period or 90° in the vector diagram. 

(/) 

Ui 

£ 



It is characteristic of a purely inductive coil (i.e. a coil of negligibly 
small resistance) that the sine wave of alternating current lags by 90° 
on the applied sine wave of p.d. 

The vector diagram of this case is shown in Fig. 8, in which OA 
is the vector of current and OB the applied p.d. 

It follows at once that if the applied p.d. is 

V = sin (ot, 

the current will be — 

V V 

i = ^ sin (cot — 90°) = — - t? cos cot ; 

L(o Leo 

that is, lagging by a quarter period on the applied p.d. 

It is of interest to consider briefly the physical meaning of the fact 
that the alternating current in an inductive coil lags by 90° on the 
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applied p.d. Take the instant at which the current is a positive maxi- 
mum — e.g. the time moment A (Fig. 7). At this moment the current, 
having reached a maximum value, is momentarily steady, and since the 
resistance of the coil is zero no p.d. is necessary to keep the current 
flowing, and the wave of applied p.d. therefore passes through its zero 
value at the time A. The current then begins to diminish and con- 
sequently the magnetic flux threading the coil diminishes. 

According to Lenz’s Law, page 224, however, a back e.m.f. is induced 
by the shrinking flux, and tends to keep the current flowing undiminished 
in strength. Hence the applied p.d., which must o2)pose this back 
e.m.f., is then negative. By similar reasoning the direction of the 
aj)plied p.d. at every instant may be deduced. 



Fig. 8 . Fig. 9 . 


The Alternating Current through a Condenser due to a Sine Wave Form 
of Applied P.D. 

Let C be the capacity of the condenser (Pig. ^ in farads, and let 
the applied p.d. be given by 

V = — V„^ coscot volts (see Fig. 10). 

If at any time t the quantity (in coulombs) of the charge of the 
condenser is Q, the p.d. across the condenser plates is — 

u = ^ volts. 

G 

The current through the condenser is (see also page 41, Chapter II.) 

. dQ 

I = ^ amperes, 
ndv 

= C— amperes, 
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The quantity ^ is termed the capacitance reactance, and is meas- 
o>C 

ured in ohms. 

Example. — L etC — 200 x 10 “farads = 200 micro-farads : / = 50: 

w — 27Tf = 314 : — = 16 ohms : v = — F„ cos cot = — 128 cos 31 4t. 
toC 


W) 

o 

> 

200 

100 

0 

-lOO 

•200’ 


•10 


2rX /tCx 


0 04 

SECONDS - 


Then 


Fkj. 10 . 


i ~ o)Cl\n sin cot — 


314 X 200 X 128 
lO** 


sin (jot amperes, 


that is / = 8 sin 3 1 4^ amperes. 

The waves of (‘urrent and applied j).d. for this ease are shown in 
Fig. 10. It will be observed that the current 
readies its maximum value one quarter jieriod 
before the apjilied ]).d. — i.e. the current leaded 
on the ap])lied p.d. by 90°. It is a characteristic 
feature of a condenser in an alternating current 
circuit that the sine wave of current leads by 
90' on the applied p.d., and this is a valuable 
feature which has important practical applica- 
tions. 

The vector diagram for the case of an alter- 
nating current through a condenser is given in 
Fig. 11. The current vector is OA and the 
vector of applied p.d. is OB. 



Since 


(OC 


or 


V„^coC it follow’s that if coC is large a small 


value of the apjilied j).d. will jiroduce a large current in the condenser. 
The higher the frequency the larger the current which a given ap})lied 
p.d. will produce through a given condenser. Important practical 
consequences of this result arise when the wave of applied j).d. com- 
prises harmonics (see Chapter XIII). 
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If the ap]>liod p.d. at the condenser terminals is given T)y the 
ex]>ressioii — 

V — sin (of volts, 

it will be clear from the foregoing that the current will be given by 
the expression — 

i = sin {cot 4- 90°) 

= V^wC sin {(of + 90°) 

— V„^wC cos (ot amperes. 

The physical meaning of the fact that the cuiTcnt through the con- 
denser leads by 9t)° on the ap})lied p.d. may be seen from the following 
considerations : 

In Fig. 12 let the positive direction of the ap])lied p.d. be such as 
to charge the jdate A positively and the plate B negatively. The positive 
direction of the current will then be from A to B through the condenser. 

(Consider the moment immediately after time 0-01 second (Fig. 10). 
The current in the circuit begins to flow in the negative direction — i.e. 
from ])latc A through the generator O to the j)late B Fig. 12 This means 
that afthe moment 0 01 second the condenser has its maximum positive 


A B 

dh 




-♦"i=lTn.SiN cot 

R ^ L C 

“0 

G 


L0_j 

G 

( 

Vl ■> 

1 1 

« V 

b 

Fuf. 12. 

Ft(f. 13. 


Fiy. 14. 


charge, and the next moment the charge has diminished. Since the 
a])])lied p.d. is directly proportional to the charge, the aj)j)lied p.d. at 
time 0-01 second (Fig. 10) has its maximum positive value. Similarly 
at the time 0 02 second (Fig. 10) the (urrent is zero and increasing in 
a positive direction, which means that the condenser charge at this 
moment has its maximum negative value, and the current begins to 
flow from B through the generator G to the jdate A (Fig. 13) — i.e. in 
the positive direction. 

Applied P.D. necessary to send an Alternating Current of Sine Wave Form 
through a Resistance, Inductance, and Condenser in Series 

In Fig. 14 let Vj^ be the p.d. across the resistance R ; the p.d. across 
the inductance L ; the p.d. across the condenser C ; and let i = /„>sin cot 
amperes be the current through the series arrangement at any moment t. 
Then, from the results already obtained in the foregoing, 

= I^R sin cot volts, 

Vl = volts, 

cos cot volts. 
coG 



254 


PRINCIPLES OF ELECTRICAL ENGINEERING 


The applied p.d. across the series arrangement at the moment con- 
sidered is — 


V =: + Vq — volts ; 

volts, 


that is 

where 
That is - 
where 

and 




[B 


Lo) 


sin (ot + 


1 

(oC 


cos (Ot 




V = sin (cot + <l>) volts, 

- i)' 


Let) 


tan (f) = 


1 


R 


The quantity ^ f , denoted by the letter Z, is 

termed the impedance of the circuit. The quantity 

termed the reactance of the circuit, and is denoted by the letter X, 
The above is the most general case of an alternating current series 
circuit, and each of the individual cases considered in the foregoing 
may be deduced from this general result. 

It is to be observed that if the condenser is out of the circuit (or. 
what is the same thing, is short-circuited by a piece of thick coppe^r 
wire), the condition is expressed by putting C equal to infinity in the 
formula. Thus, for a circuit containing an inductance L and resistance 
R in series — 


C = infinity and tan ; 

R 

^ = ^mVR^ -f- sin {(ot + <f>) yolts. 

The results may be expressed generally as follows : 

If a sine wave of alternating current flows in a series connected 
circuit, the applied p.d. must be of sine wave form and displaced in 
phase relatively to the current wave by an angle where 

1 
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If Lod is > ^ the current lags on the applied p.d., and in the 
above formula is positive. 

If Lw is < the current leads on the applied p.d., and <f> in the 
coG 

above formula is negative. 

If Loj = the current is in phase with tbe applied p.d. This is 
coG 

a special and important case which will be considered more fully in 
what follows. 



Since for the current i = sin ojt amperes, the necessary applied 
p.d. is V ==^ sin {(x)t + <^) volts, it follows at once that if the applied 
]).d. is V = sin cot volts the current w'ill be i = (sin cx)t — <f>) amperes. 

A more general treatment of the case of an alternating current series 
circuit is given later (see also Chapter X). 

Example. — Let L = 0 03 henry : C = 200 micro-farads : J — 50 : 
0 ) -- 27if = 314 : Ji = 8 ohms : Leo = 9-42 ohms : ^ — \8 ohms : 


~ 6*58 ohms 




tan <f> = = _ 0-825 : <i = - 39° 30'. Hence 

■r 8 ^ 

the applied p.d. by 39° 30'. 

If i = 20 sin cot = 20 sin 314< amperes 


39° 30'. Hence the current leads 


V = 206 sin (314^ - 39° 30') volts. 
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In Fig. 15 the waves of current and applied p.d. for this case are 
shown. 

The same result is, of course, obtained if the component p.d. waves 
Vj, and are drawn and the corresponding ordinates added. 

Thus = 160 sin 314^ : 

188*4 cos 314^ : 

— — 320 cos wt. 

These component waves of p.d. arc shown in Fig. 16. 

The vector diagram for sugli a series circuit is shown in Fig. 17. 
The ciinent vector is OA, the vector of p.d. is OB, the vector 



of p.d. V is OG, and the vector of p.d. is OD. OK is the vector 
sum of OB, OG, and OD, and is the vector of applied p.d. The 

current vector OA leads by the angle ^ on the vector OK of applied p.d. 


Resonance. 

As was pointed out in the previous paragraph, a si)ecial and important 


ease of a series circuit is one in which Leo — In this case the angle cf) 

(oC 

is zero -that is, the current is in phase with the applied p.d. 


If 



then 


»2 = 


LC 


1 

Vlc 


or 


(O 
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and 


ce> __ 1 

~2n 2^lc 


As will be seen later (page 270) — ^ - is the frequency at which 

27i\ LC 

a current, started in a closed circuit of negligibly small resistance, and 
having an inductance of L henry and capacitance C farads (Fig. 18), 

would continue to oscillate ; or, in other words, - ^ - is the natural 

271 VLC 


frequency of the circuit. 


If the applied p.d. has the frequency / — 


1 

271 VLO 


the circuit is said to be in resonance with the supply frequency. It will 


o 


Kicymii 

F 

^mc 

DU 

Fig. 17 , 


{^mR 


R 


if" 





(' 



Fig. 1 «. 


also be seen later (p. 270) that for relatively moderate values of the 
resistance E in the circuit the natural frequency is practically independent 
of the resistance of the circuit. 

The condition of resonance is — 


Lo) 


1 


Vj = cos (ot 

V., — cos tOty 

— o)C 

V = + Vj^ + Va ==^ Vjf ; 

V = sin o)t volts. 

Hence, if E is small the current may attain a very high value 
^or a moderate value of the apjdied p.d. The consequence of this is 
^ ^mL ^’^d reach values which are enormously higher than 

Ihe value of the applied p.d. V^. 

s 


and since 

•t follows that 

and 

Uiat is 
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Example. — Let L 0 03 henry : C = 200 micro-farads : 

/ ~ ^ — 65 : (j) — 27rf = 408 : Leo = \ = 100 volts : 

2jtVL(^ coO 

B -= 1 ohm. 

Then = 100 amperes : = LcdI^ = 1,224 volts = F^^r. 

The maximum value of the j)re8sure across the inductance and 
across the capacity is thus about ten times greater than the maximum 
value of the applied ]).d. across the whole circuit, and this high value 
of the pressure might be sufficient to rupture the insulation of the 
inductance and condenser. 

The vector diagram for this case is shown in Fig. 19. 



Fig. 19 . Fig. 20 . 


Resonance Conditions for an Oscillatory Circuit 

If a p.d. F,„ sin cot is apjilied to the terminals of a series- connected 
oscillatory circuit as shown in Fig. 20, the apjilied p.d. at any moment 
t must be equal to the sum of the back e.m.f. components so that 


+ Ri sin cot 

(I(J 

or, since i — tliis equation may be written in the equivalent form 


dt^ dt C ^ 


( 1 ) 


where q coulombs is the quantity of electricity which is stored in the 
capacitance at any moment t. The solution of this equation is, 

g = ^“sinM -^) (2) 


where 


Z = 




1 

coC 
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and a>o == - 7 =^- - natural frequency of oscillation of the circuit 

vLC 

for the case in which the resistance R — 0. In general, the complete 
solution of the equation ( 1 ) will comprise a transient term and such 
transients will be considered on pages 270 and 284. For the present 
purpose, however, it is assumed that the transient current has died 
away and that the steady a.c. current of the circuit has become established. 
The current in the circuit will then be, 

y 

/ = , ... (3) 

->/*■ + - L)' 

and / will be the r.m.s. value of the current if V is the r.m.s. value of 
the applied p.d. (see page 266). This equation shows that, when 
1 1 


(oL = “ that is, when co^ 
coC 


LC 


— coo^i the impedaTice Z of the circuit 




( 4 ) 


becomes a minimum and the current will then has^c its maximum value 

V 

R ' 

When the supply frequency is o = coq, a condition of resonance will 
exist and for a given value of the supply pressure, the current will be 
determined solely by the resistance of the circuit and the impedance is 
then Z = R. The pressure which will develop across the capacitance 
under these conditions of resonance will be 


/ 17 F \ * res 

iOoG 


A 


(S) 


V 

(OoRC ”■ R 

The pressure across the capacitance for any value of tlio supply frequency 
i» will be 

9 _ / 




C toC 


and at resonance, 


V 

o)CZ 

V 

JiRoyCr - 1- 1 



2 - 


VWo* 

(Ec)rc. = 

1 • • 

o)^RC\ 

• (a) 

(/)m = 

1 : : 

. (h) 


( 6 ) 


1 


Substituting in (7a) 

L 


'•onstant, viz. T= sec., also, 
R 


( 7 ) 


the expression for the electro-magnetic time 
1 


C = - ", then 
f/>o L 
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from which it will be seen that the pressure which will develop across 
the condenser terminals at resonance will be proportional to the time 
constant and to the natural frequency of the circuit. For example, if 
(Oq = 200 : L = 0-25 henry : R = so that T = 0 05 sec., then 

(EcU = lOF, 

that is, 10 times the value of the supply pressure. In a practical case 
such as is illustrated in Fig. 21, in which the condenser is formed by 



(a) (b) 

Fig. 21 , 

an underground cable and the inductance is that of a short-circuited 
overhead line, such a pressure rise would usually produce an immediate 
breakdown of the cable dielectric. 

The w^ay in which the current rises as the resonan(‘e frecjuency is 
afiproached can be seen by reference to Fig. 22, which has been drawn 
for the following conditions : 



Fig. 22 . 
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tOo = 200 : G = 100/iF : L = 0-25 henry : I" = 300 volts : ^ 


SO that 

RcoqC = 

7? ^ 

V L 5()- 

• 

V 

The individual curves shown in Fig. 22 apply respectively to the following 
value of the characteristic constant Ro>jO, 

F ohms 

2-5 


10 

1 50 

1 

1 


0 05 

0 J 1 

1 

0 2 

1 1 

/,,, ampere's 

120 

00 1 

30 

0 


Fig. 23 shows one phase of an open -circuited Ingli tension cable for 
which the total distributed ca])acitance ])er phase 
is rej)resented by the condenser of C farad. The 
(‘Ifective inductance of the transformer referred to 
the high-tension winding is — rLi, as may be » 

derived from Fig. 1 of Test Papers, Chapter XII. "" 

Idle j)T*essure drop across the effective inductance 
when normal full-load current Jo is flowing is 
then (Fig. 23) 

= Io(oL^s 



Fty, 2a. 


and this jiressure drop is usually expressed as a ])er(‘entage of tlie supply 
pressure, thus a reactance of 10 jier cent, means that 


Fs — “ O lFfl. 


Similarly, the capacitance current 7^. due to the normal supply [irossurc 
Fo is 

I^.-^wCVo (10) 


and this is usually expressed as a percentage of the normal full load 
<‘urrent Iq, so that a capacitance current of 10 per cent, means that 

I^^wCVo - 0 l/„. 

The natural frequency of the circuit of Fig. 23 is 


1 

VLsC 


V. 


Vs 

lo(X) FoW 


COo 

to 




Vs la 


that is 
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Suj)f)ose, for example, tliat the reactance is 33 per cent, and the 
capacitance current is 12 per cent., then 



(Oo ^ 1 ^ ^ 

w Vo-33 X 0-12 

so that the natural frequency is five times the 
supply frequency and consequently, if the supply 
])ressure comprises a fifth harmonic in its wave 
form, the circuit will be in resonance for that 
harmonic. 

If the reactance is 17 per cent, and the capaci- 
tance current is 12 per cent., then 

C>0 ^ 1 

(o V0'17 X 0-12 

and the circuit will then be in resonance with the 
seventh harmonic of the pressure wave form. 

For a reactance of 12 per cent, and a capacitance 
current of 7 per cent 

= 1 ^ II 

CO Vo-12 X 0-07 

and the circuit is then in resonance with the 
eleventh harmonic of the pressure wave form. 

The way in which the phase angle between the 
current and the applied p.d. varies as the frequency 
passes through the resonance value, may be seen by 
Teference to Fig. 24. The circuit conditions to 
which this diagram refers are : 
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== 200 volts : L = 0 005H : C = 200 / 4 F. 

Graph (1) : resistance of circuit is i? = 0-25 ohm. 

,, (2) : ,, ,, ,, i? = 1 ohm. 

When the value of the characteristic constant RcoqC is relatively small 
(see equation (6), page 259) as, for example, in the case of the curve 
of Fig. 22 for which the value is 0 05, the pressure across the cable will 
rise rapidly as the resonance frequency is approached, and this can bo 
seen by reference to the expression (6) and Fig. 25. In the neighbour- 
hood of resonance, o) = coq Aa)y and it is to be noted that although 
vhen the supply frequency co is very close to the resonance value, the 
factor RcoG is the controlling term of the impedance expression in (1), 
yet when this factor is small it very quickly becomes insignificant when 
Zlft> is still small so that the pressure across the cable may be written, 


so that 




V 

Ao) ^ _V 

(O, ‘ 


V 

Oin 


■ ( 11 ) 


and this ex])res8ion gives the minimum value of zlco if the })res8ure 
across the cable is not to rise above the permissible safe value 
that is to say, it fixes the closest safe a])|)roach to the resonance fre- 
quency for a given limiting pressure rise {E^)^ across the cable. 


Circuits in Parallel 

In considering series arrangements of circuits the current is the factor 
which is the same throughout the circuit, and hence in determining the 
])hase relationship of current and applied x:).d. it is convenient to obtain 
an expression for the applied p.d. in terms of the current. 

In the case of parallel circuits, such as ahc, adc in Fig. 26a, the applied 
p.d. is the same for each branch, and it is therefore convenient to use 
the p.d. as the basis of calculation. 

Let the applied p.d. be — 

V = sin a)t volts. 

The current in abc is — 


L = ^ sin ((j)t — 

VR,^ -f (Lw)^ 

^^here tan<^i=^^^ 

Ri 

The current in adc is — 

V 

sin {(ot + <^ 2 ), 




2 
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where 


tan <f >2 = 


The current in the main lead is therefore- 

i = -f- ^2* 

Hence — 


^ ~ ^ Z ^ amperes, 

where Zi == Vi^i^ + (Lw)^ ohms ; — ^-^ 2 ^ + |^“^J ohms. 


Rt b L 


. ^sAAAAAA-— 

l| R2 d 


"v ^ 


T. 


26a. 


Fig. 266. 


That is — 


17 , (*os<^ 2 \ • . /sin sin ^ 2 \ J 

^ ( ^ - + z ~ \ Z '^ ~Zj J 

“ ''- [w 3 "" '"' ~ (2? s) ™“ '"'. 

= F„ sin (■»! - r) /(I'. + + (2”. - z^) amperes 


Lo) coG 
Z? Z^ 


cos (ot amperes 


where 


Lu) coC 
Z ^ ~ Z ^ 

U\ £j<i 

Z,* Zj* 

] 

Lm w 

■^1* 'I' {TtO})^ _|_ 


that is 


R^^ + {L(o)‘ 


(i)‘ 




The vector diagram for this case is given in Fig. 266. 
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If Loi = — that is to say, the closed circuit — abcda is in resonance 

(uU 


with the supply frequency- 


tan y = 


(jB* ^ 


RiRi -h 


(cc) 


2 + (icy) 2 


If Leo — ^ and R 2 = tan y = 0, then the current will be in phase 

with the applied p.d. 

If Leo = ^ and jRg = = 0, then i = 0, and no current flows ‘in 

(oC 

the mains although currents flow in each brancdi — viz. : 


i ~ 0 : ii 



— 


V^^^o)C sin 



The closed circuit ABCDA acts in this case as a perfect insulator, 
that is to say, a “ rejector ” circuit or “ wave trap.” 

Similarly, in the case of a scries circuit, if Leo = and R^ R^ = 0 , 

(oO 

the circuit acts as a perfect conductor, that is to say, it is an “acceptor ” 
circuit. 


Root Mean Square Values 

It was explained. Chapter II, page 59, that the power expended when 
a current flows through a resistance is proportional to the square of the 
current. 

If the current flowing through a resistance of R ohms is i amperes 
the power expended is — 

i^R joules per second ; 
that is, i^R watts, 

and this power is exi)ended in heating the resistanc^e. 

Further, in any electrical apparatus the consuming device can always 
be considered as equivalent to a resistance, the power expended by 
the current being equal to the square of the current multiplied by the 
value of the equivalent resistance. 

When the current is an alternating current the j)Ower varies from 
moment to moment, and the practical question arises as to what value 
has to be assigned to the current which, when squared and multiplied 
by the resistance, will give the mean value of the power expended in 
the resistance. 

Let the current be — 

i = /^ sin (ot amperes. 
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At any instant the power expended is — 

i^R watts ; 

that is, Rlm^ sin watts. 

During one cycle the mean power is — 

i sin ^(ot dt watts, 


where T is the time of one cycle — ^i.e. - - seconds. 

O) 


Hence the mean power 

= watts. 
2 


COS 2(ot\ 
2 


The equivalent or effective value of the current which, when squared 
and multiplied by the resistance, gives the mean power is therefore 

% amperes. 

V2 

From the expression from which this effective value of the current 
is deduced it will be seen that this current is the square root of the mean 
square value of the currerit during one cycle. It is therefore called the 
root mean square (r.m.s.) value, or sometimes the effective value of the . 
current, and will be denoted by /. Hence 

X — 

V2 

The r.m.s. value of a sine wave of current is therefore times the 

V2 

maximum value. Similarly the r.m.s. value of a sine wave of e.m.f. or 

p.d. is - times the maximum value. 

V2 

The r.m.s. value of an alternating current is clearly equal to that 
of a direct current which gives the same heating effect in a resistance. 

There is another quantity which is of practical importance, chiefly 
in connection with the design of alternating current machines, and 
that is the mean value of a sine wave. The mean value of the sine 
wave i = sin wt is — 

2 . 

- sin cot dt, 


where 


__ 271 
CO* 
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Hence the mean value is 



The ratio 


r.m.s. value 
mean value 


is termed the form factor, and for a sine wave 


is Ml. 

It will easily be seen that the form factor for a rectangular, i.e. a 
“ flat top ” wave, is unity, whilst for a sharply ])eaked wave the form 
factor is greater than Ml and in many practical cases reaches values 
of from 3 to 5 and even higher. 


The Growth and Decay of a Current in a Direct Current Circuit 

( i ) An Inductance of L Henry in Series with a Resistance of 
F Ohms. — The solution of this problem has been obtained already in 




(^^lapter VIII, page 244, by means of the differential equation for the back 
e.m.f.s of the circuit. An alternative method of solution involving 
considerations of energy will now be given. 

Let i amperes be the current in the circuit of Fig. 27 at any moment 
f second after the closing of the switch The electromagnetic energy 
«tored in the inductance will then be joules, whilst the energy which 
is being dissipated in heating the resistance will be PE watts. The power 
supplied to the circuit from the d.c. source at the potential V volts must 
then be equal to the rate of increase of the electromagnetic energy of the 
inductance plus the power which is dissipated in the resistance. That is, 

Vi = ^ULi^) + Ri^ 

til 

*>0 that Vi = Li- + Ri^ 

at 

>*ence V = + Ri . 


■ ( 12 ) 
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this being the same equation which has been obtained already on page 245, 
and the solution of which has been found to be 

i = ^(1 = /(I - c '/’’) . . . (13) 

where I amperes is the final steady value of the current and ^ ^ second 

is the electro-magnetic time constant of the circuit. The graph showing 
the growth of the current is given by the curve OC in Fig. 28. The time 
constant is given by the intercept AB on the liorizontal line through A. 

If, when the current has readied the final steady value of 1 amperes, 
the series circuit of resistance and inductance is short-circuited, as shown 
in Fig. 29, then the equation for the decay of the current is easily derived 
by means of considerations of the energy balance, as follows. The rate 


S 



Fig . 29. Fiy . 30. 


of decay of the electromagnetic energy at every moment will be equal 
to the rate of dissi])ati()n of energy in the resistance. That is 

" - ‘‘‘‘ 

or =Ri ... . (14) 

(tt 


The solution of this equation is 

/ = /e (15) 

in which i — I when f = 0. The graph of this equation is shown in 
Fig. 28 by the curve AF. 

(ii) A Capacitance of C Farad in Series with a Resistance of 
E Ohms. — This circuit is shown in Fig. 30 in which the switch S connects 
the d.c. source of V volts to the series circuit. When the switch is closed, 


the energy relationships will be defined by the energy stored in the 
condenser at any moment f, that is, joules, the power dissipated in 

(y 
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the resistance, and the power supplied by the d.c. source. 

g 

G 

Differentiating this equation with respect to t gives 


or 


Vi 

V 


t\2 a ) ^ 

-f- iR 


- C.R^ 

fit 


Hence, 


(16) 

(17) 


The solution of this equation is then 

i == ..... (18) 

V . 

in which T = C.R and / = - is the initial value of the c-urrent which 

R 

will flow immediately the switch is closed. The quantity C.R is termed 
the electrofitatic time constant. 




When the current has ceased to flow the condenser will have become 
charged with a quantity Q = VC coulombs. If the series circuit of 
condenser and resistance is then short-circuited, the discharge current 


will commence with the full value-/ 


V 

R 


and will decay logarithmically 


that the same curve will be obtained for the discharge curve as is 
shown in Fig. lU for the charge curve. It is to be observed that when the 
switch S of Fig. 30 is closed so that the condenser is receiving a charging 
current, then for the first moment of the process the condenser has no 
luick e.m.f. and the conditions are the same as if the circuit contained 
^>uly the resistance R. 


A Series Oscillatory Circuit Comprising an Inductance, a Capacitance, and 
a Resistance is Connected Across a Steady Direct Current Pressure 

The circuit arrangement is shown in Fig. 32, in which the switch S 
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connects the steady supply pressure of V volts across the series connection 
of O farad, L henry, and Jt ohms. The energy relationship at any 
moment t seconds after the switch has been closed will then be given by 
the equation. 


Vi 


= + 1 ^1 + Rii 

dt\2 2 G. 


that is, 
so that. 




dq 


Since i = this equation may be written, 
d t 

d^q i ^ dq , ^ _V 

d^ ^ L dt LC~ L ' 


(19) 


(20) 


where q coulomb is the quantity of electricity which is stored in the 
condenser at any moment t, 


is <C lihe solution of (20) 

JuLf 


may be written 


^2L) 


where 


q Qe ‘-i cos (vt + (f>) — K 

-Jlo- (3‘ = y-- - (/.)' 


( 21 ) 


1 


and coo = /—is the natural frequency for the circuit when the resist- 
ydjC ance is zero. 


T = 


is the electromagnetic time constant as already defined 

on page 245, 

K is an arbitrary constant which depends upon the initial 


conditions. 


dq 


If the initial conditions are assumed to be : ^ = 0 : = 0, : i = ^ = 0, 

dt 

then, after inserting the corresponding quantities in (21) it is seen that 

K = Q cos ^ 

q = q\jp eo.s (vt + <^) •— cos (^] . 


so that 


(22) 


and since, for f = cx), = F.C, it follows that cos — 

Differentiating this equation (22) with respect to t gives 
, _dq < 


V.C 

Q 


dt 


^'JLir 1 1 

= — Qe i T - - cos (vt + (f)) + V sin (vt + <f)) . 


( 23 ) 
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and inserting ^ == 0, it follows that 



and from equation (21) and Figs. 33 (a) and 33 (6) it is seen that 



Fig. 33 (a). Ftg. 33 (6). 
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above values for the initial condition, it is found tliat 


therefore 


Q = VC 


. ( 27 ) 


Substituting for Q in equation (26), the applied pressure across the 
resistance R, Fig. 32, is found to be, 


Vj,=^i,R^R,V,C ^ € 

V 


- cos ^ 


or, substituting 


7“~ 2’ 

V.R ^ / 

- e T cos ( vt - 

L.v V 


1 ) • 


The applied pressure across the inductance L, Fig. 32, is 

■g d% 

and since, from equations (26) and (27), 

di _ V.O)n -\ L ,, 


it follows that, 


e - cos (vt — <l>), 


Vj^ = — V - e cos (vt — (f)) 

V 


The applied pressure across the condenser C, Fig. 32, is, 

* c 

so that, after substituting for q from equations (22) and (27) it is found 
that, 

V fn * 

V, = e 2 T cos (vt + sfr) + F . . . (30) 

V 

The equations (28), (29), and (30), may now be assembled as follows. 


Vj^ — — V j^,e 2 T cos (vt — I (a) 


Vie = Fie-e 2 r cos ^ 


(b) . . (31) 


^ cos (vt + <l>) + V) (c) 
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where, 


Vz 

Vjf 


= Vr = V/'\ ' 

V 

_ V.Ji 
“ L,v 


In Fig. 34 are shown the vector relationships for these three oscillatory 
back e.m.f.s, that is, for the moment / = 0. It can easily be shown 


that the sum of these three 
vectors is zero continuously from 
the moment at which the switch 
>S' of Fig. 32 is closed until the 
final steady state is reached at 
which the condenser becomes 
charged with the quantity VC 
coulombs. If these three pres- 
sure vectors are arranged as 
shown in Fig. 35 they will 
therefore form a closed triangle. 
Further consideration of these 
three vectors is given on page 



277. 


If each side of this pressure triangle is divided by the initial magnitude 

of the current vector, viz. I = ^ , the resistance triangle of Fig. 36 is 

Lv 

obtained, so that 


sin d 


K a 
2 V 

R 


tan <5 = 


cos S == 




2 (J 
L' 


Example. — A capacitance of 100 //F, an inductance of 0*25 iienry 
ioid a resistance of 10 ohms are arranged in series and connected to 

a d.c. pressure of 300 volts. The time constant is thus T = 0*025 sec. 

R 


and 



The undamped circular frequency is coo = ~ 


T 
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so that the circular frequency of the oscillating current wiU be [seo 
Fig. 33 (o)] 

’ - A’ - G't)’ - 

also (Fig. 336) tan (f> — — = 0-10 : <f> = 174° 

2jf V 

so that S = 71 


Vr. 




iR 

in 


The pressure across the capacitance at any moment i will be given 
by the expression [31 (c), page 272], that is 

300 -li 

% = — cos ivt + i) + V 
cos 

the applied pressure across the inductance will be 

300 _11 

Vt = — e 2 r cos ivt — 6) 

cos <j> 



and the applied pressure across the resistance will be 


In Fig. 37 the vector diagram for these three oscillating pressure> 
is shown for the moment t = 0 and in Fig. 38 is shown the wave ot 
the condenser pressure %. The foregoing expression for Vq may be 


= 60 e“'/ 2 r QQg 


— 
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written in a somewhat more convenient form as follows. Since + d = tt, 

Vc = Fj^l — <5)J . . . (32) 

that is to say, the pressure across the capacitance at any moment t will 
be given by the arithmetical difference of the steady ijressure of 



► t SECOND 

Fig. 38. 


V = 300 volts and the damped oscillating cosine wave of frequency v. 
The decay of this wave is defined by the two envelo])ing exponential 

curves 300e“^/2r^ 300c“‘-^^^ since = 20. 


A Condenser which is Initially Charged to the 
Pressure V Volts Discharges through a Resist- 
ance and an Inductance in Series 


It is here assumed that the series circuit of 
Fig. 39 is the same as that of Fig. 32 and that 
the condenser, having become charged by the 
l)rocess which is represented by Fig. 32, is now 
allowed to discharge through the inductance and 
resistance as shown in Fig. 39. The equation 
flefining this process of discharge is obtained from 
equation (20) (see page 270) by putting the right- 
liand side equal to zero, that is, 


d^q ^Rdq 
dt^ Ldt 


+ 1 

^ L.C 



Fig. 39. 


. (33) 


f'he solution of this equation is then 

q = cQg — (5) + A 

'^nd, inserting the initial conditions : ^ = 0 : g =* VC : it is seen that 
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K = 0, and VC = Q cos d, so that, 


q = cos (vt — (5) 

^ cos d ' ' 


The equation for the current at any moment t is then 

■ ' s - ^ ™ (>< - ■»] • 

and, inserting the initial conditions : ^ = 0 : i = 0, then 

VC r 1 . o . el 


cos d 2T 


cos 6 — r sin 5 


so that 


1 V 

tan d = -=- : cos d = — 
2Tv 0)0 


The equation for the current i may now be written 


W.e 


1 V 

- cos {vt — 6) + sin {vt — d) 
21 ft)o coo 


. (34) 


that is, 


2.C 2 3V ^ QQg — 5) + cos d sin {vt — 


2 1 ' 

V . e sin vt 
v 


cog 


The pressure across the resistance R (Fig. 39) at any moment t is 
therefore 


2 1 f / \ 

e^^ = i.R = - e “ ’’ cos (vt - 


. (3«) 


The pressure across the inductance L (Fig. 39) at any moment t is 

^ di 


That is, 


Ci = - F— V cos (vt + d) 

V 


The pressure across the condenser terminals is obtained from equations 
(34) and (36), viz. 


C V 


. (40) 
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The initial magnitudes of the three pressure vectors are, respectively, 

E^; = F"" = Ej ^ : En = FC«‘"“' . . (41) 

V V Lv 

and are shown in their appropriate vector relationships in Fig. 40. 

If this figure is compared with Fig. 34 it will be seen to be identical in 
form with the exception that the two diagrams are displaced relatively 



to each other by 180^. This is accounted for by the fact that the discharge 
current for the circuit of Fig. 39 is in the opposite direction to the charging 
current for the system of Fig. 32. 

In Fig. 41 is shown the oscillating ])rcssuro wave as defined by the 
exfuession (40) for the same numerical values of the series circuit as have 
ijcon considered on ])age 273. In the present case the condenser is 
assumed to have been initially charged to a jiressure of F = 300 volts 
jjid then discharges through the inductance and resistance as shown 
in Fig. 39. 

The equation (40) may now be written 

^ cos (vt d) 

cos o 

whore r = 199 : / = U-lhz : 5 = 6'’: = 20. 


The pressure wave shown in Fig. 41 has been derived from the 
iogarithmic spiral, which is shown on the left-hand side of the diagram. 

This spiral has been drawn by calculating the values of for 

° cos b 

successive values of t. Thus, for the two successive jioints a and h on 
Ihe spiral the difference of the vector angles being 30°, that is to say, 
one-twelfth of the periodic time, i.e. 


1 1 
12 / 



= 0 00263 sec. 
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Fig, 41. 

In Fig. 42 the three pressure vectors are shown in their correct 
relative positions. 

Then, for any point such as A on the oscillatory wave of Fig. 41, the 
abscissa of which corresponds to of a cycle, the ordinate is obtained 
by projecting the vector Oa on to the horizontal axis of the logarithmic 
spiral. 

The application of the logarithmic spiral of Fig. 41 may be explained 
as follows. For any moment t mark off the angle vt from the horizontal 
axis in the counter-clockwise direction and then reduce this angle by 
the amount d. Draw the polar radius of the spiral for this resultant 



Fig, 42. 


angle {vt — S), then the projection on the horizontal axis of this polai 
radius will give the required value of the pressure at the given moment / 
The following alternative method is perhaps somewhat more con 
venient, although not quite so informative as the method just described 
From the initial polar radius of the spiral, mark off the angle vt in the 
counter-clockwise direction and draw the corresponding polar radius 
Then the projection of this radius on the horizontal axis will give the 
required value of the pressure, for the given moment t. 

Transient phenomena, which are closely allied to the foregoing' 
examples, occur during the switching operations of heavy ciurein 
circuits. For example, if a short-circuit develops on the consumer’s sidi‘ 
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of the protective reactance L in Pig. 43, in which 0 represents the capaci- 
tance of the line and 8 the circuit-breaker, the short-circuit current 
will then be approximately 90 de- 
grees out of phase with the supply 
pressure, and if the circuit-breaker 
contacts open when the current is 
passing through its zero value, the 
stored energy of the capacitance will 
discharge through the closed circuit 
of inductance and capacitance in 43. 

series, thus producing an oscillating current of frequency v = • 

An oscillatory pressure will then develop across the capacitance and 
(‘onsequently also across the switch contacts, as defined by the expression, 

cos .... (42) 

This transient pressure will bo super])osod upon the supply j^ressure 




Fig, 44 . 


J cos ml, so that the pressure across the switch contacts will be^ given 
the expression 

e = F(cos oyi — cos vi) ... (43) 

The circular frequency v will usually be very large in comparison with 
the supply frequency w, so that the transient pressure will rise to approxi- 
Juately double the supple pressure, as is shown in Fig. 44, and in accord- 
ance with the results obtained on page 275, Fig. 38. 
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A Non-Oscillatory Circuit comprising an Inductance, a Capacitance, and 
a Resistance in Series is connected to a D.C. Supply 

The transient electrical phenomena in a series circuit of capacitance, 
induc'tancc, and resistance, have an oscillatory characteristic only when 

the condition is fulfilled as previousl\ 
stated on page 270, that is, when 


L 


c 




R 

■vwww 


1 

LC 


is greater than 


(: 


:Ky 

’ 


V ^-D.c. SOURCE 

Fkj. 45 . 


If the resistance of the circuit is rela- 
tively large so that 

(2^) 

the transient efi'ects become non 
oscillatory. In this case, the solution 
of the general e(j nation (19) on page 270 is 

i = 

in which and Ag are the two roots of the equation — 

— 0, 

Ij L Jj 

and A and B are constants which are determined by the initial conditions. 
If these conditions are ^ = 0 : ^ = 0 : — 0, as before, then 


A ^ B ^ O, or A 
Further, 


B. 


V 


for these initial conditions. 


di 

dt 


By differentiating the equation for i and substituting the value 


1 y 

t 7 ’ ^ 

J/-0 


it follows that- 


A = ^ ^ 

L (Aj Ag) 

and the current in the circuit will be — 

V 1 

i == amperes. 

L (Ai — Ag) 

Example. — As an example, suppose 
L = () ()05 henry : 0 = farads : R — 20 ohms : V — 200 volts. 


Then Ai = - 3,730, A* = - 270, and A = 

therefore i = 11*5 amperes. 

This current is plotted in Fig. 46. 


11-5, 



ALTERNATING CURRENTS 


281 



Transient Effects when an Alternating Pressure is Applied to a Circuit 
comprising a Resistance and an Inductance in Series 

The circuit is shown in Fig. 47, and it is required to find wliat the 
current will be immediately after closing the switch — that is, before the 
steady cyclic conditions of current 
have been established as determined L 

by the general formula given on 
])age 254. v VJ U 

At any moment the current in the ^ j/ ^ 

circuit will be given by the equation ^ 

-I- Ri = sin <ot, 


\\here (o = 27r X frequency. 

The solution of this equation is — 

li. Y 

• A zrl , ' Ml 


i ~ Ae 


Fig. 47. 


+ {why 


sill (ojt — fi), 


m which A is a constant and tan p 


The first term of this equation 


contains an exponential function of the time, and gives the transient 
nirrent which flows after the switch is closed. In practice this term 
raj)i(lly disappears, and the current assumes the steady cyclic state 
given by the equation — 

Y 

i = _ sin (wt — p) amperes. 

VB^ {coL)^ 

If the initial conditions — i.e. at the instant at which the switch is 
closed — ^are 

t = 0 : i = 0 : sin = 0, 

then A = sin d 

\/jR2 + (a,L)2 
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and the transient current is 




"L___ e L* sin B amperes. 

VR^ + 


Hence 


i = / [e sin B + sin (cot — /?)] . 

\/R^ + {(oL)^ 


Example. — ^As an example, suppose R = 2 ohms : 

CO = 27r frequency = 271 x 100 = 628 : L = 0*02 henry : 

= 200 volts. Then 

tan p = ^ = 6*28 : p = 81° = 1*41 radians : sin /3 = 0*988. 
K 



— 0*988e“^®®^ ampere ; 

V22 + (12*56)2 

that is, I’l = 15*5c~^^^^' amperes. 

The second or permanent term of the current is 
ia = 15*8 sin (628^ ~ 1*41) amperes. 

In Fig. 48 the two terms of the current wave are shown, and in Fig. 49 
the resultant current wave is shown. It will be observed that after a 
time corresponding to about three complete cycles of the supply p.d. 
(i.e. after about 0*03 second from the time of closing the switch) the 
transient term has become relatively very small, and the current has 
reached very nearly a steady cyclic state. 

As has been stated, the current waves shown in Figs. 48 and 49 
correspond to the conditions that the switch is closed at the instant at 
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which the applied p.d. is zero. By suitably altering the value of the 
constant A in the foregoing example the corresponding current wave 
which will result if the switch is closed at any other instant of the p.d. 
cycle may be deduced.' 

An interesting special case is that of a circuit of wliich the resistance 



/? (Fig. 47) is zero, and for which the switch is closed when the applied 
|).cl. is zero. For this case tan [i = oo, (i.e. infinity) and = 90°. 

Tlierefore i = A — ^ cos cot amperes. 

(oL 

If the initial conditions are such that 

f == 0 : i = 0 : sin wf = 0, 



and therefore i = —~{l — cos cot) amperes. 

(oL 

This equation shows that the current never becomes negatiye, the 
minimum value being ^ — 0. 

Example. — Suppose = 200 volts : co = 27i x 100 = 628 : 

(oL = 12*56. 

i = 16(1 — cos cot) amperes. 

This current wave is shown in Fig. 50, the wave of the supply p.d. 
also being shown. It will be seen that the p.d. and current waves pass 
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through the zero values simultaneously and the current wave is uni- 
directional. 



Fig, 50. 

An Alternating P.D. applied to a Circuit Containing Resistance, Inductance, 
and Capacity in Series 

The circuit is shown in Fig. 51, and it is assumed that an alternating 
p.d. V == cos (cot — 0) volts is applied to the terminals. The following 
equation will tlien hold : 

i Ri I j/ dt -= F,„ cos (lot - 0) ; 

that is, -+ c ^ ~ ^ ^ 2 )’ 

(iH jR di i „ / zi , 

" d,‘ L dl ^ LC - ^ ^ ' 2 } 

where F — 

L 

The solution of this equation comprises three forms dependent upon 

1/^2 I 

whether j-, 2 than, equal to, or greater than . Two cases 

4 ij^ LtC 

only, will be considered here. 


where 
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1 R* 1 

Case I— j is less than 

The solution in this case is — 


Ae cos 


where 


and 




+ 


tan y 


Eo) 

L 




Ea)(J 
- LCoy^ 


and A, ft, and 0 are constants determined by tlio initial conditions. 
If, when the switch is closed, 


/ 


0 : 1 = 0: dt 0 — 


that 


R 


C 


is, the condenser has no charge, 
and if the apjdied p.d. is zero at 

lliat instant — i.e. a 

= 0, and the values of 


then 

2 


I — V/WV 


/-() 


I 

h 

I 

Fig, f)!. 


V^S\HU)t-^\ 

I 


ill 
dt 

ilie constants A and ft may be 
determined in terms of and the constants L. E, C, and r/>. 
Example I. — As an example, suppose 

200 


L = 0-005 henry : C 


10 « 


farad : = 0-5 ohm, 


the supply frequency is / = 100 cycles per second — that is, 
CO = 2ji X 100 = f)28, and — 200 volts. 
The value of F in the equation for i is — 


F = 


V^(o 200 X 628 


= 25-12 X 10«. 


L 0005 

The natural frequency of the circuit is — 

k-Jw -I = kJzc “pp«»“y- 

J'hat is, the natural frequency is 160 cycles per second, and 
271 X natural frequency — 27t X 160 = 1,000. 



Fig» 62. 


ce 

= cos (1,000^ + 3-03) + 41-3 cos (628< - 0-105) amperes. 

Che first term is the transient term — 


cos (1,000/ + 3-03) amperes, 



and this is plotted in Fig. 52, from which it will be seen that after about 
aVth second after closing the switch the amplitude of this term is les^ 
than maximum amplitude 41-3, The frequency of thij- 

transient current is = 160 cycles per second. 

mTZ 
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The second term is the permanent term — 

ig = 41-3 cos (G28< — 0*105) amperes, 

and this is plotted in Fig 53. This is the current which flows in the 
circuit when the conditions have become steady. 

The total current in the circuit is — 

i = -j- tg, 

and this is plotted in Fig. 54. This current eventually becomes identical 
with the current ig (Fig. 53). 



For any other given initial conditions — e.g. if the switch is closed at 
a moment when the applied p.d. is not zero — the transient current ij 
may be determined by finding the corresponding values of the constants 
A and /5. The permanent term of the current — viz. — is, of course, 
independent of the initial conditions if the values of L, 0, and R are 
ke])t constant. 

1 

Example II. — As another example of the case in which - is less 

than ~ will be chosen the condition that the natural frequency of the 
LaJ 

circuit is the same as the frequency of the applied p.d. — ^that is, the 
circuit is in resonance with the frequency of the mipply pressure. 

Let L = 0*005 henry : C = farad : R = 0*25 ohm : — 200 

volts : supply frequency / =160 cycles per second : 

CO = 2:71 X 160 = 1,000 : LCo^ = 1. 
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Then, in the equation for the current i, given on page 284, 
F = 40 X 10* : tan y = oo : y = 90° = ^ radians ; 

that is, 

i — cos (1,000^ + f^) + sin 1,000^ amperes. 

If the initial conditions are — 


^ = 0 : i = 0 : y dt = 0, 
then A = 800 

7t 

and B = 90° = - radians. 

2 



Hence i = — 800e~‘^^^ sin 1,000^ + 800 sin 1,000^ amperes. 
The first term of this equation is tiie transient term — 
= — 800e“-'*' sin 1,000^ amperes, 
and this is plotted in Fig. 55. 



The second term is the permanent term — viz. : 

= 800 sin 1,000^ amperes, 
and this is ])lotted in Fig. 56. 

The resultant current is — 

i = -f 1*2, 

and this is given in Fig. 57, from which it is seen that the current is ol 
gradually increasing amplitude until the steady condition is reached loi 
which ii has become zero and i — i^. 
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1/^2 ] 

Case II. — Suppose - is greater than 

4 LC 

The solution of the differential equation (]). 284) for the current in 
the series circuit is then — 

i — Ae^^^ + ^ ^ ^ ^ 




where A, B, and 6 are constants of which the values de])end upon the 
initial conditions. 

As an example, suppose tlie supj)]y frequency is r>() cycles per second, 
and let the constants of the circuit be as follows : i? =- 10-1 ohms ; 
L — 0*005 henry ; C ~ 200 x 10“® farads ; = 200 volts. 



Fig, 68. 

Thenw = 2:71 x frequency = 314 ; tany = 0*705 ; y — 35|" — 0*616 
radian. 

, F = y^^= 12-i)6 X 10« : / = 10« : 

Lj lj(y 

A, = - 1,151 ; Aj = - 868. 

T lie current in the circuit is therefore — 

i = + Be «««' + 11-4 cos ^314< - 0 + ^ - 0-616^, 

where A, B, and Q are constants depending upon the initial conditions. 
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Suppose when the circuit switch is closed the applied p.d. is at its 
maximum positive value — that is, 0 = o (see p. 284). Further, let Uk* 
current be zero and the condenser without charge when the switch is 
closed. That is, the initial conditions are — 

t = o\ i = 0 i dt = o; 6 = o ; ^== 40,000. 

di 

By substitution in the equations for i and — it is found that the 

Cbt 

constants have the following values : 

A = - 131-6; B = 125. 

Hence the current is — 

i = - 131-6e-ii5i< + 125C-868' + 11.4 cos (314^ + 0-954) amperes. 
The transient component of this current is : 

= — 131-6e~^^®^^ + 125c“®®®^ amperes, 
and this is plotted in Fig. 58. 



The permanent component of the current is — 

i, = 11-4 cos (314^ + 0-954) amperes, 

and this is plotted in Fig. 59. 

The actual resultant current is — 

i = 

and this is shown in Fig. 60. 

1 1 

The case in which 7 - 7 ^ is equal to may be dealt with in a similar 
4 Lr 1 j(J 


manner. 
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The calculation of transient currents may be greatly facilitated by 
the use of the table given in the Appendix No. I, page 629. 



Fig. 60 . 


Representation of Vectors by Complex Quantities 

In Fig. 61 let OA be a line drawn in the direction OX and of length 
(f units, 

That is — OA = a. 

A line drawn in the direction OX^ and of length a units is written — 

OA^ == — Cf ; 

that is, OA^ — — OA. 

Now assume that a line OB (Fig. 61) drawn in the direction OY and 
of length a units be written — 

OB ^j(OA) =ja, 

the j)refix j denoting that OB is drawn at right angles to tlie direction 
of OA, the angle being measured in a counter-clockwise direction from OA. 

According to this notation j{OB) is a line drawn at right angles to 
OB, measuring the angle in a counter-clockwise direction from OB. 

That is— j{OB) = OA\ 

= OA^ = — a ; 

hence j^a = — a 

== - 1 , 

and j = V — 1. 

Hence j must be assumed to be V — 1 in order that the prefix j satisfies 
ihe condition that j(OA) denotes a line drawn at right angles to OA in 
fhe counter-clockwise direction, and that — 

OA^ = - OA. 
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In Fig. 62 lot a vector OB be drawn at an angle to the axis OX, 
and let the length of OB be r units. This vector may be resolved into 
two components at right angles, OA along OX, and AB in tlio 
direction OY, 


t 



y' 0 a a 


Fig. 61 . Fig. 62 . 

Let OA be a units and AB be b units, so that OA = a and AB =jb. 
The vector OB may then be written — 

OB = a + jb. 

Similarly a vector OB^ (Fig. 63) in the second quadrant is — 

OB^ — - a ■\- jb. 

A vector in the third quadrant is — 

OB^^ =r. — a — jb, 

and a vector in the fourth quadrant is — 

= a — jb. 

Since the length of the vector OB (Fig. 62) is r units — 
a — r cos (f) : b = r sin (f> 

r == Va^ + b^ : tan 6 — 

a 

and OB = a \ jb — r (cos <l> + j sin (f)), 

and since it has been shown that j under this interpretation must bt‘ 

V — I it follows from the previous results that — 

OB = r (cos <t> + j sin <^) = reJ^. 

Quantities of the form a {- jb and the equivalent forms 
r (cos <f> + j sin (f>), and re^ 
are termed complex quantities. 

The quantity r is the magnitude or the modulus of the vector, am I 
is the argument, or tan <(> the slope of the vector. 
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In Fig. 64 let OA represent a vector in the first quadrant, so tliat — 

OA = a I ; 

then 3 ( 0 A) =j(a j jb) 

= ja ~ b 

-OAi. 

Hence, if a vector OA is multiplied by j a vector OA, is obtained 
which is of the same magnitude as OA, but makes an angle of with 



Fuf. 63 . 


Fi(j. 64 . 


(K4, the angle being measured in the counter- clock w^ise direction — 

/N to mif, multiplication of a vector by j gives a vector of equal magnitude , 
but 90' ahead of the original vector. 

Similarly, multiplication of a vector by j 
m\e.s a vector of equal magnitude, but 90 behind 
the original vector. 

Addition of Vectors. — Sup])ose now that two 
v(H‘t()rs OA and OB (Pig. 65) defined res])ectiv(‘ly 
l)\ - 

OA — a + jb — r^e^^\ 

•ind OB = c + jd ~ 

to be added. 



'I'lien OA +OB = a c + j(6 4 </) ; 

'liat is to say, the resultant vector is obtained by adding the rcsjil and 
iniaginary parts respectively. 

The slope of the resultant vector is — 


tan (l> = 


6 f d 
a c' 


the magnitude is — 


V{a + c)* + (6 4- d)\ 
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Suhtraction of Vectors . — 

OA - OB = a- c+j{f) - d) 


tan <f> — 


b-d 


a — c 


and the magnitude is — 


Via - cf + (6 - df. 

Multiplication of Vectors. — For multiplication the vectors are most 
conveniently expressed in the form 


and 

then 



OA = 

OB = rtC^*" ; 

OA X OB — rir^t(*i+M, 



Fig. 06 . 


Fig. 67 . 


Hence the magnitude of the resultant vector is the product of the 
magnitudes of the resjiective components, and the slope of the resultant 
is the sum of the slopes of the components. If the vectors be written 
in the form — 


OA = Vi (cos + j sin : OB = (cos + j sin <^ 2 ) ; 
and OA X OB — T1T2 [cos (^^ ^ 2 ) j (^i “1“ ^2)1> 

as is also obvious from the previous result. 


Division, of Vectors.- 


and hence 


OB u 


VA ri (cos + j sin ,, > \ » m 

OB - Mwr+jin-i) " r.'™* <*■ - *■> + J 
To Raise a Vector to the nth Power . — 

(OAy^ = 

(cos + j sin (cos n^i + j sin n^i). 


and 
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To Determine the nth Boot of a Vector . — 

and (cos if>i + j sin = r,*/'*^cos — + j sin — V 

\ n n J 

If, as the result of such operations, an expression of the form 

h 

is obtained, this expression may be reduced to the standard form a + jb 
by multiplying by 

I + m ^{l + m)(h — jk) ^ (( + m)h — jk{l + m) 
h~+jk~ f^~\-k^ ~ h^+k^ ' ’ 

I + m _ (I + m)h _ .k(l + m) 

h+~jk ~ h^ h^ + k^' 

.ind this represents a vector OA in Fig. 66, 

.her. M - '! + 

A* + fc* 

.1„,1 dA - ^<L+ 

A2 + *2 

It is important to notice that (Fig. 67) 


ilso, generally, 


7- /. 1,1. 

J == e^2 : Vj = e^4 = _ + - j 

V 2 \/2 




The Exponential Function for co8« 

Consider now the expression for cos x, viz. (see Appendix I, p. 523.) 

cos X = + e“^®) .... (46) 

This expression may be graphically represented as one-half the sum of 
the two conjugate vectors and as shown in Fig. 68, that is, 
M7S a; = OB, Now, if it be agreed that only the “ real ” component of 
the vector is to be taken into account, it is then permissible to write 

cos X = 

that, if an alternating current of circular frequency m = 2jr/ is given 
hv the expression, 

cos (oi = .... (47) 

^hen the circular frequency of the current is given by the numerical 
M illie of the coefficient of t in the term on the right-hand side. 

It is of interest to consider a little further at this stage the complete 
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expression for a cosine function of the time, for example, the current 
vector, 

= /o cos (ot = '"'0 • • • (‘i^) 

and it is to be noted in what follows, that vector quantities are repre- 
sented by Gothic script letters, a list of which will be found in Appendix 
No. Ill, page 531. 

This expression comprises two components, (i) the vector and 

(ii) the vector ilgP From what has been said in the foregoing (see 
also Fig. 69) it will be clear that each of these vectors will rotate with 
an angular velocity co radians j)er second, the former component in the 



positive (c(niiiter-eloekwisc) direction and tlie latter component in tlu‘ 
negative (clock-wise) direction as is shown in Fig. 69. When (ot — 2.t 
each of these component vectors will have made one complete revolution 
and returned to its initial position, that is, coincident with the positiv(‘ 
direction of the real axis, OX, so that the time of one complete cycle oi 
changes of the alternating current, that is, the “ periodic time ” r, wiH 


bo given by t 


sec., and consequently, the number of cycles whidj 


will be passed through in one second, that is, the “ frequency ” of tin* 

alternating current, will be given by / — ^ = ? so that (o — 27 if, the 

T 27t 

angular velocity co being also termed the “ circular frequency.” 


Example of the Application of the Expression cos wt = 

By means of the expression (47) the solution of a whole range 
problems relating to oscillatory current circuits can be solved in an 
extremely simple manner and with the minimum amount of explanator^ 
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statement. For example, suppose a condenser of capacitance C farad 
is charged with a quantity Q coulombs and is then switched across 
a coil of negligibly small resistance and of which the inductance is 
L henry (see Fig. 70). If at any moment 

f second after closing the switch the I j£ 

quantity in the condenser is q coulomb, || 

then the current will ^ ^ amperes 

and the p.d. across the condenser terminals ^ ^ 

will be ^ volts. The e.m.f. of self- 

induction is then (see Chapter VIII, page v. 000000000 /“ 

237) ^ 

e = -- 70. 

dt 

, q j^di ^ d\ji 

so that = ^ == - L ^ ~ L , . 

G dt dt‘^ 

a + 

that is, the differential equation which defines the electrical condition of 
the circuit at any moment t is 

■ («) 

The solution of this equation may be written in the form q *= and 
by substitution in equation (49) it is seen that — 

y’‘ + = ^ 


that 


y = ±j 


Vl,g 


and consequently the solution of the equation (49) is 

.1 -1 

q ~ -\- A 2 <p . . . . ( 50 ) 

M'here A^ and A^ are arbitrary constants which depend upon the initial 
conditions. If, when t == 0, q = Qo and i = 0, then it is easily shown 
that A I = Ag = ^Qo, so that the complete solution of the equation (49) 
is then 

q = 

o*" q = Qo coa (ot . . . . . . (51) 

where to = ^ and is the circular frequency of the oscillating 
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quantity q. The oscillating current will then be 

i = ^ == — coQo sin . . . . (52) 

at 

so that the j)eak value of the current is 7© = mQq and the pressure across 
the condenser terminals at any moment t will be (see Fig. 71), 



Fig, 71. 


The Impedance Vector of an Alternating Current Circuit 

In Fig, 72 is shown a circuit which comprises a resistance of R ohms 
in series with an inductance of L henry. The vector of the supply 
pressure is and the vector of the current in the circuit is defined by 

^0 = 7o cos (jDt = amperes . . . (54) 



F%g, 72. Fig. 73. 


The vector of the p.d. across the inductance will be 

=j<oL%, 

SO that the vector of the supply pressure may be written 
SSq ~ "I" ~ + JO>7y) = ^o*-3o volts . 

as shown in Fig. 73, 


. ( 55 ) 
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where 3o = ^ ohms is the vector of the circuit ini]>edaiice, 

o)L ,, is the inductive reactance, 

R ,, is the ohmic resistance. 


tan <j) — 


(joL 

R‘ 


In Fig. 74 is shown a circuit comprising a resistance of R olims, an 
inductance of L henry, and a condenser of capacitance C farad connected 
ill series. The vector of the supply pressure is and the current vector 
is defined as before, viz. 


So = ^0 cos cot = am))eres . . . (56) 

tlie rate of change of this current vector being given by tlie expression 

■=i"So (57) 


The vector of the pressure across 


the condenser is then 




<1 

V 


, the 



vectors of the pressures $8^ and respectively, being exjircssed as in 
tlie previous example, so that 


a?o = «R + aSL + ®c = -B-So+>J^-So + J^,'? • • (58) 


‘Old, consequently, 9So will be a cosine function of the time i and may 
written in the general form SSq = 

Differentiating both sides of the equation (58) with respect to t gives 
and since SSo = Foe^V"' : ;f ®o = 

Cl/v 

• • ( 59 ) 

^ shown in Fig. 75, where 
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3o ~ ^ + 



ohms and is the impedance vector for the 

whole circuit 


R 

(oL 

1 

mC 


ohms is the resistance, 

ohms IS the inductive reactance, 

ohms is the capacitance reactance. 


(oL 

tan </) — 


1 

(oC. 


R 


For a series circuit, therefore, the vector of the total impedance of the 
circuit is equal to the sum of the resistance vectcH* and the reactance vector. 


The Admittance Vector of an Alternating Current Circuit 

It has been seen in the foregoing that the vectors of jiressure, current 
and impedance are connected by the relationship 

= m 

This exjiression may be re-written in the form, 


^0 = = * 0 ?) 


. (61) 


\)Q 

<o 

where 0 A vector of the “admittance” of the circuit 

A I ex])rcssed in “ reciprocal ohms ”, i.e. “ siemens 
G is the “ conductance ” in siemens, 

S is the “ susceptanee ” in siemens. 

, _ ^ - „<■) 

+ 


so tliat — O + jS ~ j = 

<0 


or 


O+jS^ 


R t 3 
R + 3 


+ 


- L) 
(»« - 


A-L)' 


and consequently, the “ real ” component is 


jR* + 


(i 


coL 


Y 


aM the “imaginary” or “j” component is — 


is 


R» + 


(i - 
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If the circuit contains only an inductance of L henry as shown in Fig. 76, 
then N = 0 ; C = co 

and consequently 0 = 0: jS = = §). 



Fig. 76. Fig. 77. 


The cirrrent vector will then be 




r«o 


sliown in Fig. 77. 

If the circuit coni|)ri.se.s an inductance of L henry in series with a 
<*a|)acitance of C farad as shown in 

Fig. 7S, then ^ ^ 


M = 0: G =={) : jS - j 


a--)’ 



so that the current vector will then 
he 

j. ‘ 6 ^ 

If the capacitance C is relatively small so that ooL^ then the 

admittance will be positive and the current will lead by 90° on the 
pressure vector as shown in Fig. 79. If the capacitance reactance is 
equal to the inductive reactance, that is, if 

0 ) 1 / = -4^ or 6t> = 2nf = ~ 

wC •' vl,c 
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the current will be indefinitely large. The vector of pressure across the 
capacitance will then be equal and opposite to the vector of pressure 
across the inductance, and this relationship denotes a condition of 
pressure resonance, the circuit then being typical of an “ acceptor circuit ’ 
and acts like a perfect conductor. 

Next, consider a parallel arrangement of an inductance of L henr\' 
connected across a condenser of capacitance C farad, as shown in Fig. 80. 




Fig. 79. 


K 


I, 

I — 'TJWIT' — I 



0 ^ ^0 

Fig. 80. 


For this circuit, tiic vector of the current in the mains will be 

that is, So = «o(?)i + ?)*) = 

since = jmC : == - j^. 

If, then, the supply frequency is such that u>C = ^ , that is, 

ojL 


o) — "Inf = 


1 

V'l.c 


the current vector will be — 0, and this condition defines a state of 
current resonance. Inhere will then be a circulating current in the closed 
loop formed by the inductance and capacitance, the magnitude of thi^- 
circulating current being 

Si = - ^2 = ; 

but no current will flow in the mains, so that the parallel circuit then 
acts like a perfect insulator and is typical of a ‘‘ rejector circuit 

Further treatment of series circuits and parallel circuits will be found 
in Chapter X. 
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Circuits Coupled by Mutual Induction 

Oil pagG 239, Chapter VIII, the relationships between the mutual 
inductance and the selfdnduetances of two coupled coils have been 
established, and in what follows, two practical cases of such circuits 
coupled by electromagnetic induction will be considered. 

(i) The Transformer. — ^The diagrammatical representation of a 
transformer is shown in Fig. 81. If Jf henry is the coefficient of mutual 
inductance between the two coils, then 



Fig , 81. 


The simultaneous equations for the two circuits of the transformer 
bindings may then be written, 

95o + ©1 = . (a) 

= . . . (6) • • 

thatis = • • • («) 

W/o I iaA\ 


Kliminating the current vector between these equations gives 




■ (M) 


After rationalising this equation and collecting the “ real and the 
imaginary ” terms respectively, it is found that 






) - 


•Bs* + X^j 


( 66 ) 
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and this equation may be written in the form 

+ A.* 


where Bg = B^ -i 


B,.X^^ . 
B^^ + X,^ • 

tan (f>i = 

Be 


Xg = X, 


Fig. 82 . 


• (67) 

. ( 68 ) 


That is to say, the transformer cir- 
cuit system of Fig. 81 may be re- 
placed by the equivalent simple 
series circuit of Fig. 82 in which 
(oLf. = X^. Again, from equation 
(64 6) it is seen that 


O 

A 


K 


V 




K. 


Y 


/>£AL AXIS* ^ 


/ 


'4 


Fig, 83 . 


W, 


^ — 


X 


u 


i * cv 

•’b, 


_w,„ Xt+jBtg^ 


Wy 


(69) 


from which it follows that 

tan y 


_ -jBi _ fg 


-X, Og 

as shown in Fig. 83. 

It will be seen from the expressions (68) that the equivalent resistance 
of the primary circuit of the transformer is increased by the amount 

ax ^ 

* 2 when the secondary circuit is closed, whilst the equivalent 

X X ^ 

inductance of the primary circuit is decreased by the amount * ’ ^ 

when the secondary circuit is closed. In other words, the equivalent 
resisUmce of any circuit is increased by mutual induction effects and the 
equivalent reactance is decreased. 
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Tfie foregoing mathematical treatment of the transformer })robIem 
assumes that the reactances and resistances of the circuits are all constant 
(juantities, that is to say, that they are independent of the current and 
frequency. 

The Transformation of a Mesh-Connected System into an Equivalent 
Star-Connected System 

The impedance vectors of the mesh -connected system sliown in 
Fig. H4 a are, respectively, 

• 3m* 

Let the impedances of the equivalent star-connected system l)e 

3i • 32 * 33* 

If the two systems are equivalent, that is to say, if the current and power 
fa(*tor of the supply when connected to either system are identically the 
same, then the admittance between any two supply lines must be the 
same for each of the two equivalent systems. 



The admittance between A and C in Fig. 84 a is the admittance of 
and in series, and this series combination in parallel with 

The admittance of the branch ^ra ?)m = j admittance 

3ra 


of and 3u series is ^ 
the two branches in parallel is 


, so that the admittance of 

3i \ 3ii 


(70) 


1 

3i ^ 3n 

The admittance between the lines A and C of the star system of 
Fig. 84 b is 


?!)m + ?)i • II — ^ 

^)ni 




• ( 71 ) 


X 
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If the two systems of Figs. 84 a and 84 b are to be equivalent, then from 
equations (70) and (71) 

1 


and, similarly, 


■8i "t* -Bs Bm Bi + Bn 

/’I ' . 


iia + S 2 3n 3i + 3ni 

V- 

^8 + 3i 3i 3n "1" 3ra 


(72) 


IVom which it is easily shown that 

3i3m ^ 

3i + 3n + 3m 

3l3n ! . . . . (73) 

3i + 3n + 3ra 
3n3m 

3i + 3ii + 3ra 

For the particular case in which each of the systems of Fig. 84 is sym- 
metrical, that is, when 

Bi = Be ~ Bs Bi Bn = Bni> 

then 3i = iBi consequently + jX^ = ^Rj + ^jXj, so that 

iJ, =^Rj : X,=iXj . . . . (74) 


Bi = 1, 


Bs ~ 

B» = 


The Campbell Bridge for the Measurement of Capacitance and Inductance 

A widely used Bridge Method for the measurement of capacitance 
and inductance is shown diagrammatically in Fig. 85, in which M repre- 
sents a standard variable mutual inductance, whilst C is the capacitance 
and L is the inductance of which the respective values are to be measured. 

The two branch circuits ad and ahd are connected to a source of 
alternating -current supply, say, 500 frequency, and across the junctions 
a and b a telephone (or an a. c. galvanometer) is connected. Adjustments 
of the mutual inductance M and the resistance S are made so that no 
current flows in the telephone, that is to say, the telephone will be silent 
when the bridge is “ balanced and the p.d. between a and b will then 
be zero. 


Writing for coL, for 


1 


and Xjf^ for coM, then since the branch 


ad contains only the resistance R the p.d. across ad will be 2 b --K* 
the branch abd the resistance is P + /S and the reactance is Xj^ — Xq. 
When balance has been obtained, the mutual reactance in ab will be 
= — (oM and the p.d. across abd will then be 

3i{(-P + S) + j(a;i - xg)} 
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But the p.d. across ad has already bten seen to be so that 

38^ = 3i{(-P + S) +i(a;£ - Xc)} 
and since 3 = 3i + 3s 

it follows that = 3, {(P + /S) + jix^ ~ } 



Fig, 85. 


Again, since for a balance tlie p.d. across ab is zero, then 

+ J'^l) ~~ ~ ^ 

or since 3 = 3i + 3* 

then .... (76) 

By equating exprosssioiis (75) and (76) it is found that 
P.R -- 

Since the real parts of the two sides of this equation must be equal and 
also the imaginary parts of the two sides must be equal, it follows that 

P,R - Xj^,xc = 0) . . . (a) 

S,x^^R{x^-^x^,)==0) . , . ib) • * 

M 

so that from (78 a) C = --- .... (79) 

P ,K 

and from (78 b) L — M . 

R 


• (78) 
. (79) 


( 80 ) 
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The Maxwell Bridge Method for Measuring Inductance 

A bridge method for measuring inductance by means of a ballisti(* 
test was given by Maxwell. The princij)!© of this method was applied 
by M. Wien to the measurement of inductance using an alternating 
current source of supply, and in this form ^the bridge is widely used 
in practice. 

The simplest arrangement of the circuit connections is shown in 
Fig. 86, where G is a standard capacitance of which the dielectric 
resistance is infinitely large and r% is a resistance of known value, or 
alternatively, the parallel connection of C and may in practice be 
formed by a condenser of which the effective resistance of the dielectric 
is ra and the effective capacitance is (7. In the branch ad is the induct- 



ance L which it is required to measure and a resistance and in practice 
the resistance may be the effective resistance of the inductance coil, 
L itself. The branches ac and db contain the adjustable resistances 
Vi and 7*4 respectively. 

The equivalent simplified system of Fig. 86 is shown in Fig. 87, 
and when the bridge is balanced, no current will flow through the 
galvanometer (7, so that 

Sl8 = ^84 

Further, if ^8 is the impedance of the capacitance branch be of Fig. 86, 
^3 is the impedance of the inductive branch ad, 
then, = r, : 34 = r. 
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where ri, r*, r^, and are all in ohms, L is in henry, and C is in farad. 
The following relationships will then hold, viz., 

pressure drop in branch ac = pressmp drop in branch ad 

so that ~ 5l84*38 .... ( 81 ) 

and 

pressure drop in branch cb = pressure drop in branch db 
so that .... ( 82 ) 

Cross-multiplying equations ( 81 ) and ( 82 ) gives 

3i-B 4 = Bs-Bs 

so that + jmLr^ = rir4 f jcoCr^r^ 

and, equating respectively the real components and the imaginary 
components of this equation, then 

: L == Cr^r^ = Cr^r^ 

as already stated in Chapter I, ])age 17 . 


The Wien Bridge for the Measurement of Capacitance and Dielectric 
Angle of Loss 

The circuit diagram for this bridge is shown in Fig. 88 as arranged 
for example, to measure the capacitance ^ high-tension cable 

and its equivalent resistance ry, which is also a measure of its angle 
of loss 6 (see Chapter XI, page 363 ). The circuit components shown 
in Fig. 88 are as follows : 


is a standard “ no loss ” condenser, that is, one for which 
the dielectric resistance is infinitely large 
Cx i« the unknown capacitance 

Tx is the effective dielectric resistance of the ca])acitance Cx 
Ml and iZg are resistance slides 

Bx and Kg are resistances the self-inductance and the self-capacitance 
of which are zero. 

Ki and K^ are resistance slides. 

Balance is obtained by adjusting the slide contacts s, and and 
when the bridge is balanced no current will flow through the detector 
C, so that the ]).d. between the points a and b will then be zero. It 
is then easily shown that the following relationships will hold : 


f^r 

1 - cv f: 

1 + jiJatoC'sl 


+ roCxrx} 



= ^ 2(^8 + -^i) 



Cross-multiplying these two equations then gives 
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Reducing this equation to its simplest form and separating out th(‘ 
real and the imaginary components, it is found that 

s — 1 I 

+ «■' - + 5^5;} 

from which it is easily seen that 

1 

tan d — — - - = SiCoCg 

r^coCx 

Vx ^ 





K>— ? 

KdJ^Ks > 






Fig, 88 . 


'la 


Reference to the circuit and vector diagram of Fig. 88 will make this 
clear, observing that 

Si = S. + 3b 

tan 6 = |5 = 

3» ‘f'x^X 


so that 
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The change ACx of the capacitance Cx a^nd the change of the loss 
factor tan d with the frequency or with the temperature can be satis- 
factorily measured in this way by reading the respective positions of 
the slide contacts 8 i and 82 on the corresponding resistance scales. It 
will be seen that the capacitance Cx and the loss factor tan d each bear 
a linear relationship to the positions of the respective slide contacts as 
read on the corresponding resistance scales. 


The Thomson Double Bridge 

If the normal type of Wheatstone Bridge (e.g. Fig. 6, page 120) is 
used to measure low resistances, considerable errors may be introduced 
owing to the resistance of the connections from the bridge arms to the 
conductor under test. In order to eliminate this difficulty, Lord Kelvin 
(Sir W. Thomson) devised the Double-Bridge system, the principle of 
uhich will be seen by reference to Fig. 89. The characteristic feature of 
tliis bridge is that it comprises a duplication of the normal Wheatstone 
Bridge system, and in this way the contact resistances of the bridge 
connections are eliminated from the test, which is primarily intended for 
the measurement of very low resistances. 

In Fig. 89 represents the resistance which is under test, and in 
Fig. 90 is shown the practical arrangement of the connections. A source 
of current, which may be either d.c. or a.c., is connected so that 
a sufficiently large current can be sent through the unknown resistance 
to give an adequate pressure drop along the resistance for measurement 
purposes. It is the pressure drop in the connections for coupling this 
unknown resistance in aeries with the heavy current circuit, which is 
eliminated from the measurement by means of this double-bridge system. 

Referring to the diagram of Fig. 89, the resistance i?o corresponds 
to the heavy current connection lead shown in Fig. 90, and the relation- 
ships which must exist between the resistances of the bridge arms can 
be expressed by stating that the balance of the bridge must be independent 
of the resistance Rq. Thus, when balance is obtained and the galvano- 
meter shows no deflection, any change of the resistance Ro will not 
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00 


affect the balance. Hence, considering the two extreme cases, (i) i?o — oc , 
(ii) = 0, then 

Bx By, 4" JB 3 

Ih B, ' ' 

Consequently, these two relationships must be simultaneously true, 
whatever the value of i?o may be, that is to say, the following relationsliip 
must also be true, viz., 

B^ B^ [ B^ 


and 


for i?o 
for jf2o ^ 0 : 


(83) 

(84) 




that is. 


R, 4 R. 

R, _R, 

R„ R, 


(85) 


Hence the required conditions for a balanced system, so that no current 
will pass througli the galvanometer, are 


Bx 

B2 


i?4 


R. 

R. 


(86) 


In the older model of the double bridge, such as is shown in Fig. 60, 


the ratio resistances 


Ri Rz 

i?2 R, 


were all kept constant, whilst the comparison 


resistance was adjustable and in the form of a calibrated slide wire 
of O-Ol-ohm resistance. In order to obtain sufficiently high sensitivity 
for the measurement of small resistances, the current in the main circuit 
must be sufficiently large and, for a short period of time, the slide wire 



is capable of standing a current strength up to 20 amperes. The sensi- 
tivity of the bridge is the greater the smaller the resistance Bq (Fig. 89), 
that is to say, the smaller the resistance of the connecting lead between 
B^ and B^. The test result is obtained from the reading of B^ on the 

B 

slide wire multiplied by the set ratio ^ which, in accordance with the 

Rz 
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R 

expression (86), must always be equal to the ratio that is, 

i?4 

( 87 ) 

In the later model of the double bridge (Fig. 91), a standard resist- 
ance Rn comparison resistance instead of the adjustable 

slide wire of Fig. 90, and this resistance is kept constant, whilst the 
R R 

ratios ^ and ® are varied in magnitude but are maintained equal to 

Ri Ri 

one another. These ratio resistances are so aiTanged that li^ and R^ 
can only be varied in relatively large stejis, whilst 7?i and /?, can be 
altered simultaneously with one another by fine adjustment, the lequired 
conditions (86) being maintained throughout. Wlien making a test, the 
resistances are set so that R 2 R^ and the resistances R^ ajid R^ are 
adjusted so that the galvanometer shows no detleetion, then 

Ri 




( 88 ) 


In the diagrams of Figs. 89-91 the source of sup])ly is indicated as 
a d.c. accumulator. The Thom.son Double Bridge is, however, .suitable 
for both a.c. and d.c. measurements and one example of a.c. measurements 
carried out by this means is given in the Test Pa])er for Chapter IX, 
Example 14. 



Chapter X 

OSCILLATING SYSTEMS 


B efore considering some problems of electrical oscillating circuits 
it will be helpful, as a basis of comparison and reference, to derive 
the equations of motion for a damped and an undamped spring 
system respectively. 

The Oscillatioti of an Undamped Spring System 

In Fig. 1 is shown diagrammatically a frictionless spring system 
which can execute oscillations in a horizontal straight line. A mass of 





. --{1 


-s-x 


M 
Fig. 1 . 


m gm. is attached to the spring of strength 8 dynes per centimetre 
extension. If x cm. is the displacement of the mass from its stable 
position of rest the equation of motion will be 


d^x 


m 


di^ 


— 8.x. 


(») 


If the mass is ilf kg. and the strength of the spring is 8 in kilograms per 
metre extension, the equation of motion will then be 


that is 


^ 981 X 103 

= — 8.x 

dt^ 100 

M d^x 

o-aw ■ 


( 2 ) 


The solution of this equation is 

X — A cos (Oot . . . . - . (3) 

where A is the displacement x when t = {) and 

271 „ - 

coo = — = 27ifo. 

To 

The periodic time of the natural free oscillations of this system will then be 

( 4 ) 
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The Oscillations of a Damped Spring S3rstem 

If the damping force is proportional to the velocity and of numerical 
value of a kg. for a velocity of T metre per second, the equation of motion 
will then be 


M d^x 


1 X Li 

dt 


or 


d^x 



(5) 


For relatively small damping, that is, when 
solution of this equation is 

X = Ae cos (mJ + a), 


where A and a are arbitrary constants, the respective magnitude of 
which will depend upon the initial conditions. The circular frequency 
of the oscillation will be given by 


where 



and the periodic time of the oscillations will be 


a2 


(«) 

( 7 ) 


271 

r = - 


271 


»a /o9*81 /, _ l(a^ 9-81\ 

S M l\S m) 


(«) 


that is, ta= , — (9) 

V\ - 

where A = — OL-Xt ^ ^ . . . (10) 

and is the “ logarithmic decrement ” as will be seen by reference to 
expression (29) and Fig. 7, page 321. 


The Free Oscillations of a Circuit comprising Resistance, Capacitance, 
and Inductance in Series s 

In Fig. 2 is shown a series circuit, and by means of the switch S, the 
condenser can first be charged to the pressure Vo and then discharged 
by short-circuiting the terminals A and B, The current which will flow 
when the condenser discharges through the resistance and inductance 
will now be considered. 
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When the system is short-circuited by the switch S, as shown in 
Fig. 2, the equation for the total ])ressure in the system may be written, 

^it + ~ 

that is, Ri 4“ L . . . .(11) 

(it C 


or, writing, i = 


dq 

(It 


the equation (11) becomes 

d^q B<lq 1 
di^ ^ Ldt^ LC^ 


( 12 ) 





Fig, 2. 


The general solution of this differential equation may be written 

<1 — j- . . . -(1*1) 

where and y^ are the roots of the quadratic equation, 


y® + y i- 


VIZ. 


72 


1 are to 

/7J\2 

sioTis (15) ; (i) when f * 


L 

R 

2L 


LC 


+ 




1 

LC 


(14) 

(15) 


Two distinct cases are to be distinguished in inter))reting the expres- 

1 


LC' 


(ii) when 


© 


2 . 1 
< w 


Case 



In this case the roots y^ and y^ given 


by the expressions (14) are both real and negative, that is to say. 


q — 4- A^py*^ 


the arbitrary constants A^ and A^ being determined by the initial condi- 
tions. The discharge of the condenser will then be non-oscillatory 
(non-periodic) and the current will also be non-oscillatory. 
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Example. — L = 0-00.5 henry ; C = 200 x 10 •farad: jB = 20ohms: 
so that 

. lo- 

The corresponding values for the roots of the quadratic equation (14) 
will then be yi = — 3,730 \ = — 270. Assuming as initial conditions 

that when / = 0 : ^ = 0 and that the condenser is charged to a ]).d. of 
200 volts, so that = 0-04 coulomb, then the equation for the quantity 
at any time t will be 

q = 0*043 1 2p — 0*00312p coulomb. 

The graph of this equation is shown in Fig. 3. The correqionding 
equation of the current will be 

i ~ ll'Gc “ ll*6c amperes, 
and the graidi of this equation is shown in Fig. 4. 

TIME SECONDS— ► 




Case is < 


1 

LC' 


]n this case it will be seen from the 


expressions (15) that the roots of the quadratic ecjuation (14) are complex 
(piantities 

'' aij.r . . (16) 


yi 

yz. 


^ . • 
~2i^^ 




R 


/- -f-V- 

V W \2L) 


The quantity 


where a is written for — and v for 
2L 

It 1 

, is also equal to — where T is the time constant (see page 270), so that 
—L 2T 

_B ^ 1 
“ ~ 2L 2T 
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The quantity v is the ‘‘ natural circular frequency ’’ of the circuit. It 
has already been seen on pages 270, 274 and 285, Chapter IX, that if 
there were no resistance in the circuit the natural frequency of oscilk' 
tion would be given by 

1 

«>o = — 7 - , 

Vlg 


so that (see Fig. 5) = a)o^ — : coo® = . . • (17) 


The general solution of equation (16) will have two arbitrary constants 
and may be written in the form 


that is, 




Now, since - cos vt ±j sin vt (see Appendix No. I, page 523), and 
further, since only the real components of this expression will have any 
physical significance (see Chapter IX, page 295), the general solution of 
equation (16) may be written in the form, 


q ^ e'~^[Q cos vt H sin vt\ . . • (1^^) 

where the values of the arbitrary constants G and H will be determined 
by the initial conditions. If the initial conditions are defined by 


t — q — V ,C : i -- 0, 

then substitution in equation (18) for t == 0 : q — V ,0 gives 

G - V.C 


where V is the pressure to which the condenser is initially charged and 
C is the capacitance of the condenser. 

Also, by differentiating equation (18) with respect to t and substituting 
I == 0 : i — 0, that is 



it is found that 


H = G.^ = V.C.- 

V V 

so that equation (18) now becomes 

q — F.^c^^^j^cos vt +- sin v/J . . (19) 

which reduces to 

q = cos (vt — d) 

V 


( 20 ) 
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where 


tan 6 = - 

V 


1 ! ^ 
cos (5 = — 

COo 

as shown in Fig. 5. 

The equation for the current is then, 

i ^ a cos (vf - d) — V sin (vt - ^)] 

at V 

which reduces to 


Fig. 6 . 


i = F.C^e-«'cos^^ 

The equation for the rate of change of the current is 

I = - cos (I + + r sin f ' + 


whicli reduces to 


F.O"® e-<^ cos (tt + (5 + vt). 

V 


It follows, therefore, that the pressures across the resi)ective components 
of the series circuit at any moment t, are as follows : 

For the condenser C, 

cos (r/ - d) 1 


For the resistance R, 

eji = i.R V.C 
For the inductance L, 


.R^(-<d cos^rt \ 


f r - - L-. = V.C.L ^ €-"> cos {rl \ d \ 7t)\ 
at V J 

In Fig. 6 the three vectors for these component prc^ssures are shown 
in their correet relative positions for the moment t — 0, the magnitudes 
of the respective vectors then being a maximum, viz.. 


Ea 

V 

^ _V.C\Rcoo^^ F_^ 
^ V L.v 

^ ^ F.C.L.Wo® ^ p ^ 
^ V ' ‘ r 


. ( 24 ) 
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Reference should also be made to the treatment of this same problem 
in Chapter IX, pages 275-277, Pig. 40. 

The maximum pressure across the condenser terminals will he 

= P = 9 volts, and the maximum peak value of the current 
0 

71 

will be obtained when t = - sec., that is, 

2v 


i] „ = I,=Q 

2v 



a n 
r 2 


Q-^ = ^ = p /^ . 

cos d Vlc V L 


(25) 


The foregoing results have been obtained under the assumption that 



the eireuit resistance is relatively small ; the energy relationships an‘ 
then approximately as follows : 

(0 The electromagnetic energy which is stored in the magnetic field 
of the iiidu(*tance when the current has its maximum peak value Iq amperes 
is 


joules ..... (26) 

(ii) The electrostatic energy stored in the dielectric of the condenser 
when the pressure across the terminals has its maximum peak value V is 

\CV^ joules ..... (27) 

and since the loss of power in the circuit is relatively very small, it 
follows that 

\LI,^ ^ IQV^ 


that is 



as in expression (25). 

The expression (21) for the current in the circuit shows that the 
oscillations are damped in accordance with the factor and the 
damping may be expressed in terms of the ratio of the magnitudes of 
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two successive positive (or two successive negative) i)eaks, for example, 
and / 2 , as shown in Eig. 7. The damping is then defined by the ratio 


^.~a(/+T) 

-cd 


that is, 


or 


/, 

/. 

A = a.. r — log, 


= e 


e“ 

- ar _ ^ A 

h 
h 


whore A is the logarithtnic decrement, viz. 


a . T — V LC 

2iJu 




(28) 


(29) 



tliat is, the logarithmic decrement for two successive positive amplitudes 
as shown in Fig. 7, it being assumed that a is small in comparison with (Oq, 

that is, in comparison with ^ 

\/L(J 


Prom the expressions (29) it is easily seen that the following relation- 
ships exist between successive positive })oak values of the current wave 


so that 



(30) 


and consequently 

It will also be apparent from the expression (30) that the peak value of 
tlie oscillatory current, which would be obtained if there were no resistance 
in the circuit, would be (see Fig. 5) 

3/4)j 


. (32) 
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In the case of a ballistic galvanometer (see also pages 339-342), the sanio 
relationships will exist between the magnitudes of the successi\f‘ 
deflections as are defined by the expressions (30), for the successixc 
positive peak values of the oscillatory current. Thus, if in Fig ti, 
’• • • • 0,^ . , . represent the successive maximum deflections on 
the same side of the galvanometer scale zero, the logarithmic decrement , I 
will be given by the expression 

^ 1 • • • • 

n \ 

By observing the 1st and the nth deflection on the same side of the scale 
zero, the logarithmic decrement is at once found from expression (33). 



The true deflection of the galvanometer as corrected for damping will 
then be (see also Fig. 8) 


0 = 




(34), 


It is of interest to note hero that the decay factor of the exponential 
curve shown by the broken line in Fig. 8 (see also Fig. 7) is 

1 

* 2L 2T’ 

where T = ^, and in the electro-magnetic time constant of the circuit, 
whereas the decay factor in the case of an inductance discharging through 
a resistance as has been considered on page 268, Chapter TX, is ^ . 

It is also interesting to note that 

R 1 

a = -=r = — 

2L y/LG 


that is, 


a = ft)o 
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and is the critical condition which distinguishes between an oscillatory 
discharge and an aperiodic discharge of a series circuit of condenser, 
inductance and resistance. 

If the damped oscillatory current of expression (23), viz. 
i = /oe cos (vt + 


is measured by means of a hot-wire ammeter, the effective heating value 
of the current will be given by 



If there is a train of a complete oscillations per second of tlie wave of 
the discharging process, the heating effect of the current will be given by 


// joules .... (36) 

4a 

Example. — Find the number of com])lete cycles in the oscillatory 
discharge of a condenser after which the current peak value will be loss 
than X per cent, of the first peak value of the discharge current. 



Referring to Fig. 9, suppose that after X complete cycles have passed, 
the peak value is less than x per cent, of its initial 2 >eak value, then : 

_ «-a(X-l)T _ ^ 

I\ 100 

so that log. — ^ = a(X — l)r 

X 

or X.A — Zl = logc— : (since A = a.r) 

37 


so that 



+ ^ 


(37) 



324 PRINCIPLES OF ELECTRICAL ENGINEERING 


If the constants of the oscillatory circuit have the following respective 
values, 

C = 2,250 cm. = 2*5 x 10 ^ farad : L = 10® cm. = 10~^ henry: 
R — 20 ohms : V = 1,000 volts, then : 


/ 


R 

_ 20 X 10^ _ . 

0 )^^ =r ^ 

II 

1' 

II 

2L 

2 

L.C 

2*5 

<o„ 

271 

= 318,000 hz. : v = 

V coq^ — cx.'^ 2 X 10® : 


= ^ = 314 X 10-« sec. : A = ttR = ol.t = 0-3] 4. 
/ L 


The number of cycles which will be passed through before the current 
amplitude falls to 1 per cent, of its initial value is 

log, 100 + 0*314 
0‘314 


X = 


16 cycles, 


so that the time required for the current amplitude to fall to 1 })er cent, 
of its initial value is 


X.r = 16 X 3-14 X 10-®:^ 5 x 10"® second. 


Since the maximum pressure at the condenser terminals is Vo = 1 ,000 volts, 
the maximum ])eak value of the oscillating current will be 

r T 7 1 X 10 » 

/« === ^ 0 ^ ^ 4 - amperes, 


and the heating effect H of this current will then be given by 


H 

R 


T 2 
^ 0 

46 


25 

4 X 10® 


= 6*25 X 10- ®, 


so that the heat energy dissipated in the circuit resistance of 20 ohms 
will be 

H ~ 6*25 X 10 ® X 20 = 1,250 x 10“® joules. 

It is convenient to tabulate for reference purposes the more important 
formulae relative to oscillatory circuits, assuming that the damping 
factor a of the circuit is relatively very small (Table I, page 325). 


Forced Oscillations 

In Fig. 10 is shown a circuit comprising a resistance of E ohms, an 
inductance of L henry, and a capacdtance of C farad in series and connected 
across a supply pressure which is defined by the vector 

95 = = V cos cot *. 


. (38) 



OSCILLATING SYSTEMS 


325 


TABLE I 


Natural ciiTular froquency 


Natural Irequeney 

Periodic time . 

Logarithmic decrement 

Wave length .... 

Velocity of propagation 
Wave length .... 

Electrofttatic imit of capacitance 


IClectrostatic unit of inductance. 


2nV L.C 


Si h L\ a>o 


'‘lTtc\^L.V cm. 

(for L m henry and C in farad) 
3 X 10’® cm. per «ie( 

27 r\ L,,n t'm cm. 




* Note : 1-15 nepers ~ 10 decibels. 

From tlie results already obtained in the foregoing, the vector of the 
circuit impedance is 


j{o>L- 


vliero tan (f> = 




\ U)L 




so tliat the vector of the current will be 


Fkj. 10 . 


that is 


where 


Yfjiof T7 

Z 

3; = / cos (cot — (f)) 


When ojL ~ — that is, when ^ — Wo®, the current will 

(i)C L . C 


have its maximum amplitude ^ condition is then one of 

R 
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pressure resonance. Hence, at any frequency co the amplitude / of the 
current will be given by 

^ . (39) 

ii* + ■ 


(/.)■ = 




R 1 

Denoting, as before, ^ by a and writing coo^ ~ r natural fre 

2Z/ ij . C 

quency v of the circuit is then given by (see also pages 270 and 318) 


= COo^ 


and the logarithmic decrement by 


so that 


A — a.T = 
R = ^- 


TtR 

Lv 


Substituting this value for R in the expression (39) gives 

jLoivy 

_ 


Q’ 


AH 




A^(^y + Ll - 1 y A^ + - iV 

\7l ) \ 0)6/ toV^^COo* / 


(40) 


(41) 


(42) 


If is small in comparison with then from expression (40) v ^ Oo 
and the expression (42) becomes 

A^ 

2 . . . (43) 

-J- 7t2/ 




/ ca _ a>o\ ^ 
\(Oo coj 


Example. — Let R = 0*25 ohm : L = 0 005 henry : 

C = 200 X 10 ® farad : V = 200 r.m.s. volts : then 

r V R 

/o = ^ = 800 r.m.s. amperes : a = — = 25 : 

M 2jb 


coo 


Vl.c 


= 1,000 : = coo^ - a* = 10« - 625 = 2 = 10« : 


so that V ^ coo = 1,000 : A = 


©■ = 


tcR 

L,(Oo 


= 0157: ^* = 0026: and 


0026 


(44) 


0-026 + 7t^(— — — y 
\10s w ) 


If this relationship is plotted as in Fig. 1 1 with the frequency / as the 
abscissae, the curve shown gives the r.m.s. value of the current I, In 
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Eig. ll is also sho^ the relationship of I and / for the case in which the 
circuit resistance is J? = 1 ohm, so that the maximum current which is 

obtained at resonance in this case is 7 = ^ = 200 r.m.s. amperes. 

JX 

Referring now to the graph in Fig. 12 which shows the relationship 
between the ratio and the circular frequency co as a general case. 



If a horizontal line be drawn such as AB, it is seen that the same current 

ratio j is obtained for each of the frequencies Oj and Og and the 

practical significance of this result will now be considered. From the 
expression (43) it is easily seen that for the su])j)ly frequency 


that is 



(45) 


tiR 

La)a 


and, after substituting A — 
that, for a supply frequency Wi 

^•uor 


in this expression, it will be found 

— 1 = (Oi^ — . . . (46) 


In a precisely similar way it will be found that for a supply frequency 
cog that 



328 


PRINCIPLES OF ELECTRICAL ENGINEERING 


After adding the two expressions (45) and (46) and rearranging the terms, 
the result is obtained that 




1 = <Wi — Wj = 27r(/i - /s) 


(47) 


If, therefore, the supply frequency is adjusted so that for each of the 
values /i and /> the same value of the ratio is obtained, then the 

It 

expression (47) will give the value of -- and hence the logarithmic 


decrement 


A = 


tiR 

Lcoo 


Example. — Suppose a carrier wave of frequency /o is modulated witli 
a maximum modulation frequency of 5 kHz., so that / — /o has the 
constant value of 5,000 hz., then : 

{i) For a logarithmic decrement J=l: /o = 10^ hz., and 

f = 1-5 X 10^ hz., substitution in the expression (43) shows that 

5 = A =36 per cent. 

h Vl + 3t\h5 - 0-66)2 

{ii) For a logarithmic decrement A — 0*4 : fo = 10^ hz., and 

/= 1-5 X 10^ hz. 

I 0-4 . 

_ = ^ _ = 15*2 per cent. 

h Vo-16 H :;r2( 1-5 - 0-66)2 


Example. — From the data given in the table on page 325 it is seen 
that the following expression holds for the wave-length in metres. 


A (metres) = 1,885V(G in fxF) x {L in //H) . . (48) 


For a given coil, the caj)acitance was measured and found to be 
(7 = 475 X 10 ® /iF and the resonance wave-length was 450 metres, so that 

4502 = (1,885)2(475 X 10-«)(L in /^H), 

from which it is found that the inductance of the coil was 


L = 119-3 /iH (i.e. microhenry). 

Hence, from expression (47), 

R = 27iL(J^ - j for /i and /, in hz., 

that is, E = 750 x — /j) J for /i and /, in hz., 

R = 0-76(/i - h)^ j 


or 
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so that if the current at resonance is known and also the respective 
values of the frequencies and /g which give the same current values 
(see Fig. 12), then the resistance of the coil can at once be calculated. 
This procedure forms a very convenient method for measuring the 
effective resistance of a coil at very high frequencies for whicli the “ skin 
effect ” becomes prominent (see also Chapter XIV), The following 
numerical data were obtained in an actual test : 


(0 ^0 


I - 


103 

51 


10 '3 ampere 
10“ 3 ampere 


f/o = 433 kHz. : = 443 kHz. 

I /a == 424 kHz. 

(/o2 - 72 ) ^ ^ X 10 -« : 

Vi/' /■ = 


so 

that 



B = 0-75 X 19 X 

0-57 = 8-13 

ohms. 






r/. = 782 

kHz. : /, = 

= 792 kHz 


= 70 


10-3 


/, = 770 

kHz. 


('■»') h 

X 

amj)ere 

7,2 - 

72 = 6,170 

X 10 *: 

1 

= 40 

X 

10-3 

ampere ^ 







i 

i/v- 

= 0-696, 


SO 

that 




B = 11-5 

ohms. 







r/o = 596 

kHz. : /, . 

= 608 kHz 

{Hi) 7„ 

= 88 

X 

10-3 

am[)ere ^ 

1/. = 580 

kHz. : 


7 

= 40 

X 

10-3 

ampere 

Iv 7„^ - 

p = «•'>- 


so 

that 




B = 91i 

5 ohms. 



and from these results it will be seen how the resistance of the coil dej)ends 
upon the frequency of the current. 

The logarithmic decrement A may also be defined in terms of the 
wavelengths Aq and A since from the table on page 325 it is seen that 

A , , 

= . , and hence 
Ao 


A = 



(49) 


Similarly, if for a given value of L the corresponding values of the 
capacitances are respectively Cq and C, so that C^L 2 * ~ 


and consequently - ‘ 



then 

(Co-G\ /Go 
Go /VC 


( 50 ) 
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and in the same way it follows that 

Again, suppose the capacitance to be so adjusted that (see Pig. 12), 

1 


(i) the frequency 


VC,Lt 


= coi and is > cuo, 


(ii) ,, ,, - " — 0)2 and is <c[ coqj 

VC 2 L 0 

the magnitude I of the current being the same in each case. 

C 2 - Co 


Then 


and 

then 


/cOj ^ 2 ^ . Cq Cl ^ 

\COo coj Vft)8 ft>o/ * VCl.Co 

Co-Ci = C2-Co^ i(C2 - Cl) 


Vc,.c~ 


^ II 

2V /o* - lA 0, " ) 


(52) 


.„d .imlhrly A 

Example. — Suppose a series circuit comprises a resistance of 
J? = 20 ohms, a capacitance C = 2,250 cm. = 2*5 x 10 ® P, and an 
inductance L = 10® cm. = 10 ^ henry. If the peak value of the applied 
p.d. is Fo = 1,000 volts, the resonance frequency will be 

Wo — = 2 X 10® hz., 

VL.(7 

Y 

so that at resonance), 7^ = = 50 amperes. The pressure across the 


capacitance is then V and across the inductance F^, = IqCdL, 

coG 


and since at resonance wL — — , then 

(oC 

= F^:, = 50 X 2 X 10® X 10-^ = 10,000 volts, 

so that these individual pressures are each 10 times the supply pressure 
If, now, the supply frequency is changed by 2 per cent, from the 
resonance value, that is, if the supply frequency is co = 2-04 x 10® hz., 
the impedance vector will then be 

1 \ 
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and the current vector will be 

3 = ^ = 2L5e«^'>“ "" (46-5)c->=*i»“ amperes (crest value), 
as shown in Fig. 13. 


The logarithmic decrement is then 


A = 




0-32. 


At resonance, the power supplied to the circuit will be 


Wo 


1,000 
- X 
V2 


50 

a/2 


= 25 kW. 


When the supply frequency is raised by 2 i)er cent, above the resonance 
value, the impedance vector is found to be 

and the active power supplied to the circuit will be (see Cha])ter X) 


w„ = X ^^'1" X cos 21-6'’ = 21-6 kW. 

V2 -v/2 

and the inductive reactive power will be 

1,000 46**5 . ^>o o« 1Y7A 

Wr — — , X ~r X sin 21*0 = S*b kVA. 

V2 V2 







Fig. 13. 



Resonance in Parallel Circuits 

In Fig. 14 is shown a system which comprises two circuits in parallel, 
of which the branch 1 contains a resistance of R ohms in series with an 
inductance of L henry, and the branch 2 contains a condenser of capaci- 
tance C farad. 

The vector of the impedance of branch 1 is 3i = and the 

vector of impedance of branch 2 is = — j so that the vector of 

(jt)0 

the impedance of the two branches in parallel will be (see Chapter IX, 
page 305) 
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Si X S2 


(B I 


that is 


> 1 81 f 8* k + jLl 

3i 8* \ 


j, 1 .1 

ft)*C2 ^wC 


Ri + (o^L^ 




At resonance, the current in the mains will be in phase with the supply 
j)ressure, that is to say, the ‘‘ imaginary ’’ term in the expression (53) 
will then be zero, so that 


and hence 


+ co^Z2 - ^ = 0 

(j 


(o*‘ — = 


1 - 


When the quantity - is small in comparison with unity, then 

Jb 

ro 2 ^ impedance of the parallel system will be 

Jj .(J 

S' - BO 

and this is generally known as the resonance resistance ” of the circuit 
At resonance, ^ when li 0, so that the current in the 

will be zero, but there will be a circulating current in the closed circuit 
formed by the two branch circuits. When R is small the circulating 
current will be 

= F»0, 


SO that the magnitude of this current will be the greater as L becomes 
smaller and C correspondingly greater, the product L . C remaining 
constant to maintain resonance. 

As has been pointed out on page 265, Chapter IX, this type ol 
circuit is known as a “ rejector circuit The effect of the resistance 
of the circuit of Fig. 14 is to produce damping, so that there will then be 
a current in the mains when resonance is established, the magnitude of 

95 . 

which is — J > the impedance vector 3 t being given in expression (53). 
3 t 

Example. — For the parallel circuit system of Fig. 14 the following 
numerical data apply : 

R — 20 ohms : L = 10“^ henry : C — 2*6 x 10~® farad. 
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If the applied a.c. pressure wave has a peak value - 1,000 volts, 
find the input impedance at resonance and the current in each branch 
of the circuit 


^ 20 -‘ < 2-5 < 10 » 
L ^ lO-'* 


001 


and since this is a very small (piantity in comparison with unity the 
circular frequency at resonance will be very closely given by 

’ 2 X 10« 

VL.C \ 10 ‘ X 2-5 < 10 » 

and th^ input impedance is then 

Zi 5, ' ^.‘>00 ohms. 

* 20 V 2-5 A 10 “ 

1’he current taken from the supply mains is tlien 

/o — ^ ^ ’*****^ 0-3.5 r.m.s. amperes 

\/ 2Z ,. \'2 X 2,000 

and the current in the two parallel hranches will bo 

F,„ 1,000 


fr 


fc- 


V 2o)„L V^2 X 2 X 10« X 10-1 


Ih4 r.in.s. am2)eres. 


In Fig. 15 is shown a parallel system in wdiich no resistan(*e is included. 
The vector of the total impedance of this combination is found as before, 
as follows : 


3t = 


Si + ^2 


. 1 

(-) ^ ] 

1 — t 


ioC,) 




1 

caCj, 

) 

1 -J 

feC, 

L, 

1 

Fig, 15. 


r. 

^o,(\ ^ (ocj 


(.55) 


Taking the following numerical data, viz. L — 0-3 x 10 ^ henry, 
(\ = 2-2 X 10~® farad, 672 = 4 x 10 » farad, V = 1,000 volts (peak 
value), then : 

{i) For current resonance , — 

a, - CO, M that o,L, - I whore 


1 , 1 




1 
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or ft)* = = 2-35 X 101* 

X/iC jC 2 

and 0 ) = 15-3 x 10®. 

The circulating current in the closed loop formed by the two brandi 
circuits will be 


Ic 


FtftC. = 


o)Li 


1 

wC, 


= 61-2 amperes (peak value). 


It is to be observed from expression (55) that this condition of resonaiioi* 
can be expressed otherwise as follows : If (7 is the capacitance of Ci and 
C 2 in series, that is, if 


1 

~G 



1 

C 2 


and the current resonance condition is then defined by co = 


L^.C' 


(ii) For pressure resonance . — Ih this case the total impedance of t\w 
parallel combination is zero, that is, 3 t — so that, from expression (55) 

Li = — , that is, = and the resonance frequency is deter- 

1 jLj . C 1 


mined solely by the constants of the branch circuit 1 in Fig. 15. Foi* 
the numerical data already given in the foregoing, therefore, the condition 
of pressure resonance is that 

COrcff = 12*4 X 10®. 

When either branch circuit of Fig. 15 contains resistance, the resonanct* 
conditions can, in general, be most conveniently found by means of tli(' 
method of “ Inversion ”, as exi)lained in Chapter XI. 


The Natural Frequencies of Coupled Oscillatory Circuits 

In Fig. 16 is shown diagrammatically two coupled circuits, each 
of which may be an oscillatory circuit, and this type of coupling is ei 



Fig. 16 . 
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great importance as a transformer in high frequency technique. The 
two circuits are coupled by the mutual inductance M henry, where 

M - ■t)VL,L^ = IcVL.L^ . . . (57) 

the factor r being the “ total or Blondel leakage coefficient and the 
factor k the coupling coefficient, as has been considered already in 
Chapter VIII, page 239. 

The primary or “ input ” terminals are shown at A and J5, and the 
secondary or “ output ’’ terminals are shown at 0 and D. The simul- 
taneous vector equations for this coupled system are 

= (-Bi + I. . . (a) 

0 = a5* + (7e, -jwJJfSxJ • • • (/>) ■ ■ ^ 

from which it is easily seen that 


(59) 


I <> +j(oLi){Ri hj(oLi) + (tt)Jlf)*T 

joyM J J 

If the load on the secondary terminals C and D is defined by 

== H + jK = then the “ Input Impedance ” is 
-32 

o _ _ ® 2 (-^i i S 2 [(^i 4-ioLi)(i22 io)L^) + (coil/)*] 

3l »2 + 32(^3+ jeoL.) 

that is, 

o 32 o ('^1 +ic>iyi) -j- [(i^i fjCoZri)(i ?2 j(oL^ + (coil/)*] . 

32D + {i?3+>L2) ^ ‘ ^ ^ 

After substituting for equivalent vector H + jK, it is found that 

r (coMnH + R,) 1 

L {(^ + -«.)* + + 

T _ (coM)\K + oyL,) -j 
+4 {(ff + i?,)* + (a: -( ^ ^ 

and, writing this in the form 


3i = (^i+^) • • • (62) 

it is seen that the coupled system of Fig. 16 is equivalent to the simple 
series circuit of Pig. 17. The effect of the load on the secondary terminals 
CD of Fig. 16, therefore, is to increase the effective resistance and to reduce 
the effective reactance across the primary terminals A, B, 

An important type of two coupled oscillatory circuits is shown in 
Fig. 18, and, inserting the corresponding reactances in equation (61) and 
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noting that £? = 0, it is seen that the input impedance for this coupled 
system is 

“1 


Ri }- 




j 






M 




■■r. 


Fig. 17 . 

At resonance, the j component of equation (63) must bo zero, that is 


(„L.- ■ ) - =„ 


. ( 64 ) 


If, as is frequently the ease in practice, i ?2 is relatively very small, the 
equation (64) becomes 

(0VL1L2 


h ~ o!c) 




0 . 


. (6*')) 


since from e\j)ression (.57), })age 335, 

Equation (65) is a bi-quadratic in cd and writing 


then 


L\C\ 


: (Oi 


L,6\’ 


CO = - 4(1 - k^)(o,^<02^ 

V 2(1 -k^) 

If the two circuits of Fig. 18 are separately tuned to the same frequency 
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SO that 

COi = 0)2 — 0)q, 



then 

ir±k 

CO = fOn, / ^ , 

V 1 — 


that is 

V, -1. i, 


• {«) 


- "V 1 1 1 

• - 

• (6) 


(07) 


Example. — For the circuit system of Fig. 10: 


Xj = 50,000 cm. =5x10 ^ lioiiry, 

La — 200,000 cm. — 2 x 10 henry, 

Ca = 114 cm. = 120-5 x 10 farad, 

A; = 0-1 : M = k^/LyL^ = 0-1 x 10 " ^ Jienry, 

f o 2 = ^ = 1 ^ 10^‘‘ 

irjC, 2 X 10 « X 120-5 ^ 10 '2 253’ 



Fig, 19. 


<>r ojq = 0*3 X 10® circular frocfuency, 

1()« hz., 

271 

and since — (‘^ X 10^®) cm. per second, 

tlie (‘orres])onding wavelength is 


k = 


3 X 1010 
10 ® 


cm. = 300 metres. 


In the foregoing treatment the couj)ling of the two circuits has been 
assumed to be electro-magnetic, that is, corresjwnding to the mutual 
Muluctanee M. There are, however, other types of coupling and a 
generalised definition of the coupling coefficient is given by the expression 


7 

Vx,x, 

111 which, ohms is the reactance to which the coupling is due, 


( 68 ) 
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Xi and Xt ohms are the respective reactances for the individiul 
circuits, these reactances being of the same type as 
In the diagrams below arc shown the circuit connections for lom 
different types of coupling : 

(а) Inductive coupled circuits. 

(б) Capacitance coupled circuits. 

(c) Resistance coupled circuits. 

(d) Circuits coupled by means of a common inductance 

The respective values of the four components k, X^, Xi, X>, .irr 
given on page 534, Appendix IV. 


(a) (b) (c) (^) 



For each of these different types of coupled circuits two simultaneous 
differential equations may be written down, as, for example, for the 
system (a), 

*■<■ +<'+<■+!■ -"1 ■ ■ ■'“> 


di di a \ * ‘ ^ ^ 

+ "!' + c. - “] ■ ■ • 

where Qi and g* coulombs are the respective charges of the capacitanct s 
Cl and C\. 

If the resistances of the two circuits are relatively very small, so that 

0, then, after substituting i x == : it = the equations (6sj 

(tt (tt 


become 


^ dt» ^ Ct 


. ( 70 , 


Differentiating each of these equations twice with respect to t, gives 

r d*q, , 1 d*g, _ 

* (ft* ^ (ft* ^ C, (ft* J 


(711 
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from the solution of which the natural frequencies of oscillation of the 
coupled circuits are found to be given by 


to 


-J' 


± 


2(1 - i-a) 


4(1 


(72) 


\^hKh is the same result as was obtained previously in equation (06). 

As before, if = ca, = co® 

then 


COo = 


COo 


Vi -ik 


COo == 


COo 


Vl + h 


(73) 


When the coupling factor is i* = 0, then = coq" ~ coo and both 
oscillation frequencies become equal. Further, if the < lupling factor is 
/t = 1, then 

COq = 00 

- _ 1 

COq — /— COo 

V2 



1 hat is to say, there will be in practice only one frequency of oscillation, 
\iz. coo" = 0-71coo. 


The Ballastic Galvanometer 

An instructive example of a mechanically oscillating system which 
is used for electrical measurement purposes is the ballistic galvanometer 
(see also page 206). This type of galvanometer is used to measure the 
<|iiantity of electricity which passes round a circuit when a transient 
1 urrent of extremely short time duration flows in the circuit. Thus, 
^\hen a condenser is discharged through a galvanometer of which the 
moving system is only very slightly damped, a deflection is produced 
< 01(1 the moving system will then come to rest after a series of oscillations 
of gradually diminishing amplitude. The angular displacement that is 
the “ angle of throw ” of the first deflection is then a measure of the 
'/uantity of electricity which has passed through the circuit by the 
condenser discharge. 

The conditions which a galvanometer, suitable for measuring electric 
cpiantity, should fulfil are : 

(i) The moving system should have a large moment of inertia so thdt 
the discharge through the galvanometer shall be completed before the 
moving system has become appreciably deflected. 

(ii) The damping of the moving system should be small so that, other 
conditions being the same, the “ throw ” or first full deflection shall be 
as large as possible. 



340 


PRINCIPLES OF ELECTRICAL ENGINEERING 


If, for example, the moving coil of the galvanometer is wound on 
a metal frame, this frame should be split along a line at right-angNs 
to the plane of the coil, so that the electromagnetic damping effect shall 
be small. The significance of this condition of small damping will he 
a])parent from the theory of the moving-coil ballistic galvanometer m 
what follows (see also Fig. S, page 322). 

Ltd K be the moment of inertia of the moving system, 

,, 6/ ,, ,, deflection at any moment /, 

,, a ,, ,, damping couple when the angular velocity is 

,, hJ) ,, ,, controlling couple which 0 ])erates to cause the mo\in<j 

system to return to its zero position. 

In the case of a moving-coil instrument the controlling couple will he 
provided by the torsion of the sus])ension wire or fibre. 

If / amperes is the discharge current at any moment /, the deflecting 
couple will be k.i where k is a constant of the instrument. Hence (M'C 
also expnvssion (41), IW7), 

h-.i 

or k{i<n k.Q A'",' 

J <lt 



so tliat the initial angular velocity ii,,,,,, of the moving system will he 


<) 

*’•' max 


d0~ 

I 0 



(7.)) 


where Q coulombs is the (|uantity of electricity which has pavssed througli 
the instrument. The mo\ ing system, therefore, starts off* with an angulai 
velocity and will oscillate until its kinetic* energy has become 

dissipated by friction and other damping efiects. The ecpiation oi 
motion is then 



ilO 


hJ) 


0 


or 


(t (W h 
dt- ' Kdt ' K 




When the damping is relatively very small (anci this is an essential feature' 
of the galvanometer), the solution of this equation is for the initial 
conditions already stated in the foregoing (sen* Fig. 20), 


a. 

0 --- 6^ e iiic sin 
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In this expression 0 is the maximum undamped deflection and, writing 
the expression in the form, 

0 ^ sin e>o< .... (76) 


where 


a 


la 

" 2 A" ‘ 



The periodic time of oscillation is then, 



(77) 



Fi(j. 20. 


Ditt’erenUaf ing the equation (75) with respect to f and ])n1ting f 0, it 
found that tlie maximum velocity is 

' '//Jz „ V A' 

''O that, from expression (75) it follows that 

Q ^ (78) 

k 

I'lie time occupied in the first swing is / jr,,, so that tlie deflection of 

the first (positiv^e) swing as shown in Fig. 20 is 

0, - (79) 

and for the second (positive) swing is, 

0^ - 0e~'^^ 

and for the /?th (positive) swing is 

4n-3 

I 

Hence the logarithmic decrement is 
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that iH J a.T nepers 

i 1 I 

or. ' I '°8'0. ■ ■ ■ ■ (»0| 

where i« the deflection of the 7iih (positive) swing, as has been found 
already earlier in this C!!hapter (see expressions (29) and (33), pages 321 
and 322). 

The undamped deflection is given by expression (79), viz., 

fj 0,ei-^ 0,^1 + 

and from expression (7S), the quantity of ekH^tricity which has b(*cn 
discharged through the galvanometer is 




(HI) 


where 


Vh.K 

k 


Q 


(-) 


Vh.K 

k 



Vh.K 

k 


is a constant of the instrument, and there are several 


methods availaVjle for the determination of tliis constant, two of wliicli 
are as follows : 

(i) Suppose a condcuiser is charged with a known quantity Q coulombs, 


that is 


Q VJ\ 


where V volts is the d.c. pressure applied to the condenser of capacitance ( ' 
farad. If the charged condenser is discharged through the ballistic 
galvanometer and if 0i is the corresponding first deflection, then 




\ h.K Q 

k 0,(\ \ lA) ■ 

(ii) If a known steady current of I amperes flows through the gal vain 
meter and j)roduces a steady deflection (•)* then (see page 340) 


k 

b~ I 


. (S3) 


and since the periodic time of oscillation is, from expression (77), 



it follows that the re(|uired constant of the galvanometer is 


A b^K _ / T 

k " 


. (S4) 



Chapter XI 

SINGLE-PHASE AND THREE-PHASE ALTERNATING 
CURRENT SYSTEMS : 

ALTERNATING CURRENT POWER 

Power in a Single-Phase Circuit 

T he standard wave-form for alternating currents and pressures 
is the sinusoidal function of the time which, in tiio general sense, 
«also include, of course, the cosine function of the time. For 
example, the instantaneous value of such a wave-form may he expressed as 

i = cos oyt amperes . . . • (1) 

as shown in Fig. 1. In this expression, 
i is the current at the moment, t 
M jj peak value of the wave, 

0 ) circular frequency, 

/ cyclic frequency in hertz, 

T the periodic time that is, the time for one cycle, 

<ot angle measured in electrical radians so that (» is an angular 

velocity measured in electrical radians per secjond. 



Fig. I. 


It has also been seen (page 297) that the expression (1) can he defined 
as the projection on the “ real ” axis of a vector of magnitude rotating 



Fig, 2. 
343 
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with tlip angular velocity <o in the counter-clockwise direction as shovn 
in Fig. 2, so that an alternative form for this expression is the vectoi 

( 2 ) 

SO that OA is the instantaneous value of the current at the moment / 
Sirnilarl3% the instantaneous value of an alternating pressure may also 
be represented in the general form, 

V = cos (mt + (l>) . . . . (:n 

or, in the equivalent form, 

® + (I) 

Supj)ose now that an alternating current defined as i = cos (oi is 
flowing in a resistance of R ohms as shown in Fig. 3. The ]).d. across the 
resistance at any moment t will then be given by 
r — iU :=r I^^^R cos (ot — F,^ cos cot 

'Where JJi. 

In Fig. 4 are shown tlie current and jiressure vectors, respective ! n , 
for this circuit. The (*urrent and j)ressure waves are in phase with one 



another, this being a characteristic feature of a ])urely resistance circuit 
For the conditions sIioavji in Fig. 4 the current vector is 

^ (•’) 

and the pre.ssiiro vector is 

45 = IJie""' = . . . . CM 

where I’,,, - 1 „,R. 

The electric po\>er supplied to the circuit of Fig. 8 at any moment / will 
be, by Joule’s Law^ (see Chapter 11, page 59) 

w — watts. 

and this jiowor will be completely dissipated in heating the resistance, viz. 

w ™ i^R joules })er sec. — <)*24 i^R gm. -calories per sec. 

The mean })ower su])plied, that is, the mean power for one cycle, will 
then be given by 

IF = ~ dt = wt dt 

TJo r J„ 

J(1 + cos 2w<) dt 

^ Jo 



SINGLE-PHASE AND THREE-PHASE SYSTEMS 345 


that is 

= ^^A>) ^ • • • • (7) 

This result shows that the heating effect of the alternating current of 
peak value is the same as that of a steady direct current of magnitude 

From the procedure by means of which this ex})ression (7) has 

been obtained, it will be seen that the quantity has been obtained 

y2. 

by taking the square root of the mean square of the instantaneous value 
of the current and consequently this (|uantity is termed the “ root moan 
square ” (r.m.s.) value of the current, and it is this value Inch is measured 
m practice by an ammeter. (St^e also Chapter IX, page 265). Tn what 
foIkn\s, the r.m.s. value of the current will be denoted by the symbol 7. 

The ex})ression for the power may be vM-itten in tUiother form as 
follows : 

w — i-R — vi watts 

that is, 


w = I'i — (r,„ cos cos mt) — V ,J cos*** c;/ . 

and the mean power is then given by 


ir 


ip 

’■Jo 


nJm 


COS 


-IF,,,/,, 


\ 2 



VI watts 


(H) 

(Jl) 


so that the mean a.c. power in a juirely resistance circuit is given by the 
e\pression 

W — (r.m.s. pressure) x (r.m.s. current), 

< 111(1 this is the quantity w^hich is measured in pra(*ti('e by a w^attmotor. 

In Fig. 5 is shown the instantaneous powder w as a function of the 
time t in accordance with the expression (H). By expanding this cxjires- 
sion (8) as follow^s : 

?r — ci = ('OS* w/ — jr, i cos 2c>0 ^ F/( 1 | cos 2c>/) . (10) 

It is seen that the instantaneous power is given by the following com- 
jionents : 

(/) The quantity VI watts, which is represented by the horizontal 
hue AB in Fig. 5 and is the mean power in the circuit in accordance 
witlr the expression (9). 

(ii) The quantity VI cos 2ojt, which is a cosine function of double 
the supply frequency and which is s^'mmetrically jilaced with regard to'^ 
the horizontal line AB of Fig. 5. 

The instantaneous power, therefore, varies from a jieak value 2F/ to 
zero, and its cyclic frequency is double that of the supply frequency. 

Next, suppose that an alternating current is flowing in a purely 
inductive circuit of which the coefficient of self-induction is L henry as 
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Fig. 6 . 


shown in Fig. 6, tlie instantaneous value of the current being again given 
by the expression, 

i =z cos (ot. 

It has been shown in Chapter VIII, page 241, that the back e.m.f. of self- 
induction is 

e = — (ot) = coLI^ sin . . (11) 



Fig. 6 . Fig. 7 . 


SO that the applied p.d. which is nooessary to overcome this back e.m.f. is 

V ~ — e ^ — (oLI^^^ sin cot = (oLIj^ cos^t -f 

or, expressed in vector form, • 

SB = 

the corresponding vector form of the current being 

These two vectors are shown in their correct relative positions in Fig. 7, 
from which it will be seen that the current vector lags by 90® on the 
pressure vector and this phase relationship is the characteristic feature 
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of a purely inductive circuit. The instantaneous power in the circuit 
is then 

w vi = cos Mt cos ^cot f 

that is, 

w = iF„/„|co8 I 4- cos 4 - = VI cos 2^wt 4- 

and the graphical representation of this exj)ression is shown in Fig. 8. 
The value of the mean power in the circuit is now seen to be zero, and 
the instantaneous j)ower is given by the cosine curve which is syin-* 
metrically placed with regard to the abscissa axis. Tliis cosine curve 
is of double the supply frequency, and the interesting feature of this 
relationship is that, during one half-cycle of this double-frequeiu y wave, 
the j)ower is negative, that is, power is being supplied from th(‘ circuit 



Fig. 8. 

back into the mains and during the next half-cycle the mains are supplying 
])ower to the circuit. That is to say, energy is being stored in the electro- 
magnetic field of the inductance during one half-cycle, and during the 
next half-cycle this field is decaying and the corresjionding energy is 
being returned to the supply mains, so that on the whole the circuit is 
neither taking power from the mains nor returning power to the mains. 
For reference purposes, the broken line wave in Fig. 8 represents the 
current in the circuit. 

M the diagram of Fig. 8 is compared with that of Fig. 5 it will be 
8eeit that the amplitude of the double frequency wave is the same in both 
cases, but in the case of Fig. 8 this wave has been lowered so that its 
horizontal axis of symmetry becomes coincident with the abscissa axis, and 
the wave has also been moved towards the left-hand side by one-quarter 

7t 

cycle of the double frequency wave, that is, by the angle ^ on the 
abscissa scale of the current wave supply firequency. 
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The more general case in which a circuit contains an inductance and 
resistance in series is shown in Fig. 1). The current is again rej)resente(l }>\ 

i = cos 0 }t, 

or, in the vector form, 

The impedance vector for this circuit has already been shown to be (se(‘ 
Chapter IX, p. 254) 

- ft + jwL - Vfti^ h {o^L)y* = 131 e'*, 
where I 3 I - V^ft* h («)/>)’* and is the magnitude of tlie impedanw' 



Fuj, 9 . 


vector : this can also be represented by Z. The ap])lied }).d. will be 
given by the vector, 

== 3*;^ = t (wL)2 r4>) — Y \ fl>) 

or, the instantaneous value of the applied p.d. will be 

r = cos (iot I ^). 

where tan ^ 

The power supplied to the eircuit in this case will be 

}(■ ^ vi = eos (i)t eos {wt + <^) = ir,„/^,leos ^ t eos {2(of <f>], 

m 

that is 

IV — r/[cos (f) -f cos (2o)f f (f))] watts . . . (1-) 

so that the instantaneous ])ower comprises the components : 

(/) The constant quantity VI cos which is the mean value of the 
})ower supplied to the circuit, and, 

(ii) The double frequency quantity VI cos (2a>/ -f- <f>). 
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The expression (12) is shown graphically in Fig. 9, from which it will 
he seen that the horizontal axis of symmetry AB for the double frequency 
wave is at a height VI cos above the abscissa axis. Comiiarison of the 
diagram of Fig. 9 with the corresponding one of Fig. 5 will show that the 
amplitude of the double frequency wave is the same in both cases and 
tliat Fig. 9 can be derived from Fig. 5 by lowering the horizontal line 
AB so that its height above the abscissa axis is VJ cos cf) and, in addition, 
moving the double frequency wave towards the left-hand side by the 
angle measured on the double frequency scale, that is, by the angle 

on the supply frequency scale to which the current and ])ressure waves 

have bei*n drawn. The special case represented by Figs. 7 and 8 is 

CT 

obtained by substituting ^ in the expression (12). 

Symmetrical Three-Phase Systems 

A symmetrical three-phase e.m.f. systeni is one in whicn thre(‘ separate 
e.m.f.s of the same magnitude and of the same frequency act, these 



(Mu.f.s being mutually disj)laced in phase by one-third of a period. The 
load on a three-])havse system is said to be balanced if the load on eaelv, 
]>hase is the same as regards current and powder factor. The phase wind- 
ings of a three-])hase generator or motor may be arrangerl in either of 
twx) ways : (/) Star, or (//) Mesh (also termed Ihdta). Before considering 
tlie pow'er relationshij) for three-phase systems the j)rineiples of the 
connections of such system will be briefly outlined. 

Consider in the first place the arrangement shown in Fig. 10a, which 
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gives a diagrammatical representation of a single-phase generator. A coil 
of insulated wire consisting of w closely wound turns is fixed to tho 
armature core so that the coil sides 1 : T lie diametrically opposite, tin* 
ends of the coil being brought out, each to a slip-ring as shown. Assumiii^r 
that the magnetic flux density in the air-gap between the periphery of 
the armature core and the faces of the poles is sinusoidally distributed, 
then Fig. 106 will be a developed diagram of the arrangement of Fig. li)a. 
the sine wave giving the flux density at every point on the surface of 
the armature core. It will be seen from what follows that this assumption 
of a sine wave of flux density distribution implies that a sine wave of 
e.m.f. will be induced in the armature coil. In practice, however, the 
requisite sine wave of induced e.m.f. is obtained, in general, by suitably 
distributing the turns of each coil over the periphery of the armature 
core instead of using a concentrated winding as is shown in Fig. 10a. 

Su})f)Ose now that the armature is driven at a speed of n revs. j)cr 
seconci in a countei’-clockwise direction, and let a cm. be the radius of 
the armature core and I cm. its axial length. The flux density in the 
air-gap is defined by the expmssion, 


== ® 


wliere is the peak value of the sine wave of flux density distribution, 
so that if 0 is the angle which any point P on the armature core makes 
with the vertical axis of the pole system, and if the zero of time is taken 
to be that moment at which the coil side 1 is in the jmsition shown in 
Fig. 10a, then at any time f the conductors of coil side 1 will lie in 
a magnetic field of density sin mt, where c> == 27rw, and is the angular 
velocity of the armature in radians per second, so that a)t = 6. The 
e.m.f. induced in each of the conductors of coil side 1 will then be (se(‘ 
Chapter VIII, page 220) 


lo« 


io» 


sin o)f volts 


( 14 ) 


The e.m.f. induced in each of the conductors of the coil side 1' will be, 
at every moment, opposite to that induced in the coil side 1, so that the 
e.m.f.s induced in all the conductors will act in the same direction round 
the coil, and consequently the total e.m.f. at any moment t for a coil 
of w turns, that is, 2 m’ conductors, will be 

2u^'lB 

e = sin (ot - sin (ot volts . . . (15) 


whei*e 


27i\vJB 


m 


108 


volts and is the magnitude of the peak value of the 


sine wave of induced e.m.f. as is shown in Fig. 10c. One complete cycle 
of this e.m.f. wave will be j)as8ed through for each revolution of the 
armature, so that for a speed of n revs, per second there will be n cycles 
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per second, i.e. n hz. For a two-pole machine, as shown in Fig. 10, the 
frequency of the induced e.m.f. will be 


/ = n 


10 

271 


hz. 


Example. — Suppose, = 10,000 limes per sq. cm. (i.e. gauss) : 

(I = 40 cm. : Z = 30 cm. : w == 8 revs. j)er second : = 10 : 

V = 27tan = 2,000 cm. per second : co = 27in = 50 radians i)er second 

(circular frequency), then — 120 volts and e = 120 sin 50Z volts. 

' E 

The r.m.s. value of the induced e.m.f. is - 84 volts and the 

V2 

frequency is / ==^ =8 cycles per second (hz.). 

^71 



Fig, 11. 


If the generator has 2p poles (that is, p = pairs of poles), then, in 
order that the e.m.f.s in the two sides of a coil shall be additive, they 
must be displaced on the }>eriphery of the armature core by the angle 
1 80 

geometrical degrees as is shown in Fig. 11a, in which p = 2, It is 

usual to call the angle between the axes of two consecutive poles 
1 SO electrical d^rees, so that, for a machine with p pairs of poles : 

1 geometrical degree — p electrical degree. 

For a machine with p pairs of poles and an armature speed of n revs. 
l)er second, it will be clear from Fig. 11a that the value of in the 
expression (13) is to be measured in electrical degrees, and the angular 
velocity w is also to be measured in electrical radians per second, so that 

0 } = 271 . n.p electrical radians per second. 
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The e.m.f. induced in each conductor at any moment t will then be 

Cl -= sin o)t volts 
108 


as before (see expression (14)). If the winding is arranged as in Fig. 116 
so that there are 2p coil sides, the induced e.m.f. will be 


e 


2p.w.v.lBj^ 

108 


sin ojt volts, 


when each coil side comprises 7v conductors. The frequency of the 
induced e.m.f. in this case will be seen from Fig. 116 to be given by the 
relationshi]) 

f = 7i,p — ^ hz., 

where lo ^ "liif electrical radians ])er second. 

(/) A ThRKE- 1 *HASE 8TAR-CONNEOTEn (GENERATOR WINDING. — III 
Fig. 12tt are shown three coils, 1 1', 2 2', 3 3', each wound diametrically 



Fig. 12 
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o\\ the armature core of a two-])()le machine. The coils are mutually 
spaced on the core at 120 , that is to say, tlie distance ludwcen t!ie con- 
ductors 1 and 2 is one-third of the periphery of the armature core, ivs is 
aKo tlie distan(‘e between the conduclors 2 and 3. In what follows the 
tntihished numerals 1, 2, and 3, are used to denote the beginnings of the 
rcs|)ective coils and the dashed numerals T, 2', 3', are used to denote 
the ends of the respective coils. 

The beginnings of the coils 1, 2, and 3 are brought out, each to a 
scjiarate slip-ring on the armature shaft. The ends \\ 2', 3' are (*on- 
nected together to form a common junction known as the neutral point. 
or the star point of the winding. This common junction may .ilso be 
brought to a separate sli])-ring on the armature shaft if so desired, 
altliough this is not necessarv for the operation of the machine. If the 
armature of Fig. 12r; rotates in a counter-clockw ise direction, the relative 
j)has(‘ displacements of the waves of e.m.f. induced in the coils 1 1', 
2 2', 3 3', will be as show'n in Fig. 12/>, on the assum|)tion that the 
magnetic flux density is sinusoidally distributed in the air ga]). A 
(hagrammati(*al representation of a star-connected generator is shown in 
Fig. 12c, the neutral point being marked O. The e.m.f. in each phase 
is termed jiositive when it acts in the direction from 0 outwards, that is, 
fiom the finishing end of each coil winding towards the beginning end. 
It the e.m.f. induced in phase 1 I' is denoted by the expression 

i j = cos (ot . . . . • (Iti) 

tills will corres]>ond to the zero of time being taken as the moment at 
wliK'h the conductors of coil 1 1' are in th<‘ position sliown in Fig. 12r/. 
riie e.m.f.s of the three coils w ill then be respect ively e\pr(‘ssed as follow's : 




^^3 


— cos o)t 


- E,„ c«,,s 

(^(ol 

27T 

3 

■= c-<.s 

fott 

Att 


3 


) 

) 



(17) 


ami these e.m.f.s are shown in the vector diagram of Fig. 12/>. 

Reference to 'Fig. 126 will show' that at any moment the algeliraic 
^um of the e.m.f.s in the three phases w ill be zero, that is, for any ordinate 
‘-uch as AB the sum of the individual ordinates for the three jihases is^ 
zero. This result is also seen from the expression (17), 

f ^^2 r =• b (IS) 

In Fig. 13a is show'n diagrammatical ly a star-connected generator 
supplying a star- connected balanced load, and it is assumed that 
load is non-inductive so that cos ^ = 1 for each phase. The v^ 
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diagram is shown in Fig. 125, for which the respective phase e.m.f.s me 
given by the expressions 13 5. 

Cl = sin (x}t \ 


e, = sin 
Ca = E^ sin 



. (H)) 


and the respective ])hase currents are given by the expressions 
?i = sin cot ^ 

U = sin 

also E^ X lit where E ohms per j)hase is the load resistance. 




(b) 


Fig, 13 . 
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It is to be observed that, since the convention has been adopted in 
the foregoing, to term the generator induced e.m.f. positive when it acts 
from the star point ovtivardSj this convention also applying of course to 
the phase currents, it follows that the positive direction for the phase 
p,d.s and the phase currents in the load must be from the terminals 
Umnrds the star point as is shown in Fig. 13f7. The suffix p in Fig. 13 
denote “ phase ” values and the suffixes I denote line values. 

Since from expression (20) it follows that the sum of the phase currents 
is zero, that is, 

ii + f = 0 . . . . ( 21 ) 

lliis implies that the total current which flows away from the generator 
star point at any moment is zero and similarly, tliat the total current 
flowing towards the load star point is zero, and consequently no current 
will flow along a conductor joining the two star jHants. Another way 
of stating this result is to say that since from expression (19) the generator 
star }>oint e.m.f. is always zero and, similarly, the ]).d. of the load star 
point is always zero, there will be no p.d. between the two star points so 

0 +70 • +120 

-V-- H 

Fig. 14 . 

that no current will flow^ along a conductor which connects them. As 
will be seen later, however ((3iapter XTIl), this result does not apjdy to 
harmonics of the current which arc a multiple of three. 

Referring again to the vector diagram of Fig. 135, which shows the 
vectors of the phase e.m.f.s with resf)ect to the generator star point, it 
is now necessary to consider what will be the e.m.f. between any two 
terminals, that is, the e.m.f. between any tw\) lines. Before considering 
the method of deriving this e.m.f. it will be helpful to consider a simjde 
exam})]e of the potential diflerenc*e betwcMjn tw o points of a direct-current 
system. Fig. 14 show^s a battery of accumulators of which 0 is the 
negative eml, B is the positive end, and C is an intermediate ta])])ing 
point, the pressure of the resjjective points being as shown in Fig. 14. 

Then the pressure of B with respect to 0 is f 120 volts 


„ r „ 

o .. 

1 70 „ 


„ 0 

n 

- 120 „ 


.. () 


70 



B „ 

- no „ 



lnsj)e(‘tion of these results shows that, if the pressure V ^.q of any jxiint 
B with respect to the datum ])oint O is known and the pressure V x.o of 
any other point X with respect to the same datum, then the pressure of 
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B with respect to X is obtained by the following rule, reverse the sujti nf 
the (latum pressure and add to the pressure of the point B, thus, 

^ li X ~ ^ o ~ ^x.o • . • . ('ll) 

and this rule will be found to a])ply to all the foregoing numerical examples 
For the very simple conditions of Fig. 14 only ])ressure magnitudes ao' 
involved and no rule in fact, is then necessary in practice, since th(‘ 
foregoing results are obtained almost instinctively. In the case of 
alternating currents and ])ressures, however, both magnitude and ])hase 
are involved and the (‘oiresponding problem of determining the ]>ressur(‘ 
difference between tw^o points is by no means so obvious. The foregoing 
rule, h(jwever, as exemplified in the expression (22), will be found hel])ful 
in such cases and w^ill avoid mu(*h confusion which otherwise might arise 
For exam])le, in Fig. 13 /j, the pressure vector diagram defines tlu* 
resj)ective phase pressures with resf)ect to the star ])oint 0. If it is 
desired to find the pressure of the terminal 1 with resjiect to the j)ressure 
of the terminal 2, that is to say, the magnitude and ])hase of the line e.m f 

2 i the procedure is as follows. Fig. 13/> shows the e.m.f. vectors 
A'l fl : K 2 0 • 0 ^ in order to obtain the line e.m.f. of 1 with respect 

to the line 2 it is necessary, in accordance wdth the foregoing rule, to 
reverse the datum pressure vector, that is, the vector 0 . ^nd to add 
to the pressure vector /(/, and this procedure is shown in Fig. 136, viz 

(hf)x 2 “ -^1 0 ” -®2 0 * 

It is then easily seen that the magnitude of the line j3.m.f. wdll he 
V3 times the magnitude of the |)hase pressure, that is, 

K, - (2:i) 

and also that the line e.m.f. (Ki)x 2 is 30 in advance of the |)hase e.m.f. 

In Fig. 13r is shown a combined diagram giving the phase e.m.f.s and th(‘ 
line e.m.f.s for the tly’ee terminals of the machine. 

(//) A TnuEE-PHAsn Mesh connectet) System. — In Fig. ITia is 
shown diagrammatical ly a two-pole generator having throe coils exact 1\ 
similar and similarly situated as those of the star-connected generatoi 
of Fig. \la. In Fig. LV/, liowever, the coils are connected to form 
closed circuit as follows. The beginning of coil 1 is connected to the 
finishing end 3' of coil 3, the beginning of coil 3 is connected to th<‘ 
finishing end 2' of coil 2, and the beginning end of coil 2 is connected to 
the finishing end 1 ' of coil 1 , the three junctions so formed being connected 
respectively to a separate slip-ring wdiich is mounted on the armature 
shaft. A diagrammatic rej)resentation of this generator winding i"' 
shown in Fig. 156. 

Sin(*e the coils 1 T : 2 2' : 3 3' in Fig. l.V/ are exactly similarly situated 
on the armature core as the corresponding coils in Fig. 12a, the e.m.f.s 
induced in the individual coils w ill be the same for both the star- connected 
and the mesh-connected generators, that is to say, the positive direction 
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(h) 


Fig. 16. 

of the induced e.in.f.« act from the fini.shing end towards tlie bop;inning 
end of tlic coil, and it will be seen in Fij;. that the positive dii’cction 

GENERATOR CONSUMER 



^iB 


(b) (c) 


Fig 16 
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of the e.m.f.s defined in this way will be (minter-clochmse round the inc Nii. 
It will also be seen that the e.m.f. between any two lines is the sam** 
as the e.ni.f. in tliat phase across which the lines are connected. 

In Fig. 16a is shown a mesh -connected generator suj)plying a balanci rl 
mesh-connected load, and it is assumed that the load is non-inductiv(> 
and of a resistance B ohms per phase so that the power factor cos ^ = 1 
for each phase. From what has been said in the foregoing section (//) 
with regard to the positive directions of current and pressure in a star 
connected load, it will be seen that, since the positive direction of Hk 
e.m.f. and ti)c current in the generator is counter-clockwise round the 
mesh, the positive direction for the pressure and the current in the load 
must be clockwise round the mesh, as is shown in the diagram of Fig. \im. 
In order to derive the pliase and magnitude of the line current vector 
in Fig. 16tt it is to be observed that, in accordance with Kirchhoft's 
rule (1) ((chapter V, page 124), the current flowing towards a junction in 
a network must be equal to the current flowing away from that junction. 
For example, at the junction A the following equation must hold : 

Spi == SiA \ .... (24) 

that is to say, the liiie*(;urrent vector is equal to the vector diff‘eren(‘(^ 
^pi 3 p 2 adjoining phase currents, and this vector difference* 

is shown in Fig. 166, from wliich it will be seen that the magnitude of 
the line current is V3 times the magnitude of the phase current and 
that the vector of the line current is 30° ahead of the vector of the* 
phase current 7^,1. In Fig. 16c is shown the veejtor diagram for the line 
pressures and the line currents of a balanced three-phase system for* 
which the power factor of the load is cos <f). 

Referrijig again to Fig. 156, it is seen that the positive direction of 
the e.m.f. induced in each ])hase is counter-clockwdse round the mesh. 
Sinc.e, however, the sum of the instantaneous values of the induced 
e.m.f.s is zero at every moment, that is, since + Cg + Cg = 0, the 
resultant e.m.f. round the mesh is zero at every moment. If, however, 
there is a third harmonic com})onont in the wave of induced e.m.f., this 
component will be in phase for all three coils of the winding so that the 
closed mesh will then form a short-circuit for this component harmonic 
as w^ell as for every harmonic of the e.m.f. wave which is a multiple of 3 
(see Chapter XIII). 

Power of a Balanced Three-Phase System 

If the star-connected generator system G of Fig. 17 is supplying 
a balanced load L of power factor cos <f>, then the mean power for eacli 
phase will be given by the expression (12), page 348, that is, 

Wp = Vpip cos (f> watts .... (25) 

where Vp volts is the r.m.s. value of the pressure per phase and amperes 
is the r.m.s. value of the current per phase. Substituting the line pressure 
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for the phase pressure [see expression (23)], and noting that the phase 
current is also the line current in a star-connected system, the total mean 
value for the three-phase power may then be expressed as follows, 

W = SVpIp cos ^ = V^F/7/ cos (f> watts . , (26) 

It is of interest to examine this expression for the total mean power 





in comparison with the power at any moment t. In this case the sum 
of the values of the instantaneous power in the respective phases is 

w — watts. . . . (27) 

wliere v and i denote the instantaneous pressure and the instantaneous 
current in the individual phases at any moment t. Hence, 

w ~ F„j/,„|^cos cot cos {cot ~ <f>) + cos ^ot - - 

-f- cos (ojt — 



Tlio quantity in square brackets on the right-hand side of this expression 

reduces to - cos <^, so that the total instantaneous power at any moment 
JL 

t is given by the expression 


= I ‘‘OS = SFp/p COS <f> watts . . (29) 


That is to say, the total instantaneous ]>ower is at every moment equal 
to the total mean power for the three phases. For a balanced three- 
phase load, therefore, there is no pulsating comj)onent in the expression 
for the instantaneous power. This result should be contrasted with the 
result obtained on page 348, Fig. 9, for the single-phase system, in which 
case a double frequency component appears. 
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Measurement of the Power and Power Factor of a Three-Phase Load by 
Means of One Wattmeter 

T}ie circuit connections for this measurement are shown in Fig. 18, in 
wiiich the current coil of the wattmeter is connected in series with the 
line I, whilst the ])ressure coil is connected at one end to the line I and 
at the other end it is connected alternately to the lines II and III by 
moans of the two-way switch. I^et 

Wi n be the wattmeter reading when the switch is on 2 

I III JJ1J )> '5 J> JJ )> >5J5^ 




lo 

IIO 

mo 



Fig, 18 



Fig. 19. 


Iheji the total power which is being supjdied to the load will be given 
by the sum of the two ^vattnleter reaclings, 

Hi [I t H I 111 ^^atts. 

If one of the wattmeter readings, say, \Vi n, is negative, then the pressure- 
coil terminals should be ifiterchanged by means of a change-over swdtch 
in order to get a reading on the scale of the instrument and the sign of 
the reading ll'i n is then taken to be negative, so that the total three- 
])hase power would then be given by the difference, 

If 1 III " H^i II- 

That the total three-phase power is, in fact, given by the sum (or the 
difference) of the two wattmeter readings can be seen from the follow- 
ing considerations. In the vector diagram of Fig. 19 the vectors 
or, : ()\\ : OTj respectively represent the phase pressures of the lines X, 
Jl, III. The vector O/, represents the current in the line I and this 
current is assumed to be lagging by the angle (j) on the vector of the phase 
pressure 0\\. 

The wattmeter readings will then be 

ff i 2 G/i cos (30 -j- <^) : IFj m = OFi , 3 x 0/i cos (30°— 

but 2 -= 0\\ 3 == F, and I, = 

so that 

IF = H I 11 + H 1 HI = F;/;[cos (30° <f>) cos (30° — <^)] 

— V 3 F|/| cos <f> 


(30) 
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that is to say, this expression gives the total three-phase power which is 
supplied to the balanced load. 

In order to determine the power factor from the two wattmeter 
readings, the following relationships may be considered, 

11 1 III = (30° — <!>) : Wi II = T <l>). 

so that 

III — 11 1 II = r^/i[cos (30° — (f>) cos (30° + <f>)] 

= 2 Vili sin 30° sin <l> 

~ Yfli sin <f> 

also, since 

11 1 III f 11 I 11 = ^ 3r,/,(*os(^ 


it follows that 

j ^^111 

tan <f> ^ ”'1 111 

I . ”'i 11 

»’i I, I 


(31) 


SO that if the ratio 
])Ower factor cos </> 


is knovMK the value of tan and hence the 

Hi iir 

can b(‘ deri\e(l at once from the expression (31). 



10 - 06 -0 6 - 04 - 0-2 0 0-2 04 0*6 0*8 10 

RATIO OF TWO WATTMETER READINGS 

Ftq 20. 


It IS convenient to })lot the ratio 


Wj 

Hi 


- as a function of the corre8j)onding 

ill 


\ alue of covS <f) as is shown in Fig. 20, so that, in any given case, the power 
factor may be read off the curve for the given ratio of the two wattmeter 


readings without the necessity of having to refer to trigonometrical tables. 
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Measurement of the Total Three-Phase Power by Means of Two Watt- 
meters whether the Load is Balanced or Unbalanced 

In Fig. 21 are shown the circuit connections for this method of 
measurement and, as an example, a star-connected load is assumed, 
although the results which* are derived in what follows are equally 



Fig. 21. 


applicable when the load is mesh-connected. The power supplied to 
the circuit at any instant 

w == Viii -f Viiiii -f Viiiiiii watts, 

where Vi : Vn : respectively, represent the phase pressures of the 

lines I, II, III. It is also known that 

H "f + ^iii = 0 : so that, in = — (ij -f- im), 
which means, of course, that one line forms the return path for the 
currents in the other two lines. Hence the power at any instant is 

w = Viii — Vjiii ~ 4- — ^’n) + ^iii(^iii *— 

that is, 

w — Vj . -f- Vjjj . watts . . . (32) 

But the mean value of Vi . is given by the wattmeter in line I and the 
mean value of «^iii;n*iii is given by the reading of the wattmeter in 
line III, so that the algebraical sum of the two wattmeter readings is 
a measure of the total power supplied to the load and the foregoing 
relationships are true, whether the load is balanced or not. 

Power Loss in the Dielectric of a Three-Phase Cable 

Reference to the dielectric power loss in cables * has been made in 
Chapter II (page S4), and it is stated there that this power loss is defined 
by tlie “ angle of lovss ” 6. Fig. 22 shows the vector diagram per phase 
of a three-phase cable, that is, the applied pressure per phase and the 
corresponding capacitance current vector, from which it is seen that the 
current vector leads on the vector of applied pressure by the angle <f>. 
The “ angle of loss ’’ is then defined as 

* See also Etigineering, Vol. 158, December 1, 1944, p. 422. 
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In Fig. 23 is shown the value of tan d as a function of the applied 
])ressure per phase, for a constant temperature of 17'’ (^. and of 40 ’ C., 
and it is seen that the angle of loss is fairly constant over a wide I’ange 
of applied pressure values. The power loss in the dielectric; will increase 
as tlie angle of loss increases and, for a cable with three lead-sheathed 
cores (see Chapter IV, page 108) the value of the angle 6 will usually 
lie with the range of about 0-003-0 008 radian. 



Fig. 22. Fig. 23. 


Reference to Fig. 22 shows that the dielectric loss can be expressed 
as follows : 

Wdiei = COS (f> - liVJci sin () 

or 

^ watts per phase per km. . . (33) 

where Ici — V iCoC amperes is the “ charging current ” of the cable per 
phase per kilometre, C farad is the effective operating ca})acity per phase 
I)er kilometre of the cable, and volts per phase is the applied pressure. 
Hence the dielectric power loss may be expressed by the relationship 

Wdiei. (3Ki2w(’) X b watts per j)hase per kilometre. . (34) 

For the method of measuring the angle of' loss by means of the Wien 
Ih’idge, see Chapter IX, ])age 309. 

The Vector Representation of Alternating Current Power 

It has been seen that the mean power in a circuit in which the pressure 
is defined by the vector 93 = and the current by the vector 

^ is given by the expression 

W = VI cos <l> watts, 

where V volts is the r.m.s. magnitude of the pressure and I amperes is 
the r.m.s. value of the current. This expression may be written in 
the form ^ 

IF = F/ cos = F X OC\ 

where OC (Fig. 24) is the projection of the current vector on the pressure 
vector. The quantity VI cos (f> is termed the “ active ’’ power and 
OC = I cos ^ is the “ watt component ” of the current. For many 
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investigations, however, it is of great importance to take into considera- 
tion the wattless component of the current, that is, the quantity 
VI sin = F X AC in Fig. 24. This product is termed the reactive ” 
power and the vector of power may then be expressed as follows : 

^ + 3^1 ain (f> . . (3.)) 

the magnitude VI of this quantity being termed the “ apparent power 
The problem will now be considered as to how the vector of power 
may be algebraically exj)ressed in terms of the vectors of pressure anrl 
current. In Chapter IX, page 296, it has been seen that a sinusoidal 
current wave may be expressed in the form, 

i =z I^^^ cos cot = am])eres, 

on the assumption that only the real component of the vector was to 

be taken Into account and that the imaginary or j component had no practical 



significance and was neglected. For the investigation of the power rela- 
tionships, however, the vector ^ill be expressed in its complete 

mathematical form, 

= /,,,(cos cot f j sin cot), 

as is shown in Fig. 25. 

Now write the vectors of pressure and current respectively as follows : 
^ = /(cos cot -f j sin cot) 

I F {cos {cot \ <l>) + j sin (cot + <f>)} 

where / and F are respectively the r.m.s. current in amj^eres and the 
r.ni.s. pressure in volts. The product of the two vectors of expression (36) 
is then, 

^•31 = F/{cos (cot + (f>) cos cot — sin (o)t -|- <l>) sin cot 

4 ^‘[cos (cot + sin cot + sin (cot cj)) cos cot ] } 

and this reduces to 

== F/{cos (2(ot + <l>) + j sin (2cot -f <^)) . . (37) 

That is to say, the product of the vectors of current and pressure, as 
defined by the expressions (36), only gives information relating to the double 
frequency terms of the power components and gives no information as 
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regards the mean power. This product, therefore, will not lead to the 
required power vector as defined by the expression (35). 

Now consider, for example, the vector which is conjugate to the 
current vector ^ viz. 



as shown in Fig. 26 (see also Pig. 69, page 296). The })roduct of the 
vectors 5* 93 is then 

58.^* = F/[cos (cot i- (/)) f- j sin (cot f <^)][oos (— cot) f j sin (— cot)] 
and this reduces to 

93 . 3 ;* = F/[cos (f) + j sin (f)] . . . (39) 

This expression is now identically the same as that 
for the power vector of expression (35). It will 
be noted that in the foregoing investigation, the 
condition has been assumed that the current lags 
on the applied pressure, and that as a consequence 5 
of this assumption the result is obtained that the 
reactive component of the j)owor vector in exf)res- 
sion (39) is 'positive. It is easily shown, however, 
that if, instead of taking the ])roduct of the [)res- 
sure vector and the conjugate ciirrent vector, as has 
been done in the exj)ression (39), the product is 
taken of the coy} jugate pressure vector and the 
current vector, then a lagging current will lead 
to the result, 

= F/[cos <f> — j sin (f>'] . . . (40) 

whilst a leading current gives the result, 

93*;^ F/(cos ^ f-^’sin^) . . . (41) 

and it is merely a matter of convenience which of these two alternative 
representations is selected in any particular problem. 

Example. — ^As one ty})ieal example of the application of these results 
may be taken a simple case illustrative of the problems which arise in 
lieavy current transmission systems and also in radio transmission and 
reception. 

Suppose in the series circuit of Fig. 27 the consumer’s terminals are 
AB and the supply is provided by the generator of which the e.m.f. is 
defined by the vector CS = The impedance of the generator, of 

the leads, and of any other supplementary apparatus in front of the 
consumer’s terminal AB being 

.... (42) 

The impedance of the consumer’s circuit is defined by the vector 

= l?o +jX„ = Zoe/'^. .... (43) 



F'kj. 2(). 
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The pressure across the consumer’s terminals is SS» and the current in 
the circuit is 3) so that 

= eI «) ... (44) 

OB 

where = 3i + 3o = 

also = = .... (4.5) 


and, reference to Fig. 28 shows that 

2ZoZ^ cos {<l)i — <^o) • . (40) 

The vector of the power supplied to the consumer is then 



Fi(j, 27 . Fig. 28 . 


. (48) 


The modulus of this vector is the apparent power, viz. 

I 3^ I = (48) 

' ' + z..^ + 2ZoZf cos (<!>, -<!>,) ■ ■ ^ ’ 

The active })ower is then 

Tr« = I 2i5| cosVo .... (49) 

and the reactive power is 

= I SB I sin <^o • ‘ • • (»^>^^) 

From these results, for exairiple, the condition for which the active power 
is a maximum when the angle <^o is given, can easily be found, viz. : 

d ^ 




which leads to the result that 


Zq — Zj*. 

The d.c. counterpart of this important result is given in Example 20 of 
the Test Paper for Chapter II. 

In Chapter XV further use is made of this method for representing 
the vector of power. 



Chapter XII 

SOME GRAPHICAL METHODS 

INVERSION : FLYWHEEL LOAD EQUALISER ; ACCELERATION OF A MOTOR : 
ROTATING MAGNETIC FIELD: SYMMETRICAL COMPONENTS 

The Principle of Inversion 

T he method of “ Inversion provides a simj)Ie and easily surveyed 
gra})hical representation of the solution of many problems which 
would otherwise involve much more complicated treatment, with 
the corresponding loss of clarity of interpretation of tlie ])hysical signi- 
ficance of the solutions, as well as of the intermediate stages by which 
the solutions have been reached. 

Consider in Fig. 1 any curve such as Q and let O be a point some 
distance from the curve as shown. If P is any })oint on the curve Q and 
if another point p is found on the line OP such that, 

OP X Op k\ 

where ig a constant, then the point p will lie on some such curve as q. 
The curve q is termed the inverse of the curve Q with respect to the point 0, 



Fig . I. 

the constant is the constant of inversion and the point 0 is the centre 
of inversion. The diagram of Fig. 1 has been drawn for the condition 
that = 42 units. 

Proposition I. The Inverse of a Straight Line is a CiRCst.E 
throiTgh the Centre of Inversion. — ^From the centre of inversion 0 in 
Fig. 2, draw a line OA perpendicular to the straight line CD which it is 
required to invert. Mark off the point a so that 

OA YsOa — 

367 
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where is the given constant of inversion, and on Oa as diameter, dra^\ 
the circle shown in Fig. 2. Draw any other straight line such as OR 
which cuts the circle at r and the straight line CD at R, Join ar, then 
it will be seen that 

the triangles Oar and ORA are similar, 

so that and OR x Or — OA x Oa = 

OA OR 

Consequently, Or is the inverse of OR with respect to 0 and this relation- 
ship will hold for any other point 
on the circle. Hence the proposition 
is proved. 

Proposition 2. The Inverse 
OF A Circle with respect to a 
Point outside the Circle is an- 
other Circle. — In Fig.3 0 is tlie 
centre of inversion and Q is the circle 
which it is required to invert with 
respect to the point O. Draw a line 
OA through the centre of the circle Q 
and cutting this circle at F and G. 
Ijot Of be the inverse of OF and 
let Og be the inverse of 0G» Draw 
the circle q on fg as diameter. 

From 0 draw the line OT tan- 
gential to the circle Q, then if this line is also tangential to the circle, q. 
the following condition must hold, 


T 



Fig . 3. 



Ot^ =^0g X Of: OT^ = 00 x OF 
Ot^ X OT^ = (OG X Og) x (OF x Of) = k\ 
Ot xOT = k\ 


and hence 

BO that 
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that is to say, Ot is the inverse of OT, and consequently the circle q is 
tlie inverse of the circle Q, 

An important special case of this proposition is that in whicli the 



circle Q inverts into itself as shown in Fig. 4. In this case, 

OF X Of ^00 X Og = OT^ = OM^ - MT^ 
that is OM^ = MT^ + OF x Of 

or OM^ = -f- ^2 (1) 

That is to say, in order that a circle shall invert into itself, the position 
of the centre of inversion O must be related to the radius p of the circle 
and the constant of inversion k^ hy the expression (1). 



Example. — ^As an important practical example of Proposition 2, 
suppose in Fig. 5 it is required to find the co-ordinates of the centre and 
the radius of the inverted circle q with respect to the co-ordinates of the 

BB 
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centre and the radius of the original circle Q, when the constant (»t 
inversion is = \, Let the centre of inversion 0 be taken as IIk 
origin of co-ordinates as shown in Fig. 5. 

Then : 

{ Centre of circle is at M 
Co-ordinates of centre are 
Radius of the circle is 

{ Centre of circle is at m 
Co-ordinates of centre are : //^ 
Radius of the circle is p^. 


It will be seen from Fig. 5 that 

the triangles OM7 ' : Omt are similar, and the triangles OMR : Omr are 

Ot /// 

also OT X Ot ~ — I, 


similar, so that 


hence 


Hi = Ho 


Ot 

OT 


also 


Pi 

OT^ 


Ho 


Vo 




1 

OT^ 

1 

1 

OT^ 


Ho^ 


Vo^ - p^ 




Proposition 3. — If there is a pair of curves such as the circles Q :Qi 
in Fig. 0, and if these curves be inverted with respect to the point G, the valuf 
DC 

of the ratio for an elementary area DABC of the first pair of curves 
UJi. 

dc 

icill be the same as the value of the ratio area dabc of inversion oj 

the second pair of curves q : q^. 

This j)ro position may be proved as follows: OD x Od — k^ — OC x Oc 
so that the triangles OCD and Ocd are similar and hence 


similarly 

from which it follows that 


DC _ OC 
dc Od ' 
DA ^OA 
da Od ' 


DA __ OA da da 
DC ■■ OV^ dc~ dc 
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since OA = OC when the dimensions of the elementary areas are 
indefinitely small. 



Example. — An overhead transmission is represented by tJie circle G 
in Fig. 7a, and the surface of the earth by the line EF, the height of the 
line above the earth being h cm. and the diameter of the wire d cm. 



(a) 


(b) 


Fig. 7. 


Now invert the circle C and. the line EF so that the circle inveHs 
into itself and the line inverts into a circle which is concentric with the 
circle C. From what has been said in the foregoing, it will be seen that 
the capacitance of the electrostatic field per centimetre length between 
these two concentric cylinders will be the same as the capacitance per 
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centimetre length between the cylindrical surface represented by thi^ 
circle and the plane EF in Fig. 7a. Since the capacitance between two 
concentric circles is given by the expression (12), page 103, Chapter Y\\ 
the problem is at once solved. 

In Fig. lb let D cm. be the diameter of the circle which is the inverse' 
of the line EF. From Proposition 1 (see Fig. 2) it is known that the 
centre of inversion O must lie on the circle npg. Then 



and OG x Og = : that is, f 2 “ ^ 



Solving this quadratic equation in gives, 


D 

2 


= A -f 



::C^2h, 


when d is small compared with h and, from expression (12), on page 103, 
the required capacitance of the two concentric cylinders is, 


C = 


e 


2 log. 


i) 

d 


electrostatic units per centimetre length. 


This jjrovides one proof of the formula which is stated on page 104, 
expression (13). 

Example. — As an example of Proposition 3 may be taken the 
capacitance between a cable sheath and one core of a three-core cable 
as illustrated by the two eccentric circles in Fig. 8. For this case, the 
centre of inversion is so chosen that the large circle H inverts into a 
straight line and the small circle inverts into itself. That is to say, the 
centre of inversion O must lie on the large circle as is shown in Fig. 8, 
and the straight line obtained by inverting this circle will cut the diameter 
through 0 at the point S where 



OS^ 


Since from Proposition 2, page 368, 

OF^ -(!)“ + 
and also 08 x 08^ — 

and, making use of the solution of Example 14, in the Test Paper for 



SOME GRAPHICAL METHODS 


373 


Chapter IV, it is then easily seen that the capacitance of the field between 
the core and the eccentric sheath will be 


C = 


41 log,. 

L d ^ 


/iF per kin. length 


( 3 ) 



To Find the Input Admittance of a Circuit comprising a Fixed Inductance 
of L Henry and a Variable Resistance of R Ohms 

This circuit is shown in Fig. 9 and the vector of impodance of the 
circuit will then be given by 

^ = i? -f jo)L =* i? 1- jX = ohms . . (4) 

X 

where Z = X^ ohms : and tan <^ = 

K 


The admittance vector is the inverse of the impedance vector 
so that 

= 1 (•">) 

that is to say, the constant of inversion is =3: l. Then, 




siemens 


( 6 ) 


In Fig. 10 the impedance vector is shown as OB making the angle <f> 
with the real axis so that, in accordance with the expression (4) OA is 
drawn to scale equal to X ohms in the direction of the j axis and the 
resistance R ohms is drawn to scale in the direction of the real axis. 

Since the resistance R is variable, that is, the length AB is variable, 
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^ 

-A/ww-^TnrHj 

R X 


it follows that the extremity B of the impedance vector will move alon^^ 
the vertical straight line AB. The admittance vector will therefore bf 
given by the inverse of this vertical line with respect 
to the origin O and, in accordance with Proposition 
. I, the inverse of the line AB will be a circle whicli 

I ^ ^ ^ passes through O. Now reference to the expression (6) 

I shows that the angle defining the position of the 

V — >o admittance vector will be — when the angle which 

defines the position of the impedance vector is -f 
That is to say, the admittance circle will lie in the 
oj)]) 08 ite quadrant to the impedance vector as is shown in Fig. 10. 

The relationship between the current vector ^ fhc pressure 
vector SB (Fig. 9) may be written in either of two ways, 


j) 


Fig. 9 . 


( 7 ) 


or 


^ = . . . . .(H) 

The expression (7) states that, if the current is constant, the necessary 
pressure at the terminals CD (Fig. 9) will be given in magnitude and phase 
by the vector OB when ^ is the datum vector and is drawn along the real 
axis, that is the vertical axis in Fig. 10. 




Alternatively, the expression (8) states that, if the supply pressure 
® is constant and is taken to be the datum vector and drawn along the 
real axis, the current vector will be given in phase and magnitude by the 
vector Ob in the admittance diagram shown in Fig. 10. 

As a numerical example, suppose the reactance X = (oL — 1 ohm 
and choose a scale of 3 cm. = 1 ohm for the resistance, then in Fig. 11 
mark off OA — X = I ohm = 3 cm. and draw the vertical line AN. 


Then, for example, when the resistance is -R = - ohm, that is, AB ~ 4 cm. 

3 


OB == VP + 42 = 5 cm. and tan.^ = J. 
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The impedance vector will then be, 

S = OB = 


where 


tan (/> 


3 

4* 


If the current is maintained constant at 10 amperes, then the magni- 
tude of the pressure which is necessary at the supply terminals will bo 

10 X - = volts, so that the vector OB which is 5 cm. long will 
3 3 

represent volts. That is to say, the scale for the pressure vector is 

o 


3 cm. = 10 volts. 

Next, suppose the pressure at the terminals CD (Fig. 0) is maintained 
constant at 100 volts so that the current vector is given by the expres- 
sion (8), that is, 

^ - 100 X ?), 

where the admittance is measured in siemens. Since the admittance 



is the inverse of the impedance, that is, the inverse of the straight line AN 
of Fig. 11, the admittance diagram will be a circle. 

The diameter OH (Fig. 12) of the admittance circle is given by the 
inverse of the reactance OA (Figs. 11 and 12), that is, 

OH = ^ = 1 siemens, ^ 

JL 

the scale chosen for the admittance being 1 siemens — 9 cm. Since the 
supply pressure is 100 volts, the scale for the current will be 

9 cms. = 100 X (1 siemens) = 100 amperes, 
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that i8, 1 cm. ^ amperes. Thus, the impedance vector OB of 
Figs. 11 and 12 is 

3 -- OB - ohms 


The corresponding admittance vector is 


^ ^ Oh ^ 


3 


siemens 

5 


and the current represented by Ob will be 

^ ^ 06 100 X 0*6e~-'^ — 60e“-''^ amperes 

and this gives the scale for the current. 


The Input Admittance Diagram for a Circuit comprising a Resistance, 

an Inductance, and a Capacitance 
in Series, and Supplied with Alter- 
nating Current at Variable Frequency 


Z 


1“ AAAA/ — Ih 

^ c 


L 




Fi(j. 13. 


The circuit connections for this system 
are shown in Fig. 13, in which the induc- 
tance of L henry, the capacitance of C 
farad, and the resistance of R ohms an* 
in series and supplied from a pressure oi’ 
variable frequency as shown in Fig. 13. 
For any given value of the circular fr(‘- 
quency co, the impedance vector will be 


3 = i? +j 




ohms 




where 


Z - 


R^ I ~ and tan = 


(oL — 

« 

~R 


o)C 


The numerical values of the respective constants of the circuit arc 
taken as follows for the ])urposes of an Example, viz., 

R 6 ohms : L 4 x 10"^ henry : T 5 x 10“® farad. 

In Fig. 14 the resistance of R ohms is drawn along the real axis equal 
to OA to scale, and this quantity will, of course, remain of constant 
magnitude for all values of the circular frequency (o. For values of the 

frequenev such that (oL > ^ the reactance is to be marked off in the 
' (oC 

positive direction of the j axis, that is, along QP, whilst for values of 

the frequenev o) such that (oL < ^ the reactance is to be marked off 

(oC 





378 


PRINCIPLES OF ELECTRICAL ENGINEERING 


the centre will lie on the real axis, as is shown in Fig. 15. The point S 
in Fig. 15, for example, corresponds to the point P in Fig. 14. 

Th6 Input Impedance for the Compound Circuit of Fig. i6 

This system comprises two component circuits 1 and 2 which are 
coupled by the mutual inductance M, The only variable quantity in 
the system is the resistance jRa- This system is typical of important 
practical problems such as the graphical representation of the performance 
of induction motors. The system is supplied with alternating current 
pressure at a fixed frequency connected across the terminals CD (Fig. 
16). The following numerical data have been taken as an example of 
the detailed method for graphically finding the input admittance of the 
system, that is, with respect to the input terminals CD. The circuit con- 
stants are : 



Fig. 16. 


Reactance Xi — u)Li — 2 ohms : Resistance ~ I ohm 
Reactance Xz = (oLz — 5 ohms : Resistance J ?2 is a variable quantity 
Mutual Reactance Xj^^ — wM = 50 ohms. 

Stage I. — The impedance vector of the connection of the reactance 
of Xz ohms in series with the resistance of Rz ohms is 

== ^2 ^-jXz = Rg +i5 -= Zze^^ ohms, 
and this im])edance is represented graphically in Fig. 17 by the vertical 
line AB m that the extremity of any impedance vector such as OP will 
lie on this vertical line, whatever the value of the variable resistance 
Rz may be. If this straight line AB is inverted with respect to the origin 

0, the admittance vector will be obtained, that is, 3)0 = and this is 

32 

defined by the circle Go, of which the data are as follows, viz. : 
Admiiiance Circle Co (Fig. 17). 

Diameter : OH = J = 0*20 siemens : Radius : po == 010 siemens. 
Co-ordinates of the Centre siemens. 

1 ro = 0. 
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Stage II. — ^The next step is to combine the admittance of the coupling 
branch AB (Pig. 16) with the admittance circle C^o- The admittance 



vector of the mutual inductance of M henry is — j so that 

tlie total admittance of the inductance M in parallel with the imj)edance 
;^2 will be 


?)n = % + ?)m. 

That is to say, the constant vector is to bo added to the admittance 



circle and this is most easily done by moving the origin O of Fig. 17 

1 ^ 

to the left-hand side by the amount ^ — 0 02 siemens, thus giving 

the new origin 0^ as shown in Fig. 18, in which the circle C'l has the same 
radius as the circle (7o in Fig. 17 but is referred to the new origin 
This circle is therefore defined by the following data : 
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Admittance Circle Ci (Fig, 18). 

Radius : />, == 0*10 siemens. 

Co-ordinates of the Centre -0 1*- siemens. 

Vi = 0 . 

The length of the tangent to the circle Ci drawn from the origin Oj is 
given by 

(OiTi)^ = ^ 0-0044 (siemens)^. 

Stage III. — ^The admittance circle of Fig. 18 gives the graphical 
re])resentation of the total admittance of the two parallel branches 
which are connected across the points A and B in the comj)Ound circuit 



of Fig. 16. In order that this admittance may be added to the impedance 

= -^1 + j^i 

it is necessary to transform the admittance circle Ci into the equivalent 
imj)cdance circle C 2 of Fig. 19. This may be done at once by means ol 
the expiession (2), page 370, viz., 

Radius : pg == ^ = 22-8 ohms 


1/^2 

Co-ordinates of the Centre 




(O^T.Y 


= 27-3 ohms 


Vi 

(0,T,)^ 


= 0 . 


The circle Og of Fig. 19 is now the graphical representation of the 
total impedance of the two parallel branches which are connected across 
A and B in Fig. 16. 
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Stage IV. — In order to find the total impedance of the compound 
circuit of Fig. 16 it is now necessary to add the constant impedance vector 
3 i = + j-X’i = (1 +j 2 ) ohms 



to the impedance given by the circle Cj of Fig. 1 !). This addition is most 
easily obtained by moving the origin towards the right-hand side by an 
amount defined by the vector IJi- This has been done in Fig. 20 in which 



Fig. 2()a. 


is the same circle as C 2 but is now referred to the new origin O.,. An 
enlarged view of the vector 3 i relating the two origins 0^ and O 3 is 
shown in Fig. 20 a. 

The circle referred to the origin O 3 is now defined by the following 
data : 

Radius : = 22-8 ohms 

Co-ordinates of the Centre 

\lso, see Proposition 2 , page 368, 

( 03 ^ 3)2 = (29*3 + 22-8) X (29*3 -■ 22-8) = 339 (ohms)2. 

Stage V. — The total admittance of the compound circuit of Fig. 16, 
as measured between the input terminals C and />, is now obtained by 
inverting the impedance circle of Fig. 20 with respect to the origin 
O 2 by means of the expression ( 2 ). The result of this invertion is shown 
by the circle in Fig. 21 and this circle is then defined by the following 
data : 


'^3 = 29-3 ohms 
V 3 = 1-0 ohm. 
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00.0 

R»im8 : - 33^ - 0-066 .leMe.,, 

Co -ordinates of the Centre 


If, then, the applied a.c. pressure at the input terminals CD of the com- 
pound circuit of Fig. 16 has the constant value V r.m.s. volts, the vector 



of the r.m.s. current whivh will then flow from the supply to this circuit 
will ho given hv 

where is the admittance as defined by the circle of Fig. 21. 

Distribution of Power in the Compound Circuit of Fig. i6 

It is of interest and importance to consider the distribution of power 
between the resistances and i ?2 respectively, when an alternating 
current j)ressure of constant r.m.s. value V volts is connected across the 
in}Hit terminals CD of the compound circuit shown in Fig. 16. 

Referring to Fig. 22, the current circle MAF is shown for the applied 
p.d. of V volts, and from what has been said when deriving the admittance 
circle for the numerical example on pages 378-382, it will be understood 
that the current circle MAF of Fig. 22 is the same circle as of Fig. 21, 
but road to a scale of current in amperes instead of a scale of admittance 
in siemens. 

Let X and y define the co-ordinates of any point A on the current 
circle of Fig. 22 and Xq, the co-ordinates of the centre M, then 

^ {y- y,Y = . , • • 


/A = 


= 0.085 

(0,T,)^ 339 

(O.T,)* "" ' 3 ^ =■ 0-0629 
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where p is the radius of the circle, that is, 

+ ^2 — 2x,x^ - 2«/.2/o = p^ - (.ro^ 4 yo“ == - ^2 . (11) 

where ij; a constant. 

But the current I r.m.s. amperes wliich corresponds to the point A is 
given by . 

l^=:x^ + y^ (12) 

Tlie total power supplied to the circuit will be 

W ~ VI cos (f> — Vy . . . , (13) 



Fig. 22 . 


the power consumed by the resistance Ri will be 

Wi = I^Ri = (2a;.rro +- %.yo “ K^)Ri 
and the power consumed by the resistance will be 

w, - VI cos tf> - im, 

that is, 

= VI cos ^ — {2x.Xq 4- 2y.yo — I^^)Ei 
Substituting y for I cos ^ in equation (15) gives 
= V .y - {2x.Xo 4- 2y.2/o - K^)Ex- 


(14) 

( 15 ) 

N 

(16) 


IT. = (7 - 2y^,) 



2x.XfBi 

7o — 


-1 1 

V - 2yoBjj 


(17) 


that is 
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This equation may now be written 

Ifj = (K -- 2yji,){y - y,) . .. (18) 

where 

* x.jTq 2 

yi — y ~ ~ y . ... (19) 

Tho equation (19) represents a straight line and is shown in Fig. 22 by 
the line FO. Droj)ping the suffix in and re-writing the ecpiation (19) 
in the form 




-f = 0 


then, subtracting equation (20) from equation (11), gives 

„ . « V 


that is 




-f [y - 




The equation (22) rejirosents a circle which is defined by the following 
data : 

Radius = 

2jKi 

r:ro - 0 ^ . . (2;j) 

()o-ordinates of the Centre N{ V 

That is to say, tho centre of the circle will lie at N on the ordinate axis 

V 

(Fig. 22), at a height equal to the radius — - above tho origin O. The 

circle will, therefore, pass through the or .’gin 0 and it is easily seen that 
it will also jiass through the centre M of the current circle. The two 
circles will intersect at the points F and 0. 

8ince the equation (22) has been derived from the straight line 
equation (20) and the equation (11) for the current circle, it follows that 
the straight line defined by the equation (20) must pass through the points 
of intersection of the two circles (equations (11) and (22)), that is, through 
the points F and G as shown in Fig. 22. 

If, then, for any current vector OA, the vertical line AT he drawn 
to the abscissa axis, the total power siqrplied to the comi)ound circuit 
of Fig. 18 will be given by 

W = VI cos = F X (AT) = V,y watts . . (24) 

the power absorbed by the resistance will be 

W,^(V--2yoB,)(y-y,)==(V~2yoRi)(AC) . . (25) 
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so that the power absorbed by the resistance will be 

W, = W - W, = V X (AT) ~ (V - 2t/oE,)AC . . (26) 

that IS 

W, - V X [(CT) [ 2.Vo/?i(AC)> . . . (27) 

Two s})ecial cases should be noted as follows : 

(/) When the resistance E^ (Fig- 16) is open-ciiciiited, the j)ow'er 
supjdied to Eq will be zero and consequently tlie vector of the current 
taken from the supply will be defined by the f)oint F, wliicli may therefore 
be termed the “ open-circuit point 

(//) When the resistance E^ is short-circuited, tlio power suj^plied to 
E 2 will again be zero, and consequently the vector of the current taken 
from tlic supply will then be defined by the point G which ma^ therefore 
be termed the “ short-circuit j)oint 

The compound circuit shown in Fig. 16 and the cot responding diagram 
of Fig. 22 represent respectively the equhalent circuit and the current circle 
diagram for a three-phase induction motor. 

Fl3rwheel Equaliser for a Periodically Varying Load 

As a ])reliminary stej) to the investigation of this problem it will be 
helpful to derive some dynamical relations! nps. 

(i) Linear Motion. — Supi)ose a constant force of F dynes is acting 
on a mass of m gm. which is initially at rest, and let jr cm. be the distance 



Fig. 23 . 


through which the mass moves in t seconds in the direction in which 
F acts, as shown in Fig. 23. The acceleration will then be given by 

„ d'^x dv , 

^ ^ '^^dt 

where v cm. per second is the velocity at the time /. Tn practice, it is 
usually more convenient to measure the mass M in kilograms, in which case 

F =■ 31 X dynes .... (2S») 

The velocity v which the mass acquires in the time t will then be given, by 
rf F F 

V — \ - dt = - t : cm. per second. . (30) 

]qM X 103 if X 103 J ^ ' 

that is to say, the velocity is proportional to the time, as is shown in 

oc 
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Pig. 24, and the distance through which the mass will have moved in 
the time t will then be 


X — 



1 F 
2Af X 103 


= -vt cm. . 

A 




(31) 


that is, the distance x will be given by the shaded area of the graph in 
Fig. 24. 

The work which must be expended in order that the mass shall attain 
the velocity v will be 


u — F.x — \Fvt = \M X 103?;2 ergs . . . (32) 

and this is the kinetic energy which is acquired by the mass. If the 
velocity is V metres per second, the kinetic energy will be given by 
U — X 103^2 1Q4 -- 10’ ergs = IMV^ joules . (33) 




The power expended, that is, the rate of doing work will be 

' F V 

W = F.vergs ])er sec. — gm.-cm. per sec. 



Faj , 

= - „ kg.-m. T)er sec. 

9-81 X 10’ 

• (34) 

since the 
Also 

weight of 1 gm. is 981 dynes. 



W = F.v ergs per sec. = — ^ joules per sec. 

. (35) 

so that 




also 

9*81 joules = 1 kg.-m. 

9*81 watts = 1 kg.-m. per sec. 

1 joule == 0*737 ft.-lb. 

1 kg.-m. = 7*22 ft.-lb. 

^ • 

. (36) 


(ii) Rotary Motion. — If a body is rotating at a uniform speed of- 
n revs, per sec., that is, with a uniform angular velocity a> = 2;r.n radians 
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per second about an axis 0 as shown in Fig. 25, the kinetic energy of 
a particle of mass m gm. at a distance r cm. from the axis will be given 
by the equation (32), viz., 

u = \mv^ — I m(cor)2 ergs . . . . (37) 

so that the kinetic energy for the whole mass will be 

U — Zlmv^ = Iw^Zmr^ ergs . . . (38) 

that is 

t/ = 1 ergs = joules = - kg.-m. . . (39) 

where J is the moment of inertia of the rotating mass about tlie axis 
0 measured in kg.-(metre)2 units. For example, a solid disc flywheel 
of mass M kg. and radius E metres has a moment of inertia 


J = \M .R^ kg.-m^. units. 

If a torque of r kg.-m. is applied to the mass of which the angular 
velocity is co radians per second, the ])owor expended will be 

= = ^ ^ kg.-m. i)er sec. . . (40) 

so that the torque is given by 

J 1 

X = — _ - kg.-m. .... (41) 

9-81 dt ^ ^ ' 

and the power extended may then be expressed as 

W = r.o) = kg.-m. ])cr sec. . . . (42) 

9*81 dt 


and the angular acceleration is therefore given by 


d(o 

dt 



9*81 


W^o) 

2(ICE~) 


(43) 


where (K.E.) is the kinetic energy of the rotating mass in kilogram-metres 
and W the i)owcr in kilogram -metros ])cr second. If the power is 
cx])ressed in watts, then 


dct) _ W ,(o 
~dt ~ 2(K,E.y 


(44) 


{Hi) Mechanical Time Constant. — k further useful relationship is 
obtained as follows : Suppose the normal full-load torque of a motor is 
To kg.-m. and the normal full-load speed is o© radians per second. If 
the machine starts from rest without load and is allowed to accelerate 
under the constant torque Tq without friction or other losses, then the 
time required to reach the normal speed cuo? is termed the ‘‘ mechanical 
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time constant ” of the machine. The magnitude of this time constant 
may then bo expressed as follows. From the expression (41), the 



acceleration is given by 
J da) , 


To = , kg.-m. 

9-81 dt ^ 


that is 


rv„, _ “■"'’■•fdi . (45) 

Jo J 0 

SO that the mechanical time constant 
^iven by (see Fig. 26), 

o,. = 


that is, T .. 


9*S1to 


seconds . (46) 


Fig. 26 . 


Example of Fly-Wheel Equaliser System for Cyclic Load Variations 

In Fig. 27 is shown a typical load cycle for the winding installation 
of a colliery, the components of this cycle being as follows : 

Time of the acceleration period OA . . . 26*5 secs. 

Time of the full-speed run BC .... 26*8 ,, 

Time of the retardation period I)E . . .10 ,, 

Stationary ]K'rKKl EF. ..... 25*2 ,, 

the total time for one com|)let/e load cycle thus being 88-5 seconds. 

The load cy(*le of Fig. 27 will now be used as an example of the 
method for calculating the weight of the flywheel which will be necessary 
to screen the supply mains from the heavy ])eak loads. In the first 
j)lace it is necessary to obtain the mean load, that is, to find the mean 
ordinate of the load cycle, and this is easily found by measuring the net 
])Ositive area of the load diagram in (horsc-[)Ower) x (seconds) units 
and then to divide this (piantity by the time of one cycle, viz. 88*5 seconds. 
The value of the mean load so ol)tainod is found to be 360 h(>rse-])()wer, 
and this is shown in the difigram l>v the horizontal line MX. 

The shaded area in Fig. 27 then gives the peak load which is to be 
accounted for by the flywheel. The magnitude of this area is found to 
be 16,600 horse-power-seconds, that is, 1-26 x lo® kg.-m. The stored 
kinetic energy of the flywheel will be 

K.E. ^ \Jay^ kg.-m. .... (47) 

where J kg.-m-. units is the moment of inertia and lo — 'Inn radians j)er 
second is the angular velocity. Now the energy which is represented 
by the shaded area in the load diagram of Fig. 27, that is, /If/, is the 
demand which is in excess of the mean load and is the amount of the 
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stored kinetic energy of the flywheel which must be released in order to 
supply this ])eak load. If roj =r is the maAimuin s])eed at which 
^ the flywheel runs during tlie cycle that is, the speed corresponding to 
the ])oint S on the load diagram of Fig. 27, and if 2:7?? ^ is the 
minimum speed, that is, the speed corresponding to the point T on the 



load diagram, then, equating the peak load energy \r and tlie released 
kinetic energy of the flywheel gi\es the equation 


so that 


J - 


2 X 9-81 X AU 


21 


] kg.-in. 


(48) 


AU 


kg.-m.2 units, 


(27r)2(7/,,2 - WjS) 

noting that 0-81 is very a 2 )})roximately equal to Hence 
Zlf7 _ AU _ AU 

2 (r?, - ??2)(??i } /?2) ^njn, n^) ,,2 

- no 


J - 


(49) 


where g = 


and is the (fractional) 2 )ercentage sj)eed variation, 


and = i(??j 4 ^s) revs. ])er second, is the mt^an speed at which the 
725 

flywheel runs, viz. =12-8 revs. j)er second in this particular case. 
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If the drop in speed due to the peak load is gr = 6 per cent. == 0*06, then 

, AU 1-25 xlO« , 2 .. 

J = — - _ ___ == — _ - Units, 

4 X 12-82 X 0-06 146 X 0-24 ^ 

BO that the requisite moment of inertia of the flywheel is 

J == 3-56 X 10^ kg.-m.^ units. 

If the flywheel is in the form of a solid disc D metres in diameter, the 
moment of inertia will be 


J = m( kg.-m.2 units . . . (50) 

\2V2J 

where M kg. is the mass of the disc, that is 


M = ~(D X 100)2 X t X a X 10 “ 2 kg. . . (51) 

4 

in which t cm. is the thickness of the disc and a — 7-9 gm. per c.cm. is 
the density of the steel. Since the mean s])eed of the set is 725 revs, per 
minute and assuming the maximum peripheral speed to be - 120 m. per 
second, then 


and 


= 120 = 7iD,n — tiD x 12-8 
D = — = 3-1 metres, 

7ii2H 


so that M = ^ ^ 10“'‘(0-91)2 = 30 metric-tons, 

and, by substitution in equation (51), the thickness of the disc will be 


30 X 10^ X 102 

? X 310* X 7-9 
4 


30 X 10« 

59^~ >rT()^ 


50-5 


cm. 


The Measurement of the Moment of Inertia of a Cylindrical Rotor 

Several methods * are available for the measurement of the moment 
of inertia of a composite cylindrical structure and two of these will be 
considered briefly here. * 

(i) The Rotor is arranged with its Shaft supported on Hori- 
zontal Knife Edges. — Fig. 28 shows diagrammatically the rotor R sup- 
ported on a pair of horizontal knife-edges, one of which is shown by AB. 
Rigidly fixed to the shaft is a relatively small mass of m gm., the distance 
of the mass from the centre of the shaft being a cm. When this system 
is at rest, the mass m will, of course, set vertically under the axis of the 
shaft. If the mass is now displaced by a small angle 0 from this equili- 


♦ Soe Engineering, Feb. 24, 1928, p. 213. 
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brium position, and is then left free to move, the system will oscillate 
and the equation of motion can be obtained as follows : 

The potential energy of the system will be 

m,a — m. a cos 0 gm.-cm. 

that is m,g.a{\ — cos 0) dyne-cm. or ergs . . . (52) 

where gr = 981 cm. /sec. ^ and is the acceleration due to gravity. 



Fig. 28 . 


The kinetic energy of rotation of the system will be 

-^(J 4 ergs .... (53) 

where J gm.-cm. ^ units is the moment of inertia of the rotor about the 
shaft axis. It is to be observed that, if the radius of the shaft is small 
in comparison with the radius of the rotor, the kinetic energy of translation 
may be assumed to be negligibly small. 

Since the total energy is constant it follows tJiat 


1 /dB \ 2 

\.g,a{l — cos 0) -j- -(♦/ -f constant 


Differentiating this equation with respect to 0 gives 


m,g.a sin 0 -f ( J + = b 

(It 


When the angular displacement is kept small, then sin d ^d, ao that 
the equation of motion becomes 

d^O m.a.g ^ 

dt^ ~ J l-wi.a* 


( 56 ) 
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This is tiie standard form of the equation for simple harmonic motion 
and the time of one complete oscillation of the system will then be 


2 ^ 

V m,a,g 


sec. 


or, if the product m,a^ is small in comparison with J, then 


from A\hich it follows that 


V m,ax 


sec. 


■ m 


(58) 


, m.a.q ^ „ 

J = gm.-cm.^ units 

for m in grams ami a in centimetres, so that 

J — \Mar^ kg.-m.2 units . . . (59) 

where M is in kilograms, a in metres, and 9*81 

Examplk. — It was required to measure the moment of inertia of the 
rotor of a 20-b.h.p,, 8-phase, 4-pole, 50-frequency induction motor. 
The machine was fitted with ball-bearings, and consequently the moment 
of inertia of the rotor could be measured by means of this oscillation 
method in situ, without having to remove it and support it on knife-edges 
as shown in Fig. 28. 

The auxiliary pendulum which was secured to the shaft for the 
purpose of this measurement, comprised a w^ooden bath of effective 
length, 54 cm., that is, a 0*54 m., to the end of which was fixed a mass 
M -- 4*5 kg. The system was displaced by a small angle 0 from its 
position of equilibrium and the mean of several measurements of the 
time of one oscillation was found to be r — 1-81 seconds. The moment 
of inertia was thus found to be 

J — — J X 4-5 X 9-54 X 1*81 2 2-0 kg.-m.^ units. 

(ii) The Rotor is Suspended by means of Two Ropes and 
Oscillated under Oravity Control. — The mode of suspension in this 
case is shown in Fig. 81, it being observed that the two hempen ropes 
A exert no torsional control on the movement of the rotor. Su])pose, 
then, that the rotor is twisted through a small angle 0 in the horizontal 
plane and let be the coiTesi)onding angle througli which each of the 
suspension ropes will be turned. Then it follows that 

(/>.l — a.O ov — . . . . (60) 

a 

If I is large in comparison with a the angle (f) will be small as compared 
with 0. When the rotor is turned through the angle 0 in the horizontal 
plane it will rise through a vertical distance, 

rs = Z(1 — cos (/}) cm., 
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so that the corresponding increase of potential energy due to twisting 
the rotor through the angle 0 will then be* 

m.Z(l — cos (f)) gin. -cm. or — cos (/>) ergs, 

where m gm. is the mass of the rotor and <7 == 9Sl as before. 



Fig. 20 . 


The kinetic energy of rotation is then 

!•/(*)’ crgK. 

the kinetic energy duo to the motion of the rotor in a vertic.al direction 
being negligible. The equation of motion will then bo 

/d0\^ 

— GOH (f>) + ^ constant, 

that is 7n.g.l^l — cos ^0^ 4- ~ constant. 


that is 


Differentiating with res})ect to 0 gives 

-m.g.Um-9A = 0, 
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or noting that, 0 is small and is very much smaller, so that 

If 

sin yO and consequently the equation, of motion becomes 

V L 


that is 
from which 
and 


2 

mglO + = 0, 


fa'' 
d^O _ 

dt^ ■" ^ “J.Z 


o / 

= 271^ / — „ sec. 

V m.g.a^ 


Am 


471 27 


gm.-cm.2 units 


for in ill grams : a and I in centimetres ; 


or 


J 


1 2 

- — kg.-m.^ units 

4 I 


for M in kilograms, I and a each in metres. 


ExAMrLK.-— It was required to measure the moment of inertia of the 
rotor of a 25-b.h.|)., 3-phase, 4-pole induction motor. As this machine 
was not fitted with roller- or ball bearings it was necessary to remove 
the rotor for the purpose of measuring its moment of inertia. The rotor 
was accordingly supported by a hi filar suspension as shown in Fig. 20, 
the data being as follows : 


Free length of suspension cords 
Distance between the two suspension cords 
Weight of rotor ..... 
Mean time of one complete oscillation 

Hence, the moment of inertia was 


I = 2-78 m. 
2a — 018 m. 
M - 107-4 kg, 
T = 3-6 sec. 


1 107-4 X 0-002 x 3-62 

4 / " 4 X 2-78 

— 1-04 kg.-m,2 units. 


The Acceleration of a Direct Current Shunt Motor 

. In Fig. 30 is shown diagrammatically a shunt direct-current motor 
with a liquid (e.g. an aqueous soda solution) starting resistance. As the 
movable electrode is lowered into the liquid the resistance in series 
with the motor armature becomes gradually reduced until eventually all 
the resistance is cut out and the motor armature is connected directly 
across the supply mains. 

The torque-s})eed characteristic for such a motor and starting resistance 
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is shown by the curve ABC in Fig. 31, of which the region B corresponds 
to the condition that all the starting resistance 1ms been (*ut out and the 
remainder of the curve B(^> corresponds tt> the condition that the motor 
is operating under normal running conditions, that is to say, the s})eed 
is nearly constant for a wide range of loads, this being the characteristic 
feature of a direct-current type of motor. 

Suppose, now, that this motor is being used to drive a centrifugal 
pumj) of which the starting torque is relatively large and the resistance- 
load torque is approximately proportional to the square of the speed, 
the total resisting torque being shown by the curve PQ in Fig. 31. The 
acceleration and speed of tlie motor during the starting period can bo 
found graphically by means of the construction which is illustrated in 



Fig, 30 . Fig. 31 . 


Fig. 32. For this purpose it is convenient to draw the torque-s]i)eed 

characteristic so that the scale of “ relative torque ”, that is, is shown 

'^0 

on the abscissa axis and the scale of “ relative sT)eed ”, that is, == s, 

is shown on the ordinate axis. The normal full-load torque is Tq kg.-m., 
and the normal full-load angular velocity is w© = 27ino radians y>er second. 
At any speed w during the starting period, the accelerating torque 

will be given by the intercept A — - in Fig. 32a. Since to kg.-m. is 

^0 

the normal full-load torque when the motor is running at the normal 
full-load speed of o>o radians y)er second, then the nonnal full-load [)Ower 
will be 

Wo = 9*81roWo watts . . . ^ (61) 


But from the results obtained on page 387, equation (41), 


J dco 


kg.-m. 
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where t kg.-m. in the accelerating torque, and J kg.-m.^ units is the 
moment of inertia of the rotating system, so that 


that is 


(Iw 

(it 

( 1(0 


9- SI 






(62) 


The moinont of inertia J may be expressed in terms of tlie “ meclianieal 
time constant ” as already explained on iiage SHH, that is 

9 81 r To 


J = 


( Oq 



so that equation (62) may now be written (i(o -= I (if, that is 

r _ accelerating torque 
To normal full-load torque’ 

I 


where 


A 


or, writing .s* -- , then 

(Oo 


t 

T.. 


Cds 

]a 


(64) 


Referring now to the diagrams of Fig, 32. On the left-hand side 
(Fig. 32a) is shown the accelerating torque J - as a function of the 

To 
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relative speed 


, and it will be seen that the shaded area shown 


C 

in Fig. 326 will be given by the integral ' and from the equation (64) 

J 0 1 

tliis shaded area will be equal to ( . In Fig. 32r the value of the shaded 

^ m 

area is shown as a function of the ratio ^ . That is to say, the diagram 

of Fig. 32c gives the required time for the motor to run u]) to any speed s 
and eventually to the full-load speed. 


The Magnetic Field due to a Symmetrical Three-Phase Current flowing 
in a Three-Phase Winding 

In Fig. 33 is shown a star-eomiei'ted throe-f)haso winding 
1 r : 2 2' : 3 3' : as arranged, for example, on tlie laminated stator eoro 



Fig. 33 . 


of an induction motor, and which is suj)j)lied with three-phase current 
defined by the expressions 

sin cot : = /,„ sin ^cot - ; I, = I,„ 

7t 

In Fig. 33 is also shown the time vector diagram for the moment ^ ~ 2J' 

so that at this moment the current in yihase winding 1 J' has its maximum 
positive value 7,^,, whilst the currents in the jihasc windings 2 2' and 3 3' 
are each negative and of magnitude equal to In Fig. 33 these 

currents are shown diagrammatically in the res|)ective windings, and it 
is assumed that when a current flows into the winding at the beginning 
end and out of the winding at the star- connected end, the direction of the 
current is taken to be positive. 
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The development of the winding of Fig. 33 is shown in Fig. 34 at the 
top of the series of diagrams, the positive direction of the current for 




each winding being indicated by an arrow-head. The current in each 
phase- winding will give rise to a corresponding magnetic field across the 
air-gap of Fig. 34^, and it is assumed that this magnetic flux density for 
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each phase current is sinusoidally distributed in the air-gap. In Pig. 34a 
the conditions are shown for wdiich the three-phase currents are defined 
by the adjacent time vector diagram, that is to say, the current in 
phase 1 1' has its maximum positive value 7^,, and the cuiTents in phases 
2 2' and 3 3' are each negative and of magnitude The sinusoidally 

distributed magnetic flux density due to the current in phase 11', there- 
fore, has its maximum positive value at this moment, and the magnetic 
fields due to the currents in the windings 2 2' and 3 3' are negative, and 
of i)eak value each equal to one-half that of the field due to the current 
in phase 11'. The three waves of magnetic field shown in Pig. 34a have 
been drawn in accordance with these conditions and are shown by the 
respective broken-line curves. The algebraic sum of corresponding 
ordinates of these three sine waves is shown by the full-line sine wave, 
and it is to be observed that the peak value of this resultant sine w^ave is 
1*5 times the peak value of the wave due to the current in phas. 11', that is, 
1*5 times the peak value of the wave of magvetic flux density due to that 
phase-winding in which the current is a maximum. It is also to be observed 
that the position of this resultant sine wave is coincident with that of 
the wave due to the phase in which the current is a maximum, that is, 
in this case, coincident in position with the field due to the current in 
phase 1 1'. In Fig. 346 the conditions are shown for the moment one-sxith 

7Z 7t 

of a cycle later than that of Fig. 34a, that is, such that “ 2 ^ ~ 6 

and the time vector diagram of Fig. 346 is consequently 60° ahead of 
that for Fig. 34a. At this moment the current in ])hase 3 3' has reached 
its maximum negative value 7^, whilst the currents in phases 1 1' and 
2 2' are each positive and of magnitude ^7^,^. The corresponding diagram 
of the magnetic flux density distribution for the resj)ective phase- currents, 
as shown in Fig. 346, now gives a resultant sinusoidal nmgnetic flux density 
distribution of which the peak value is the same as that of Fig, 34a. In 
Fig. 346, however, the resultant magnetic wave has moved in the direction 
to the right of the resultant magnetic field of Fig. 34a and is now coincident 
in jjosition with the field due to phase 3 3', that is, again coincident uith 
the field due to that phase in which the current Juis its maximum value. 

In Pig. 34c the conditions are shown for the moment t such that 

(ot = ~ 4- that is, t ~ , and the corresponding vector diagram is 

one-sixth of a cycle in advance of that of Pig. 346. It will again be 
observed that the resultant magnetic field has the same value as in Figs. 34a 
and 346, and has moved further to the right so that it is again coincident in 
position with the field due to the phase winding in which the current is a 
maximum, viz. at this moment, the current in phase 2 2'. 

Inspection of these diagrams, therefore, shows that a symmetrical 
three-phase current supplied to a three-phase winding such as that shown, 
in Fig. 34a, gives rise to a resultant sinusoidal wave of magnetic flux 
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density distribution which, at every moment, is of constant magnitude 
and which rotates in the air-gap at a speed of n revs, per second where 
n f for a two-pole machine. If the machine has p pairs of poles, it is 
easily seen that the speed at which the resultant magnetic field rotates 
in the air-gap will be defined by the relationship n.p = f hz. Thus, for 
a two-pole machine supplied with three-phase current at a frequency 
f = 50 bz., the s})eed of rotation of the resultant magnetic field will be 
50 revs, per second, that is, 3,000 revs, per minute ; for a six-pole machine 
the speed will be 1,000 revs, per minute, and so on. 

It is also to be observed that, if a series of diagrams similar to those 
of Fig. 34 be drawn for the condition that any two of the supply mains 
connected to the terminals of the three-|)hase winding of Fig. 33 are 
interchanged, the direction of rotation of the resultant sine wave of magnetic 
flux density is reversed. 

Analysis of an Unsym metrical Three-Phase System into Two Symmetrical 
and Oppositely Rotating Three-Phase Systems and a Symmetrical 
Non-Rotating System * 

Any unsymmetrical i)olyphase current or ])ressure system can be 
analysed into a set of symmetrical components as follows : 

\ . . 


(b) 

DIRECT SYSTEM INVERSE SYSTEM 


(c) NULL SYSTEM 

Fig. 35. 

(0 A direct ” rotating symmetrical system of which the phase 
sequence is the same as that of the original unsymmetrical system. 

♦ See also Engineering^ May 10, 1940, p. 479. 
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(ii) An “ inverse ” rotating symmetrical system of which the ])haso 
sequence is opposite to that of the original unsymmetrical system. 

(Hi) A “ null system which is a non-rotating, that is, an alternating 
system. 

Consider first a symmetrical three-phase pressure system rotating in 
the counter-clockwise direction as shown in Fig. 3.>«, in which the relation- 
ships are shown for the moment at which the vector is directed along 
the j)Ositive “ real ” axis. The vector is obtained by turning the 

4jt 

vector through the angle in the counter-(*lockw isc direction, and 


the vector SS3 is obtained by turning the vector through the angle 
also in the counter-clockwise direction, that is. 


271 


‘in 

Denoting the vector quantity by the symbol a then the following 
relationships are easily obtained, viz. : 


2-7 

a = 


1 

2 



a 2 


47 

- 


1 V 

2 ’^2 


H7 

= 1 : ~ x a - a 

a'^ \ a t- 1 0 : a f 1 -= \ - - 

a 

o - 1 -= -- : 1 jV .‘k/ 

An inverse rotating symmetrical three-phase system, that is, one 
which rotates in the clockwise direction, is the same as one which rotates 
ill the counter-clockwise direction but of which the phase numbers of 
two of its vectors have been interchanged as shown in Fig. This 

is easily seen by reference to the last paragraj)h in the preceding section 
(page 400), w^hich states that the dire(‘tion of rotation of the magnetic 
fiekl due to a threc-jdiase current in a three-phase w inding will become 
reversed if any two of the leads from the mains to the terminals of the 
three-])hase windings are interchanged. 

A symmetrical “ nujl system is a non-rotati?ig system such as is 
shown in Fig. 35c. 

Now consider any unsymmetrical threc-])hase system : Sj, : 0^. : as 
shown in Fig. 36. It is required to find the equivalent direct and inverse 
rotating three-phase systems and the symmetrical non-rotating system. 
Then, if the group of three symmetrical systenis is identical witl^ the 
original unsymmetrical three-2)hase system of Fig. 36, the following 
relationships must hold : 

= @aD + ®ai “f- Sao ] 

= ®bD + ®bi + ®bo f * • * 

®o = ®cD + ©01 4 - ©eo J 


DD 
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that Ih, 

'3, =- ^ 3al f Sao'i 

^ I aS^+S„S . . . (67) 

®C = «®aD + +®aJ 

By adding together the three equations (67), the wfiignitude and direction 
of the “ mill ” system of vectors is obtained, that is, 

J[5. +- 3b i-Sc] • • • • (68) 

and this is easily obtained by a simple graphical summation of the three 
original vectors. 

Again, if the second equation of (67) is multiplied by the vector a [see 



- REAL AXIS 


exjiressions (65)] and the third equation is multiplied by a^, the following 
set of ecpiations is obtained, 

2a = ^aD + ^ai + ®ao^ 

. . . (69) 

a20^ = U^SaD + + «^®aoJ 

By adding together these three equations, the direction and ynagnitude of 
the “ direct ” three-phase rotating system is obtained, that is, 

2aD = i[2a 4 . . (70) 

and ©au is thus obtained by a simple graphical construction. 

Further, if the second equation of (67) is multiplied by a® and the 
third equation is jnultiplied by a, the following equations are obtained : 

3. = 3^ -\- 6„ + 6„'j 

-f . . . (71) 

o0, = 0*©^ + + a©^ 
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If these three equations are added together, the direction and magnitvde 
of the “ inverse ’’ three -pJmse system is obtained, 

Sai = +- + oSj • • • (72) 

and ©ai is thus derived by means of a siinjde graphical construction. 
Example. — Let the unsymmetrical three>j)haso system be defined by 

®a = 2 + j : 0^ == 2 - 2j : 0^ = _ l + 

as shown in Fig. 36a. 

The ‘‘ null ” system is then given by 

®io = 1 +i- 



The “ direct ” system is given by 

= 2-23 + 0*87j, 

and the “ inverse ” system is given by 

0ii = - 1 *23 - ()-865j. 

These three systems are shown in Fig. 376, and it is easily seen that, 
by graphically superi)osing the three symmetrical systems, the original 
unsymmetrical three- j:)hase system is obtained. 

The measure of asymmetry of any given three-phase system is the 
“asymmetry factor” and is defined by the exj)ression,* 


u 


r, 

I'-'D 


!0ii 






®a 4 

and a three-phase system is said to be 
of u is less than 0*05. 


(73) 


a0b -I- a20c * 

‘ symmetrical ” when the value 


• The symbol | 3 | denotes the magnitude (i.o. the modulus) of the vector 3. 
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It iH useful to note that in a star-connected system the null ** com- 
ponent of an unsymmctrical three-})hase current system is the current 
whicli will flow to the star point, that is to say, the current which 
will flow in the neutral line connected to the star point. If the star point 
is insulated, that is, if there is no neutral line, there can be no “ null 
component. 

The. “ null ” component of an unsymmctrical three-phase pressure 
system is the pressure Vq which will appear at the star point. If the 
three })ressure phases form a closed triangle, then in accordance with the 
expression (GS) the null component must be zero. 


Application of the Principle of Symmetrical Component Analysis to the 
Determination of the Rotating Magnetic Field due to a Three-Phase 
Current in a Three-Phase Winding 

In the first plac^e consider the magnetic field produ(*ed by an alternating 
current in a single- phase winding as shown in Fig. 3 Ha. The current 
being defined by the expression 

I — cos (Ot 

and the vector of this current is shown in Fig. 40a for the moment 




/ 


m 


Fig. 38 . 



t - o, that is, / ' for this moment. The direction of the current is 
marked in the single-phase winding, it being assumed that the positive 
dir(M‘tion is tliat for whicli the current enters the winding at the end 
marked with the undashed number 1. Tlie ])ositive direction of the 
magiK'tic field due to this current will be as shown by the chain-dotted 
vector Ff at right-angles to the plane of the winding 1 T. In the case 
of the a(‘tual winding of a three-phase machine the turns of the winding 
would bo distributed along the periphery of the gap so that the flux 
density distribution can be assumed to be sinusoidal throughout the gaj) 
and (*(>nseipiently this magnetic field may be represented by an alternating 
vector in the direction of Ff. 

in Fig. 386 is shown the maximum value of the flux density vector 
and corresjionds to the position of the current vector as shown in Fig. 38a. 
This vector will alternate as a cosine function of the time and with 
a circular frequency co. Sucli an alternating field vector can be resolved 
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into t^o equal vectors of constant magnitude and rotating at uniform 
angular velocity eo in opposite directions as shown in Fig. the 

magnitude of each of these component vectors being one half tliat of the 
maximum value of the alternating vector. 

For the moment illustrated in Fig. 3Hb, that is, for t 0, the two 
component field vectors and each of which is equal to will 

be in coincidence in the direction of Fj, so tliat their resultant is equal 

to At a subsequent moment, for exam])le, wdien w/ ^ , the magni- 

4 

*> 

tilde of the alternating field vector will be cos iot " and at 

V 2 

the same moment the two rotating vectors will each b(‘ inclined at 45'’ 
to the axis Fy, so that the resultant A^ector will be in the direction F j- 

F 1 

and will have the magnitude 2 cos 45 R tluTefore 

2 \ 2 

easily seen that at any moment the lesultant oi the twc; equal and 
oppositely rotating veetors Fj^ and F, will be of the same magnitude 
and in the same direction as Die \ector of the alternating field, that is 
to say, the two equal and opjiositely rotating vectors of magnetic fields 
aie equivalent to the alternating field vector. 

lliis equiv'alence can be a])))lied to each ])hase of a threeqihase current 
in a symmetrical threeqihase winding, and in Fig. .‘iOa is showm diagram- 
niatically such a threeqihase winding, 1 l':22':3JV. This winding 
may be assumed to be connected as either a mesh or a star system 
since the results obtained in what follows will a])])ly eijually to each 
system of connections. The vector diagram for the tliree-jiJiase cuirents 
is also shown in Fig. for the moment at which the current in ])hase 1 1' 
is a maximum, the resjiective currents for the tliiee j)hase being as follows : 



COS 0)i 


^2 ^ m 

(*OS ! 


271' 


COS 

(tot - 

471 

3 


The ])ositive directions for the magnetic fields due to the currents in the 
respective phase windings are shown by the vectors Fj : F^ : F„|. For 
the moment ^ - 0 the two equal rotating fields for ])hase 1 V are in 
(‘oineidence wdth the jiosition of the datum vector Fj as is shown in 
Fig. 396. As regards the field due to jihas© 2 2' it is to be observed (see 
also the current vector diagram of Fig. 39a) that the current will reach 

2ji 

its maximum value at a time t = ^ see. later than the moment t -- 0, 
so that at the moment t = 0, the positions of the two component rotating 
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fields relatively to the datum vector Fn will be as shown in Fig. 396. 
Similarly, it is easily seen that the two comj)onent rotating fields of 
phase 3 3' at the moment t = 0 will occupy the position relatively to the 
datum vector Fm as shown in Fig. 396. An inspection of the diagrams 
of Fig. 396 will show, therefore, that at the moment t = 0 the three 
component fields of all the three phases will coincide with the direction 
of Fij whilst the three components F^ will be displaced relatively to each 
other by the angle 120° and consequently their sura at every moment 
will be zero. It follows, therefore, that the resultant magnetic field due 
to the three-phase currents in the three-phase winding as shown in 
Fig. 39a has a magnitude 

sFj, = 

where F^^ is the maximum peak value of the alternating field due to any 
one of the three-]3hase currents. 



The results obtained in the foregoing may therefore be summarized 
as follows. A balanced three-phase current of circular frequency co 
when flowing in a symmetrical three-phase winding will produce a rotating 
magnetic field of constant magnitude and rotating at the constant speed 
of (o electrical radians per second. The peak value of this rotating field 
will be 1*5 times the maximum peak value F^ of the alternating field 
due to the current in any one of the phases. The position in the air-gap 
of this rotating field at any moment will be coincident with the position 
of the alternating field due to that phase in which the current has its 
maximum value. 

It is easily shown that if the connections to the supply main of any 
two of the phase windings are interchanged, then the direction of the 
rotating magnetic field will be reversed. These results are the same as 
those already obtained (Fig. 34 on page 398) by means of a different 
procedure. 



Giapter XIII 

NON-SINUSOIDAL WAVE FORMS : HARMONIC ANALYSIS : 
EFFECTS OF WAVE FORM ON ELECTRICAL 
MEASUREMENTS 

A lthough sine wave forms of current and pressure are the 
standard in electrical engineering, it is seldom that these ideal 
wave-forms are actually realized in practice, although very close 
af)proximations are frequently obtained. On the other hand, wave forms 
which differ widely from the sinusoidal standard are of frequent occuiTcnce 
and it is necessary to consider how such distorted waves are to be dealt 
with and how the methods of calculations and measurements which have 
been investigated in the foregoing chapters have to bo modified when the 
wave-forms appreciably differ from the standard sine wave form. 

Harmonic Analysis 

In accordance with Fourier’s theorem, it is known that any con- 
tinuous, single- valued, periodic function, whatever its form, may bo 
represented by a series of sinusoidal waves of different frequency, phase, 
and amplitude. Thus, if f(x) is any periodic, continuous, single- valued, 
function of x, then : 

f{x) = K + Ki cos {x — <f>i) + K 2 cos {2x — <^ 2 ) 

+ . . . A",, cos (nx + . . . . (1) 

where A ; Aj ; Aj . . . are constants. 

If the axis of x divides a single complete 2 )eriod of the wave into 
a positive and negative half of equal area, the constant A becomes zero, 
and this is the condition commonly met with in practice. If, however 
(see, for exam 2 )le, Fig. 7), the curve is such that the constant A is not 
zero, then the value of A may be found thus, 

K==^y(x)dx .... (2) 

and the horizontal axis is then moved ^jarallel to itself by the appropriate 
amount as explained on page 414. 

The term Aj cos (x ~ in expression (1) is the component of lowest 
frequency and is called the fundamental tmve. The remaining terms are 
called harmonics of the first term from the analogy to “ overtones ” in 
acoustics. 
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Characteristic Effects of Odd and Even Harmonics on the Wave-Form 

In Fig. 1 is shown a sinusoidal wave of current of fundamental fre- 
quency, and a wave of triple frequency (i.e. a third harmonic). In Fig. 2 
is shown tlie resultant wave-form obtained by jdotting the algebraical 
sum of the instantaneous values of the two waves of Fig. 1. 

If, now, the positive half-wave of Fig. 2 is moved along the abscissa 
axis by' a half-period so as to oecuj)y the position shown by the broken 
line in Fig. 2, this displaced half-wave will be seen to be the exact image 
in the abscissa axis of the negative half-wave. This result is a char- 
acteristic feature of all periodic wave forms which comprise only odd 
Imrrnonics and is the typo of wave which is most frequently met with 
in electrical engineering ])ractice. By making use of this characteristic 
feature of tlie absence of any even 
harmonic in the wave-form, it is 
possible to say from an inspection 
of the wave-form whether or no, any 


Fig. 1 . Fig. 2 . 

even harmonics arc to be expected, and in this way the process of analysis 
of a given wave-form can often be expedited. 

In Fig. 3 is shown a wave of current of the fimdamental frequency 
and a second harmonic cosine term, and in Fig. 4 is shown the resultant 
wave-form which is obtained by taking the algebraical sum of correspond- 
ing instantaneous values of tlie two components shown in Fig. 3. If, 
now, the positive half-wave of Fig. 4 be moved along the abscissa axis so 
tiiat it comes into the position shown by the broken line curve it will 
be seen that the negative half-wave is not now an image in the abscissa 
axis of the disjilaced positive half-wave and this is a characteristic feature 
of a wave-form which comprises one or more even harmonics. 

Method of Harmonic Analysis 

It has been seen in the foregoing how it is possible, by means of a 
. simple insiiection of the wave-form, to obtain information as to whether 
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even harmonics are to be expected from an analysis or whether only odd 
liarmonics are present. Since the procedure for harmonics is somewhat 
different when even harmonics are to be found than when only odd 
harmonics are to be determined, the two cases will be dealt with separately. 

Case I . — Only Odd Harmonica are Present. — Since the constructional 
features of electrical machines are such as to preclude the development 
of odd harmonics in the generated e.m.f. wave-form, the characteristic 
feature of the great majority of distorted wave-forms which are met 
with in heavy current practice is that only odd harmonics are present 
in the wave-form. If, then, the wave-form has been examined in accord- 
ance with the principle referred to in connection with Figs. 2 and 4, and 
it has been found that only odd har- 
monics are to be looked for in the 
analysis, the method by which the 


Fig. 3. Fig. 4. 

amplitude of a harmonic of any required order, say the ntli^ can be 
determined, will be clear from the following considerations : 

(i) In the first place consider the definite integral, 

Jj I cos mx. cos nx dx = {cos (m — n)x + cos (m -h n)x}dx . (3) 

When m and n are both odd integers, the possible values of this integral are 

{ 0, when m^n 

when m = n > 0 > • . . (4) 

71 , when m — n = 0 

so that, for the ])articular case in which m = n > i) 

— [ cos^ nxdx — . . . (6) 

Jo 2 
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Similarly, it may be shown that, for all values of m and n which are 
both odd integers, 

I sin mx, cos nx dx = ^ . , . . ( 6 ) 

Jo 

(ii) Next, consider the definite integral 

J 2 = I sin mx.mn vxdx {cos (m — n)x — cos (m + n)x}dx . (7) 

Jo Jo 

when m and n aro both odd integers, the possible values for this integral are 

0 , when m^n 

J 2 “ ^ when m — n > 0 
A 

0 , when m = 0 
so that, ill the particular case in which m = n 


0 , 




sin^ nx dx = 






The foregoing results may now be applied to the analysis of a periodic 
curve of which an examination of the wave-form in accordance with the 
principle illustrated in Fig. 2 , has shown that only odd harmonics arc 
present. If the wave-form is defined by the expression (1), 

Ai cos X As cos 3.r + . . . + A,^ cos 4- . . . 'I 
4 ^isin ^4 R 3 sin 3 .r 4 - ... 4 - sin no: 4 - . . . J ‘ 
then the coefficient of any cosine term A^^ cos nx of this series can be 
found if the expression ( 10 ) is multiplied by cos mx and integrated with 
respect to x for the range from x = 0 to x = tc, that is, 


f(^) 


={■ 


( 10 ) 


i: 


f{x) cos nx dx 


=i: 


...} 


dx . ( 11 ) 


A 1 cos X. cos nx \ ... 4 .4^^ cos^ nx , 

] Bi sin X. cos nx 4 . . . 4 - sin nx. cos nx 4 - 

In accordance, however, with the results given in expressions ( 5 ) and ( 6 ), 
it will be seen that all the terms on the right-hand side of ( 11 ) will be 

zero with the single exception of j A^^ cos^ nx dx, and this particular 

J 0 

term will have the value A^^~. so that, 

I j(x) cos nxdx = f A^ 

Jo Jo 

of the coeff 


, GOH^ nxdx — A,r 


”2 


( 12 ) 


Hence, the required value of the coefficient A^^ for the cosine term of the 
nth order will be. 


A^ 


cos nx dx 


(13) 
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The coefficient for the sine term of the nth order in the expression (10) 
is found by multiplying this expression by sin nx, then, 


I 


f(x) sin nx dx 


=i:{- 


\dx • (14) 


Ai cos x^sinnx + . . . + cos nx, sin wo; + ... | 

)o|+ Bi sin X, sin nx . , , + sin^ nx , 

and, in accordance with the results obtained in the foregoing treatment 
relative to the expressions (6) and (9), it will be clear that all the terms 
on the right-hand side of the exj)rcssion (14) will be zero witli the single 

f" n 

exception of I B^ sin^ nx dx, of which the value will be so that, 

Jo 2 


that is. 


I f{x) sin nx dx ~ f si 

Jo Jo 


2 

- f(x) si 

.^Jo 


71 


sin^ nx dx = 




?) sin nx dx 


(15) 

(16) 


The practical procedure, then, is as follows : 

Take m equally spaced ordinates in the haif- cycle of the (airve, the 

7t 

distance between the ordinates being, therefore 


m 


Let ^1, 2/3 ... be the values of the respective ordinates. Then- 

n(m — 1)71 
m 


D 2 71 . 71 . .271, , . ^ 

== “ - y\ ^ I- ?/2 n + . . . t ?/,„ , 1 sin 
71 m m m 


+ Vm ^ 


niTf 

m 


that is, since in the last term of the above ex})ression is sin nTt = 0, 

. n{m — l)7r1 


2 r . 71 , .271 

^n = - Vi^irin- +y^mnn + . . . 
mL rn m 


-1 


sm — 


m 


and 


m ^ 


71 , 27r 

VlCOSTl -1-1/2 COS 71 

m m 


Iti . 

- + ■ ■ ■ Vm- 


Example 1. — Suppose it is required to analyse the current wave 
given in Pig. 5. Tt will be seen by inspection (see jiage 408) that there 
are only odd harmonics in this curve. The values of the abscissae of the 
curve are given in seconds and also in degrees, so that 360° corresponds 

271 

to one cycle — viz. - - seconds. Take nine equispaced ordinates — i.e. 

Q) 

w = 9 : — = 20°. 

m 
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Write down a table of values as follows : 


Ordtn- 

ftlen 

1 Fumlfunental ir«*»c 

Third Harmonic 


7*1^ 11) 

20'- 6-5 

7*1 COS 20° 17-9 

7\ sin 60 -- 16*4 

7l COS 60° = 

9-5 

I'g — 31 

7 a win 40*^ = 20-6 

*2 008 40° 23-9 

7 , sin 120' — 26-9 

7.3 cos 120 ° = 

-15-5 

38 

/gsin 60°= 33 

7., cos 60° - 19 0 

7*3 sin 180°= 0 

73 cos 180° — 

-38 

74 - 44 

7*4 Bin 80° = 43-2 

7*4 cos 80° — 7*6 

/g sin 240° — — 38*1 

74 cos 240° — 

-22 

ifi- 49 

75 sin 100° -=48*2 

/bCO 8 100 °— — 8-6 

7*5 sin 300°= —42*5 

75 cos 300° = 

24-5 

u 

/g sin 120°“ 45*8 

tg cos 1 20 ° — — 26*5 

/g sin 360°— 0 

7 g cos 360° -- 

53 

55-5 

i, sin 140° = 37 0 

7 , COM 140 42 r) 

7, sin 420^ - 48 

77 cos 420 = 

27-7 

i«-3l 

ig sin 160° — 10-6 

7g cos 160°- —29 

/g sin 480' -- 26*9 

7g cos 480° = 

-15-5 

H- 0 

ig sin 180°= 0 

ig cos 180‘ = 0 

7 g sin 540° ■=- 0 

7 ‘g cos 540°=- 

0 


Sum -244-9 

Sum= -38-1 

Sum— 37-6 

1 

Sum 

-23-7 

Hence 

R, = 

244-9 

^ =54-2:i?3 

^ = 8.2r, 





4-5 * 

4-5 




t) r ^ 23-7 

8-5 : Aj = = 5-3. 

4-5 


t I J ' 

,„Bin 


» .JX. ff 32 j'- p" I 271 

_ 2 (d SECONDS To 

Q ■ L_,-J— 4 ., 1 ,.ii I 1 ^ I I I I 1 I I I I I I y 

40 SO 120 160 yOO 240 280 j 320 ^60 

«« ^ \ t " 

_ 2 o ^ — I — L_ 


A similar analysis yields for the fifth harmonic — 

B, = 0-5 : A, = 3 05, 

and similarly for the coefficients of the higher harmonics. 
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A close approximation to the curve of Fig. 5 may therefore be repre- 
sented by the series— 

54*2 sin cot 4- ^*25 sin + ()'5 sin 5(ot 
~ 8-5 cos cot + 5*3 cos *Scot + 3*05 cos ^cot. 

A still closer approximation may be obtained by taking the harmonics 
higher than the fifth into account. 

The above series may be rewritten — 

54-9 sin (cot - 8° 50') i 9-82 sin (licot j 32° 45') 

-f 3*1 sin (rxot + 80° 40'), 

and this series is shown in Fig. 6. 



By adding corresponding ordinates of the waves in Fig. 0 and com- 
paring with the ordinates of the original curve of Fig. 5, it will be seen 
what degree of approximation is made by neglecting harmonics higher 
than the fifth. 

Case II . — When Even Harmonics are Present . — If even harmonics 
are present in the wave-form the foregoing method cannot be applied 
to the analysis of the curve without some modification. Thus, in the 
previous Case 1 it has been seen that when m and n are both odd integers, 
the integral 

I sin mx. cos nx dx — 0 .... (17) 

Jo 

If, however, either m ox n is an even integer, the value of this integral 
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will not be zero. Suppose, however, that the limits of integration are 
taken from - ti to -f ti, then for all values of the integers m and n, 
whether odd or even, the integral, 
r f 

I sin mx, cos nx dx == 0 . . • (L^) 

J ~n 

Then : 

(i) For all values of m and n which are not equal the integral 


* -j n 


COS mx, cos nx dx — 0 


(19) 


but for the single case in which m — Uy 

M n 

I cos 2 nx dx — 71 


( 20 ) 


[ii) For all values of the integers m and n which are not equal, the 
integral 

•-f 71 

sin mx. sin nx dx = 0 . , . . (21) 


i: 


whilst for the single case in which m ^ n. 


r> 


sin mx. sin nx dx 


r 1 n 

=J 


sin^ nx dx = 7t 


(22) 


Hence, in the case in wliich both oven and odd harmonics are present, 
the coefficient of the nth term, whether odd or even, may be obtained 
as follows, 


f f 71 

M 

so that 


and, similarly. 


cos nx 

f ^ ” 

dx — 1 cos*^ nx dx ~ A „7t 

J n 

• (23) 


1 r 1 



= “ 1 /(^) nx dx , 

71 J 

• (24) 


1 f + 


B„ - 

~ - 1 fix) sin nx dx . 

n 

• (2r.) 


Exami’Lp: 2 . — 111 Fig. 7 is shown a rectified sinusoidal ^\ave-form of 
current so that for one half-cycle the current is zero and for the next 
half-cycle the current is of sine wave-form. An application of the rule 
referred to in connection with Fig. 4 shows at once that even harmonics 
are present in the wave of Fig. 7. Moreover, the Fourier series for the 
wave-form as defined in expression (1) shows that the constant K for 
the wave-form of Fig. 7 is not zero. The value of the constant is 


1 f’* 

K — - I sin cot dt 
2jiJ 0 

since /^ = 5 amperes in Fig. 7. 


^ = IT) amperes 

71 


( 26 ) 
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Taking the point 0 as origin and dividing each half of the wave by 
means of 12 equi-spaced ordinates, the distance between two successive 
180 ° 

ordinates will then be - — == 15°. Then 

1 

1 r 

= “ 1 /(^) nx dx , . . . (27) 

7lJ_„ 



substituting - for dx gives, 

LZ 

, jr- f-T 

-Zf" cosna*] 

jr n 

and since in the example of Fig. 7 the magnitude of eaeli of the ordinates 
to the left of the origin 0 is zero it follows that, 

= *2 Z" ... (28) 

r « 



The wave of Fig. 7 having AB as the abscissa axis is analysed into 
its component harmonics as shown in Fig. 8 with AB as the abscissa 
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axis. This abscissa axis AB of Fig. 8 is then lowered by the amount 
K = -5 - 1*6 amperes, the new abscissa axis so obtained being shown 

71 

at CD in Fig. 8. The resultant wave referred to the abscissa axis CD is 
shown in Fig. 9. It will be seen that the fundamental wave and the 
second harmonic together give a remarkably close approximation to the 
original wave of Fig. 7. 



In the following table are shown the details for the analysis to 
determine the fundamental wave and the second harmonic. 


Ordin- 

ates 


Fundamental Wave 


Second Harmonic 


H 

-1-3 

n 

coa 


+ 1-3 

n 

sin 

16° 

= 0-34 


cos 30° = 

+ M 

n 

sin 

30’ 


04) 


- 2-0 

n 

coa 

30®- 

-)-2-l 

H 

sin 

30° 

- 1-25 

n 

coa 60" — 

+ 1-2 

n 

sin 

60° 

= 

2-2 

H 

.-3-5 

n 

coa 

45° - 

+ 2-5 

H 

sin 

45° 

^2-50 

n 

coa 90° =- 

0 

n 

sin 

90° 


3 5 

^4 

= 4*4 

n 

coa 

60"-= 

+ 2-2 

n 

sin 

60° 

= 3-80 

n 

coa 120° = 

-2-2 

n 

sin 

120'^ 


3-8 


=^4-9 

n 

coa 

76° = 

+ 1-3 

if, 

sin 

75° 

= 4-6 

n 

coa 150' — 

^4-2 

n 

sin 

150 


2-5 


-CO 

n 

cos 

90° = 

0 

H 

sin 

90° 

- 50 

n 

cos 180' 

-50 

H 

sin 

180° 

= 

0 


-4-9 

n 

cos 

106 = 

-1*3 

n 

sin 

105° 

-4-6 

n 

cos 210' 

-4-2 

n 

sin 

210° 

=1 

-2-5 


-4-4 

H 

cos 

120° = 

-2*2 

n 

sin 

120° 

= 3-8 

n 

coa 240° — 

- 2-2 

n 

sin 

240 

— 

-38 


35 

H 

cos 

136^ 

2-6 

n 

sin 

135° 

-2*5 

n 

cos 270° = 

0 

1 > 

am 

270° 

— 

-3 5 

no 

2-6| 

no 

cos 

160"- 

- 21 

n« 

sin 

160" 

- 1-25 

no 

cos 300^ — 

+ 1-2 

*10 

sin 

300° 

— 

2-2 

ni 

1-3' 

ni 

cos 

165"- 

-1-3 

1 ni 

sin 

165^ 

= 0-34 

ni 

coa 330° = 

+ 1*1 

<11 

sin 

330° 

— 

-0-6 

n2 

0 

1 

,n2 

cos 

180° = 

0 

n2 

sin 

180" 

= 0 

1 n2 

cos 360° — 

0 

n2 

sin 

360’ 

- 

0 



1 


Sum 

L -0 



Sum 

= 30 

i 

1 

Sum= - 

-13-2 



Sum 

= 0 


Hence, the coefficient of the fundamental cosine 

wave is A 

1 — 

0, 

and 


the coefficient of the fundamental sine wave is = — = 4 - 2-5. 

* 1 o 


Hence, the coefficient of the second harmonic cosine term is A a = , 

12 

i.e. A 2 ~ — 1-1, and the coefficient of the second harmonic sine term 
is J5a = 0. 

Some Special Cases of Harmonic Analysis 

In most practical cases in which the harmonic analysis of wave-forms 
is required, a strictly accurate mathematical application of the principles 
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considered on page 410 is not possible, and the procedure to be followed 
is to approximate to the mathematical formulae by means of a graphical 
method as has been illustrated in the numerical examples which liavo 
been considered already on pages 412 and 415. There are, however, 
several special cases in which the analysis can be, mathematically, carried 
out and a few of the more important ones will now be considered. 

(i) A Rectangular Wave-form. — This wave-form appears in many 
problems relating to the theory, design, and operation of electrical 
machines and lends itself to a very simple mathematical solution. 

Suppose in Fig. 10 the rectangular-sha})ed wave represents a periodic 
current wave, such, for example, as is obtained in the commutation of 
a direct current, and let I am})eres be the height of the rectangle. Then 



the coefficient of the nth. harmonic cosine term is, by expression (13) 
on page 410, given by 

2 2 /r ~l^ 

A„= -/I Goi^nxdx= - sin wa; =0 . . (29) 

" Jo nnl Jo 

whilst the coefficient of the nth harmonic sine term is given by 

2 2 7 r 1 ^ 

~ - 1\ mnnx dx = ^ — cos 7ix\ . . (30) 

n Jo 

so that the complete analysis of this rectangular wave-form is 

4 

i — /[sin X + } sin 3a: + J sin 5a: + . . .] . . (31) 

71 

In Fig. 11 is shown superposed on the positive half-wave rectangle, 
the fundamental, the third harmonic, and the fifth harmonic as derived 
from the expression (31). In Fig. 11 is also shown sui)erposed on the 
negative half-wave rectangle the resultant of the three component sine 
waves, from which it will be seen how the harmonics do, in fact, build 
up the original wave, and by taking into account a sufficient number of 

EB 
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terms of the infinite series of the expression (31) the original wave-form 
can be approached to any desired degree of approximation. 

(ii) A Triangular Wave-form. — ^This type of wave-form is shown 
in Fig. 12 and is frequently met with in connection with the theory of 



alternating-current machines, such, for example, as the armature reaction 
of a rotary converter, and an exact mathematical solution for the harmonic 
analysis can be obtained as follows : 

A little consideration will show that if a wave-form has positive 



negative symmetry about the ordinate axis as shown in Fig. 13, there 
can be no cosine terms in the Fourier series (one example of this being 
the wave-form of Fig. 11). This condition can be mathematically 
expressed by the relationship, 

/W = -/(- a;). 

Similarly, if the wave-form has positive-positive symmetry about the 
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ordinate axis as shown in Fig. 14, there can bo no sine terms in the 
Fourier series, and this condition is mathematically expressed by the 
relationship, 

f(^) 

Hence, in the case of Fig. 12, the coefficient for the wth harmonic 




Fuj, 13 . 


Fig. U. 


cosine term of the P'ourier series is zero, and the analysis is reduced to 
the evaluation of the coefficients of the sine terms, viz. 


{nx)]dx . 

71 j 0 

Reference to Fig. 12 will show that for the range .r — 0 to ^ 

M 

71 

2 X 2p/-f2 . 1 

B„ — I ^ - /.i; sill nx yix 

^ Jo V J 

8 f”/- 

— 7 1 {x sin nx ]dx . 

71 J 


so that 


that is 
and hence 


B,, = 7 - -ooHnx + 

71^ n 


sin nx 




n/'-l 


(32) 

(33) ’ 

(34) 

(35) 


Jo 


The first term of the cxpiession in brackets on the right-hand side 
of (35) will be zero for both limits of the integration, so that 


and 


« r 

1 

bo 

! 

II 

" TC*-* L 

?l2 ' 


7 

= - 2 
71 ^ 



for = 3, 7, 11, 15 . . . 


The complete analysis of the wave-form of Fig. 12 is therefore 
iy, — ^ 7[sin X — I sin 3x -f 2^* sin 5a:; — . . . 

71 ^ 


(36) 


In Fig. 15 are shown the first two terms of this series in the positive 
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half-period, whilst in the negative half-period the resultant of the two 
terms is shown 8Ui)erposed on the original triangular half-wave. It will 



be seen how close an ap])roximation is obtained in this case by means ot 
only two terms of the analysed wave-form of ex})ression (36). 

(m) A Trapezoidal Wave-form as shown in Fig. 16.— The Fourier 
series for the harmonie analysis of this wave-form is 
4 

^i=zf[x)= — /[sin a. sin [- J sin 3a. sin 3^:+ ,^ sin 5a. sin 5a; 4- . . .) . (37) 

71 . a 



Fig . 16 . 


It is to be noted that the expression (37) for the analysis of the 
trapezoidal wave-form of Fig. 16 is a general case which includes both 
of the previous special cases which are illustrated in Figs. 10 and 12 
respectively. Thus for the rectangular wave of Fig. 10 the quantity a 
of Fig. 16 is zero, and if this value for a is inserted in the expression (37), 
and noting that 
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sin 7? a”! 


it is found that the expression (37) becomes identical witli the 
expression (31). 


t 

I 



Fig . 17. 


Similarly, the trapezoidal wave of Fig. 16 becomes the same as the 

triangular wave of Fig. 12 when a ^ and, insertiriL^ this \alue for a in 

2 

expression (37) the expression (36) is obtained 

(iv) A Pertobic Pulse of Current or T'ressure as shown in Fig. 17. 
4 

i —/( cT)= - /[cos a.sin .r + i cos 3a.sin 3.r ] J cos oa.sin 50’ ( . . ] . (38) 


The Reactance of the Harmonics of a Non-Sinusoidal Wave-Form 

It has been seen in the previous sections that a non-sinnsoidal wave- 


nil) 



form may be analysed into a series of sinusoidal wave of different ampli- 
tudes and different frequencies, and it will be clear from a reference to 
Fig. 18 that the j)eak value of the r^th harmonic will bo given by 

(/„,)„ = VAJ BJ, 

where is the peak value of the nth cosine term, and 

-R/l >> )> >> jy yy >> SinO , , 
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The instantaneous value of the wth harmonic of a current wave will then 
be given by 

<n = (^m)» {nu}t + fj, 

or = V 27„ cos (Tuot + v»„) • • • • (39) 

in which o) is the circular frequency of the fundamental wave and 

tan = :?» : 

In - ^-(IJn 


and is the r.m.s. value of the nth. harmonic of the current wave. 

If, then, any given non-sinusoidal wave-form of current is defined by 
the expression 


i = V2[7i cos {(Dt + + /g cos + . . .] . (40) 

and if this current flows through a circuit as shown in Fig. 19, comf)rising 
a series connection of a resistance of 

R ohms, an inductance of L henry, ^ 

and a capacitance of G farad, the p.d. fioj 
at the supply terminals must have 




I — VW^ 

R 


o 


LI 


6 <- 


-V 

Fig. 19. 



REAL AXIS 


corresponding components to overcome the imjiedance of each harmonic 
of the current wave. Tliat is to say, for the nth harmonic of current, the 
ap[)lied p.d. must have a com])onent (Fig. 20) 


wliere 


and 


v„ = V2Vn COS {na}t + y)„ + if>„) 



(41) 


Alternatively stated, each harmonic of the aj)plied p.d. wave will 
produce a corresponding harmonic of the current wave. The quantity, 

( ncoL — — ^ 7- 1 ohms, 
ncoOJ 

is the reactance of the circuit for the nth harmonic of the current. 
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The relationship 

X - to : = ■ • <«' 

is the impedance of the circuit for the nth harmonic of the current. 
Presmre resonance for the wtli harmonic will occur when 

n,(oL = : that is, n.co = 3- . . (43) 

n.oC y/j^ a 

V 

ill which case - - == R : and = 0, 

■*n 

so that the consequent pressure across the inductance and across the 
capacitance will be 

(FJ^ - n.wLI„ = (n.wL)^^ = (FJc- 

Under such conditions, large excess pressures may be dovelojied across 
the inductance and the capacitance of the circuit and may cause a break- 
down of the insulation of the windings of machines and transformers and 
also of the dielectrics of cables. 

Since the impedance of the circuit as defined by expression (42) is 
different for each of the harmonics, the current wave-form can only 
assume the same shaj^e as that of the applied ]).d. when the circuit 
comprises exclusively ohmic resistance R. The following s[)ocial cases 
are of practical importance : 

(i) If the circuit contains only a resistance R and an inductance L the 
impedance will be 

= VR^ + {nwL)\ 

That is to say, the im 2 )edance will increase as the order n of the harmonic 
increases, so that the ratio of the current amplitude to the pressure 
amplitude for the higher harmonics is less than for the lower harmonics. 
Consequently, inductance in an a.c. circuit tends to smooth out the 
higher harmonics of the current wave. 

(ii) If the circuit contains only resistance R and capacitance C the 
impedance will be 

• 

In this case, the imj)edance decreases as the order n of the harmonic 
increases, and consequently capacitance reactance in a circuit tends to 
accentuate any departure of the pressure wave from the sinusoidal form 
and may therefore give rise to highly distorted wave forms of current 
and in certain circumstances, give rise to dangerous conditions. 
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R.M.S. Value, Power, and Power Factor of Non-Sinusoidal Wave Forms 
of Current and Pressure 

From the definition on page 266 , Chapter IX, it will be seen that the 
r.m.s. value of an alternating current is given by the expression 



where y periodic time of the alternating current wave. 

When the current wave-form is non-sinusoidal as defined by the series, 
i = Ai cos (ot + Aq cos A^ cos no)t -f . . . 

+ Bi sin (ot -i- £3 sin -f- . . . + sin noyi + . . . 

then the expression ( 44 ) will involve a series of integrals which will all 
be zero with the exceptions that 

(l) (if' = 

Jo 

and (u) - 

Jo 


so that 


r A,^ + A,^ + . . . -f A,,^ I- . . .1 

i-f + 2^32 + . . . -f- . . j 


Vi , + 1 
V2 ^ ” 


+ . . . 


that is 

/ = V77+ j7Ti.‘^ t- . . . .... (4.5) 

that is to say, the r.m.s. value / of the distorted wave-form of current, 
is equal to the square-root of the sum of the 
squares of the r.m.s. values of the component 
sinusoidal harmonics of the current wave, 
y The graphical representation of the result 

/ 90 ^ given by expression ( 45 ) is shown in Fig. 21. In 
particular, if a direct current (i.e. zero fre- 
S(fy* f 2 quency) and an alternating current of r.m.s. 

0 y value /q,,. are flowing in the same circuit, the 

^ r.m.s. effective value of the current in the circuit 

Fig. 21. ^vill 1)0 

/ = V/ i 2 I / 2 

-* ^ ^d.c. 1 ^ a.c. • 

Similarly, the r.m.s. value of the af)plied p.d. will be 

F = Vv^^ + +TTT . . . (46) 

The power of an alternating-current circuit is given by the integral 


= -I v.% 

T^Jo 
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If the nth harmonic of the pressure wave is defined by 

cos (no>f — yi„) 

and the mth harmonic of the current wave is defined by 
L = cos (rncot- 

then the power of the nth harmonic of the pressure wave will be given 
by a series of integrals of the form 

2F I r 

= - -—-I cos {imt — cos (mod — dt watts . . (4S) 

Jo 

where m may have the values 1, 2, . 

In consequence of the results which have ahvady been obtained on 
pages 410 and 414, however, all such integrals as that in expression (48) 
will be zero, with the single exception of that fov vvhich m - n, in which 
case 


that is, 




2 V I r 

/r m I 

r Jo 


cos (juof — ii\,) cos (7ficot - (f) ) dt watts, 


= V„I„ COS watts . . . (49) 

Hence, the total power for all the harmonics of the ))ressuro and current 
waves will be 


W — Vjli cos + Vsln cos ^3 t- • • • watts . (50) 


where V and I are r.m.s. values. 

That is to say, the total power supplied to a circuit when the pressure 
and current waves are non-sinusoidal will be equal to the sum of the 
powers due to the individual harmonics of the current pressure and current 
waves. Alternatively stated, the 7r/th harmonic of the current wave is 
wattless with regard to the ??th harmonic of the pressure wave. A con- 
sequence of this result is that alternating currents of different frequencies 
can be transmitted over one and the same line without «any interference 
of the j)ower due to the components of the different frequencies. 

It will be seen from expression (41), 


tan <l>,^ 


no)L — 


1 

7UoC 


R 


that the phase displacement of the current and })rossure is different for 
each harmonic, and consequently in expressing the total power in the 
circuit for non-sinusoidal wave in the form 


W ^ V. I cos <!> 

' s 

the angle (f> has no physical reality. In such cases, the powder factor is 
defined as the ratio of the ])ower W to the ])roduct of the r.m.s. current 
and the r.m.s. pressure, that is 


( 61 ) 
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The Effect of .Wave-Form on the Measurement of Electrical Quantities 

The normal types of ammeters and voltmeters used in practice ar(‘ 
calibrated to read r.m.s. values, and this is satisfactory for most practical 
purposes. There are, however, cases in which this method of calibration 
is not suitable, as may be seen from the following examples. 

(i) The Measurement of Self-induction by means of a Volt- 
meter AND AN Ammeter. — If a coil of self-inductance L henry has 
negligibly small resistance, then if a non-sinusoidal wave-form of pressure 
is applied to the terminals of the coil, the relationship between the 
r.m.s. pressure and the r.m.s. current for the individual harmonics will be 

I ^ V, ^ 

‘ (oL‘ ’ 3ft>L ■ ‘ 5wL' 

The r.m.s. value of the total current will be 


so that 


I = V7,2 + + . . . 

The r.m.s. value of the total pressure of the su 2 )ply will be 
V = + 7,2 ^ . 


(52) 

(53) 


that is F = + (py + (54) 

Eliminating Vi between (53) and (54) gives 



and this will he the correct expression for the inductance L, when V is the 
r.m.s. value of tlie applied j)ressure and I is the r.m.s. value of the current. 
It IS seen, therefore, that it is not sufficient to measure merely the r.m.s. 
value of the applied pressure V and the r.m.s. value of the current /, 
since the value of the inductance as deduced from these values will be 




V 

0)1 


(56) 


and reference to the expression (55) shows that this value L„ would be 
too large. The percentage error in the value as derived from the 
expression (56), however, would not be serious unless the magnitude of 
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the pressure^wave harmonics wore relatively very large. For example, 
suppose that there is only a third harmonic present in the pressure wave 
such that 




then 


so that 


L = Z i'«- 

(qI\ 1 -f- 


0 97r)\ 
fol 


= 0-975, 


and the error in the measurement of the inductance wlien the expres- 
sion (56) is used would in this case only be about 2|- ])er cent. 

(ii) The Measurement of Capacitance by means of a V oltmeter 
AND Ammeter. — If a circuit comprises only a resistance and a capacitance, 
and if the resistance is relatively smalh then for non-sinusoidal waves of 
current and pressure the relationships for the individual harmonics will be 


I, = : I, = lifoCV, : h = ^coCy , : 

also J z= y/ 1 1 1 . . . 

so that I = (oCV,J\ + ^ . . (57) 

The r.m.s. value of the applied pressure will be 
V = Vf.* h r . . = V,ji -h j' ( ([/y + . . . (58) 

or, eliminating Vi between equations (57) and (58), gives 



and consequently, the correct value for the capacitance will be 



If, however, the caj)acitance were to be deduced from knowledge of 
the r.m.s. value of the ]>.d. and the r.m.s, value of the current, that is, 


a. 


J 

coV ■ 


(61) 


reference to the expression (60) shows that the measured value of the 
capacitance would be appreciably greater than the true value. Thus, 
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for exanii)le, if there is only a third harmonic in the pressure wave and if 

K3 = iK., 

then the true capacitance would l)o given by 

V =. \ ^ '!'■=- 0-825 = 0-825C„, 

ft)FV 1 -1- ."e wF 


SO that the value uicasured by the ex])ression (61) would be about 
18 j)er cent, too large. 


The Measurement of Resistance by Means of Alternating Current : Skin 
Effect 

The total power supplied to a wire resistance when a non-sinusoid al 
current is flowing through the circuit is 

W = f h^R, -f hm, H (62) 

where R^: : R^\ ... are res])ectively the resistances of the circuit 

to the first, third, fifth . . . harmonics of the current wave. 

When the diameter of the wdre is small, the current will be distributed 
af)y>roximately uniformly throughout the cross-sectional area, in which 
case 

R,^R^=rR,=^...R 

and the })ower supplied in accordance with the expression (62) may then 
be stated as 

W = ( 7,2 + 12 , 7.2 ^ . ,) 7 ^ ^ J2JI , . ( 03 ) 

In general, however, this simple relationship will not hold. For 
example, if other conducting bodies are situated in the neighbourhood 
of the wire, mutual induction effects will give rise to “ eddy currents " 
in these conducting bodies and tlie corresj)onding licat energy so produced 
must be su])plied from the ])ower in the resistance wire circuit so that 
the effect i CP resistance of the wire will be increased correspondingly. 

Again, for high-frequency currents, the electromagnetic field within 
the section of the conductor itself, and which is due to the current in tfie 
conductor, will give rise to eddy currents the resultant effect of which is 
to cause the current to concentrate near the surface or “ skin ” of the 
wire so that for a given current the effective cross-section of the conductor 
will be decreased and, consequently, the effective resistance will be 
increased. When the conductor is carrying a current of non-sinusoidal 
wave-form, the effective resistance for the higher harmonics will be 
greater than for the lower harmonics, and this phenomenon is generally 
known as the “ skin effect 

In the case of high-frequency radio circuits the increase of resistance 
due to the skin effect is of the greatest importance, and it is necessary to 
be able to calculate what the resistance will be in any particular case. 
Even in the case of circuits in which the current is of the normal heavy 



NON-SINUSOIDAL WAVE FORMS 


429 


current frequency of 50 hz., such current concentration near the surface 
of the conductor may develop under certain ]>ractic‘al c*onditions of 
operation and may give rise to seriously large su})plomontary resistance 
losses resulting in a corresponding rise of tenq)erature and loss of 
efficiency. 

The following relationships enable the effective resistance to be 
cal(*ulated for a long straight cylindrical wire v\^hicl) is removed from the 
neighbourhood of neighbouring conductors. 

Let a cm. be the radius of the wire, 

p be the specific resistance of the material of the wire in 
electromagnetic units per centimetre cube. 

/ hz. be tlie frequency of the current, 

// be the ])ermeability of the matei i.il of the wire, 
ifo the resistance to direct current, 

R tlie resistance to alternating (*urrent of the frequency/^ 


Also let 


Then 


// 


P 

— Tia 

hWf 

V p ^ 

• 

R 

Ro 

=- 1 4 

if^ _ 

4 u 
45‘' 

: when 

y < 1 

R 

-= y f- 

1 f 

8 

iSAy ' 

when y 

i 

Ro 


4 


R 

= 1 20 



when y 

= 1. 

Ro 






( 04 ) 


> 5 ) 


Thus, for copper, ^ = 1-8 X 10-* ])er cm. cube in electromagnetic units, 
and fi — so that ~ 0074 

for aluminium, p y !()•* ])er cm. cube in electromagnetic units, 
so that ~ 0-057 

lor iron, p = IS x lo-* per cm. cube in electromagnetic units, 

and assuming fi — 100, then 
Hence, at 50 hz. : 

y = ()-074\/50l« — 0-52flr for copjxjr, 
y ~ 0-057 \/50,« ~ ()-40ri ,, aluminium, 
y — 0-2\/50a = l*42a ,, iron. 

A detailed investigation of “ skin effect ” will be found in Chapter XIV. 


0 - 20 . 



Chapter XIV 

THE PENETRATION OF ALTERNATING MAGNETIC FLUX 
AND ALTERNATING CURRENT (SKIN-EFFECT) 

W HEN an alternating magnetic flux is impressed on an iron 
wire in the axial direction, the eddy currents which will be 
generated will operate in accordance with Lenz’s Law, so that 
they tend to weaken the magnetic flux which generates them. The 
effect will be such that the magnetic flux becomes non-uniformly dis- 
tributed over the cross-section of the wire so that it becomes concentrated 
towards the surface, and for tliis reason the ])henomenon is known as 
the “ skin-effect A precisely similar effect is produced when an 
alternating current flows along a wire, the magnetic field in the wire diu* 
to the current will act so as to produce a concentration of current near 
the surface of the wire. Such a non-uniform distribution of the curreni 
over the cross-section involves an increase of the effective resistance of 
the wire and j)artieularly when high-frequency currents are used and 
when the wire is of low specific resistance material, this increase of the 
effgetive resistance may bo extremely large and, in consequence, jnn 
hibitively largo ])ower losses may be produced. On the other hand 
however, the jihenomenon of skin -effect is applied for im])ortant practic.il 
purposes such, for example, as to produce an automatic increase of llu‘ 
starting resistance of an induction motor. In what follows, the penetra- 
tion of alternating magnetic flux and alternating current in long straiglil 
wires as well as in laminated conductor material will be considered, and 
the ap])licatioiis of the various formulae so derived will be illustrated by 
numerical examples. 

Power Losses Due to Eddy Currents in Wires and Laminations in which 
an Alternating Magnetic Field is Uniformly distributed over the 
Cross Section 

As a ])reliminary problem, the eddy current kxsses in iron wires and 
laminations will be investigated under the assumption that the flux 
uniformly distributed throughout the cross-section. This assumption is 
sufficiently correct for those i)ractical conditions for which the frequency 
is sufficiently low and the wires and laminations sufficiently thin. 

(i) The Eddy Current Losses due to an Alternating Magnetic 
Field in an Iron Wire. — Fig. 1 shows diagrammatically the cross- 
section of an iron wire in which a sinusoidally varying magnetic flux is 
passing in a direction }>erpendicular to the. plane of the paper. The 
consequent eddy currents will then flow in the direction of the plane of 
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the paper. The magnetic flux density is assumed trt be uniform through- 
out the cross-section and the current which will be generated in the 
narrow concentric cylindrical band shown shaded in Fig. 1 will be con- 
sidered. Then, for 1 cm. length of the wire, the r.m.s. value of the induced 
e.m.f. will be 

10“8 r.m.s. volts . . • (1) 

where / is the frequency, B is the peak value of the flux density wave 
and fj is the form factor of tliis wave : 
for a sinusoidal wave = 1-11 (see 
Chapter IX, page 267). 

The resistance of the cylindrical 

element will be r ohms, 

ox 

where p is the specific resistance of 
the material in /3/cm. /cm. ^ The 
power loss in the cylindrical element 
will then be 

watts, 

r p 

so that the eddy current loss for the whole cross-section of I cm. length 
of the wire will be given by 

Tf = j**^*^/ = watts . . (2) 

where d cm. is the diameter of the wire. Since the volume for 1 cm. 

t 7t 

length is c.cm., then if the right-liand side of the expression (2) is 



Fig. 1. 


divided by the result gives the eddy current loss in watts per 

cubic centimetre. It is, however, more convenient in j)ractice to measure 
the diameter d in millimetres and the volume in cubic decimetres (1 c.dcm. 
(10^ c.cm.), and if these units are introduced in the ex2)ression (2) it will 
be seen tliat 


Ip 

for d in millimetres, or 


watts per c.dm. 


( 3 ) 


W ^aJd.L. ^ watts per c.dm. . . (4) 

\ 100 1 , 000 / ^ ^ 

10 ^ 

also for d in millimetres and in which = - - is the “ eddy current 

constant For iron wire the specific resistance may vary from about 
" 1-2 X 10“ ® to 4*5 X 10~® /3 per centimetre cube, so that may vary 
from about 0-42 to O IL 
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(ii) Eddy Current Losses due to an Alternating Magnetic^ 
Flux in Thin Insulated Iron Laminations. — In Fig. 2 is shown a 
section of a thin insulatefl sheet of iron in whici) an alternating magnetK 
flux is assumed to be jiassing in the direction perpendicular to the 
of the pa])er and in consequenee of which the eddy currents will flow in 
the direction of the f)lane of tlie ])aper. The shaded areas show elementary 
strips symmetrically placed with respect to the median plane, and repre- 
sent a typical ]:)ath of the eddy currents. For the development of the 
formulae defining the eddy current losses a length of 1 cm. in the plane 
of the pa[)er and a length of 1 cm. perpendicular to the plane of the 
paper will be considered as shown in Fig. 2a. Since the typical strips 
are symmetrically placed with respect to the median plane of the lamina- 
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(b) 


tion, it will be convenient to calculate the losses in that portion of the 
lamination which lies to the right of the median plane as showm in Fig. 2b. 
The e.rn.f. induced in the elementary strip will then be 

Cj. = ® r.m.s. volts 

and the resistance of the strip will he r — ^ D, so that the eddy current 

ox 

loss will be 

c 2 16 

— ‘ -{L.f.B .X watts. 

r p 

The total loss for the width A cm. will then be 

r 1/2 p ^2 r 1/2 1 « 

Tf = 2| = 2| -(fJB\0~^x)^ dx watts 

Jo ^ J 0 P 


6p 




that is, 
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If /J is measured in millimetres and the volume measured in cubic 
decimetres, then 


for A in millimetres wliere the edd\ current constant a. 


(r>) 


3 ^ 


10 ^ 


For values of p varying from about 1-2 x tO® to 4-5 x 10^^ the values 
of will vary from about 11 to 0*3. 


Distribution of Alternating Current in a Long Straight Wire 

The .problem now to be considered is that of a long straight wire 
through which an alternating current is flo\\ing. In Fig. 3</ is shown 
a section of the wire of radius a cm., and a lengtl* of I cm. will be taken 
as the basis of the investigation. A concentric c\Jindrical element is 



Fiq. 3 


^ 1 CM. 


[1 




rT 

1? 

1 

1 

L-^-J 

1 

1 

f ; : \ 

f! 


(b) 


shown by the shaded area in the diagram, the innei radius of this element 
being ,r cm and the radial thickness d.r cn). TJie (‘uirenl in the wire 
tlow^s in the direction ])er])endicular to the plane of the paper so that the 
direction of the magnetic field winch will be produced by this current 
will be in the plane of the paper. In Fig. 36 is shown a longitudinal 
section of the wire so that in Fig. 36 the direction of the current is in the 
])lane of the paper and the direction of the magnetic flux at right angles 
to the plane of the paper. 

The vector of current density in amperes per square centimetre in 
the cylindrical element is i and 3 is the vector of total current in amperes 
which flows through the section nx^ sq. cm., that is, through the area 
which is enclosed by the inner cylindrical surface of radius x cm. The 
vector of the current which flows in the cylindrical band is so that 
6^ = 27z.x.dx,\ and, consequently 

— ^ = 62;;ta: = -S8.2;7 m: . . • (6) 

10' ^ (M ' ' 
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where ^ oersted is the vector of magnetic force and S5 the vector of 
magnetic induction at the inner periphery of the cylindrical band. The 
corresponding vector for the magnetic force at the outer periphery of the 
cylindrical band is given by the equation 

^(3 + <53) = ^ W* + <5a;) . . . (7) 

Subtracting equations (6) and (7), gives 

= 2n{xd^Q + mx) 

or after substituting = 2.7i.x.dxA 

( 8 ) 

Let \) volts be the component of the vector of the applied p.d. per centi- 
metre length of the wire which drives the alternating current against the 
combined effect of the self-induction back e.m.f. induced in the cylindrical 
elementary band and also against the resistance of this cylindrical band. 
It is to be observed here that, whilst the current in the wire also produces 
a magnetic field which embraces the wliole section of the wire, that is 
to say, a magnetic field in the surrounding space, this external field can 
have no effect on the distribution of the current density in the wire since 
the back e.m.f. which is induced by this external field will be the same 
for every such cylindrical band as that shown in Fig. 3a. The api)lie(l 
p.d., therefore, will have, in addition to the vector quantity D per centi- 
metre length, another component which will be equal and opposite to 
the back e.m.f. induced in the wire by the external field, and this addi- 
tional component need not be considered here, as it will have no influence^ 
on the skin effect. 

If e volts per centimetre length of the wire is the back e.m.f. which 
is induced in the cylindrical band, then 

t) = e -f 

where r ohms is the resistance of the cylindrical band, so that 

= P.i 

where p in iJ/cm./cm.^ is the specific resistance of the material of the 
wire. Then 

t) = e + /).i (9) 

Since the applied p.d. will have the same value for all such elements, 
cylindrical bands as shown in Fig. 3a, the following equation is obtained 
by differentiating (9) with respect to x, 

o = ^+p^ 
dx^'^dx 



. ( 10 ) 
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The increase dc of the induced e.m.f. in the cylindrical band when iK 
increases by the amount Sj:: is given by the equation 

- ^ “■ - -w-a'®*' - *■ 

since the element of magnetic flux passing through the band is 
Hence 

dt 1 dSd 


dx 108 


and, combining (10) and (11) 


= lovf- 

dt ^dx 


( 12 ) 


Consider now the two principal equations (8) and (12). Differentiating 
(8) with respect to t gives 

^71 dx 


d (W ^ 1 
dx dt X dt 


(13) 


d33 


and eliminating - - between (12) and (13) gives 

dt 

4^/. di ^ dH ^ 1 rfi 

10 df ^dx'^ ^x dx 


that is 


4- 1 -- 0 

dx^ X dx p,]0^dt 


(14) 


Now the current is a sine function of the time, so that 

di 


X z= and consequently 
di . 


dt 


: J0)X. 


Substituting this expression for - in (14) gives 

dt 


dH , 1 .0), 

dx^'^xdx~^ p.l0» * 


■ (15) 


Substituting 

then 


-C¥) 


4ji/w> 

plO» 


d 


147^1 -r- 

V piov 


or 


2 ) = 




■j4) 
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and the solution of equation (15) may then be written 

t, = 6'./.(A/-j;r.x) .... (16) 

where C is a, constant and Jt(V —j\Y.x) is the Bessel Function of zero 
order. This Bessel Function is the sum of the convergent infinite series, 

3!2 4|2 

or, separating the real and the imaginary quantities, 


I- 

^ 1!2 


(^Yxf {hYxy^ 

312 51 2 


If the current density at the surface of the wire is i^ax^ 
X a, where a is the radius of tlie wire, then 


= CJ„{V -j\Y. a). 


SO that 


_ ^max 

Jo(V-j\Y.a) 

and hence, the solution of the equation (15) becomes 


'«/«(!)«) 


( 1 ') 


This equation may be written in any of the equivalent forms 

Jo[y' .;|F.r)_ . Jo{Yx A - 45°) _ . 2 l - 45°) 

'J,(V -j\Ya 


iy 



■ '"“'JoiYa A - 45") " 4 - 45°) 

where* - Yx and is the modulus of the 

.71 

vector and observing that —j — e : 


x/.- 


j = e 


(see also Fig. 4.) 


\r 


The solution (17) may thus be written 

. ( 18 ) 

‘ The sign means “ represents 


*^o(?/x 2^ 45*^) 

A - 45°) 

the vector [7 41 ^]. 
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TABLE I. -BESSEL FI’NITIONS 




- 4 fl -) • 


- 45^) 



- LV) , 

2 l 

- 45^’) 

yx 




- 

lu 


1 



1 

1 

* 









i 

01 1 

1 0000 

0-15 

0-0500 

- 44-931 

5-1 

6-6203 

1 83-002 

0-1793 

97-533 

0-2 1 

1 0001 

0-667 

0-1 000 

~ 44-714 

5-2 

7-0339 

187-071 

0-5745 

101-518 

0-3 

1 0002 

1-283 

0-1500 

- 41-350 

5-3 

7-4752 

191-140 

0-9900 

105-504 

0-4 

1-0003 

2-283 

0-2000 

13-851 

5-4 

7-9455 

195-209 

7-4450 

109-492 

0-5 ' 

1-0010 

3-617 

0-2600 

- 43-213 

5-5 

8-1 173 

199-279 


113-482 

0-0 t 

1-0020 

5-160 

0-3001 

42-422 

5-6 

8-9821 

203-348 ^ 

8-4370 

117-473 

0-7 1 

1-0037 

7-000 

0-3502 

~ 41-489 

5-7 

9-5524 

207-417 , 

8 9830 

121-405 

0-8 

1-0063 

9-160 

0-4010 

^ 40-358 

5-8 

10-100 

211-487 , 

9-5057 

125-459 

0-9 1 

1-0102 

11-550 

0-4508 

- 39-207 

5-9 

10-809 

215-550 

10-187 

129-454 

JO ' 

1-0165 

14-217 

0-5014 

- 37-837 

6-0 

11-501 

219-025 1 

10-850 

133-452 

1-^ 1 

1-0220 

17-107 

0-5508 

30-343 

6-1 

12-239 

223-091 ! 

n -558 

137-450 

1-2 

1-0319 

20-333 

0-6032 ' 

34-700 

6-2 

13-027 

1 227-702 

12 313 

141-452 

1-3 1 

1-0430 

23-750 

0-0549 

32-928 

6-3 

13-805 

, 23! M 3(> 1 

13-1 !9 

145-454 

1-4 1 

1-0584 

27-307 

0-7070 

31-011 

0-1 

14-701 

1 235 987 

13 978 

149-458 

i*r> 

1-0708 

31-183 

0-7599 

28-952 

6-5 

15-717 

' 23.1 '04 1 

1 1-890 

163-462 

10 

1-0983 

35-107 

0-8130 

26-708 

6-6 

10-737 

' 244-031 

15-870 

157-469 

1-7 

M 243 

39-300 

0-8083 

21-451 

6-7 

17-825 

218-098 , 

10-921 

161-477 

1-8 

1-1545 

43-550 

0-9233 1 

22-000 

6-8 

18-980 

252-104 

18-038 

105-486 

1-9 

1-1890 

47-883 

0-9819 

19-428 

0-9 

20-225 

250-228 

19-228 

109-498 

2 -(J 

1-2280 

52-283 

1-041 1 

10-732 

7-0 

21-548 

200-294 ' 

20-600 

173-510 

2-1 ' 

1-2743 

50-760 

1-1022 

- 13-923 

7-1 

22-959 

204-358 , 

21-858 

177-623 

2’ 2 1 

l -.‘ i 250 

01-233 

1-1059 

11-000 

7-2 

21-405 

1 208-422 * 

23-308 

181-536 

2-3 1 

1-3810 

65-717 

1-2325 

- 7-970 

7-3 

20-074 

272-486 

24-850 

185-554 

2-4 ' 

1-4421 

70-183 1 

1-3019 

4 -838 

7-4 

27-790 

270-540 

20-509 1 

189-671 

2*.'5 

1-5111 

74-650 

1 

1-3740 

1-013 

7-5 

29-022 

' 280-012 

28-274 

' 193-589 

20 

1-5830 

, 79-114 

1-4505 

1-701 

7-6 

31-578 

284-071 

30-158 

1 197-608 

2-7 

1-0005 

83-499 

1-5300 

5-099 

7-7 

33-007 

288-730 i 

32-172 

1 201-627 

2-8 

1-7542 

1 87-873 

1-0148 

8-570 

7-8 

35-890 

292-798 1 

34-321 

1 205-646 

2-9 1 

1-8480 

92-215 

1-7045 

12 - III 

7 9 

38-270 

290-859 

30-017 ! 

1 209-070 

30 

1-9502 

90-518 

1-7998 1 

15-714 

8-0 

10-817 

, 300-920 1 

39-070 

213-092 

31 ' 

2-0592 

100-789 

1-9012 

19-372 

8 -i 

43-532 

304-981 

41-091 

217-710 

3-2 

2-1701 

105-032 

2-0088 

23-081 

8-2 

40-429 

309-042 

41-487 

1 221-739 

3-3 

2-3000 

109-252 

2-1230 

20-833 

8-3 

49-524 

313-102 

47-470 1 

1 225-704 

3-4 

2-4342 

113-433 

2-2459 

30-022 

8-4 

52-829 

317-102 

50-070 

> 229-790 

3-5 

2-5759 

117-605 

2-3700 

34-445 

8-5 

50-359 

321-222 

54-081 

233-815 

3-0 1 

2-7285 

121-760 

2-5155 

38-295 

8-6 

00- 1 29 

325-282 1 

57-725 

1 237-842 

3-7 , 

2-8895 

125-875 

2-6040 

42-171 

8-7 

04-155 

1 329-341 

01-018 { 

I 241-808 

3-8 

3-0013 

129-943 

2-8220 

40-067 

8-8 

08-455 

' 333-400 

05-779 

' 245-890 

3-9 ' 

3-2443 

134-090 

2-9920 

49-978 

8-9 

73-019 

j 337-459 

70-222 

249-925 

4-0 

3-4391 

138-191 

3-1729 

53-905 

9-0 

77-957 

341-510 

1 

74-971 

253-953 

41 

3-0403 

; 142-279 

3-3002 

57-840 

9-1 

83-199 

345 577 1 

80-048 

257-981 

4-2 

3-8071 

146-361 

3-6722 

61-789 

9-2 

88-790 

349-506 

85-400 

202-011 

4-3 i 

4-1015 

150-444 

3-7924 

65-743 

9-3 

94-781 

353-093 

91-259 

200-041 

4-4 

4-3518 

154-613 

4-0274 

69-706 

9-4 , 

101-128 

357-751 

97-449 

270-071 

4-5 , 

4-0179 

168-580 

4-2783 1 

73-672 

9-5 

108-003 

301-811 

104-003 

1 274-102 

40 ' 

4-9012 

162-057 

1 4-5460 

77-638 

9-6 

115-291 

305-808 

111-131 

1 278-133 

4-7 

5-2016 

166-726 

1 4-8317 

81-615 

9-7 

123-110 

309-958 ! 

1 18-683 

1 282-104 

4*8 

6-6244 

170-795 

1 5-1390 

85-590 

9-8 

131-429 

373-983 , 

126-752 

280-197 

4-9 1 

6-8090 

174-865 

1 6-4619 

89-571 

9-9 , 

140-300 

378-002 , 

135-374 

290-229 

50 ' 

0-2312 

178-933 

j 5-8118 

93-549 

10 

149-831 

382-099 ' 

144-580 

294-206 



438 


PRINCIPLES OF ELECTRICAL ENGINEERING 


The values of the Bessel Functions are given in Table I and two 
numerical examples will make the procedure clear. 

Example 1. — ^For copper wire the specific resistance is 
p = 1-77 X 10 -« r 2 /cm./cm .2 


and the magnetic permeability is ^ = 1, so that 


Y - 



V 


1-77 X 10 ® 


= 0-211 v7, 


and the following Table IT shows the vector of current density at the 
centre of the wire, i.e. [i]^ for a range of frequencies, when the radius 
of the wire is a — 0*2 cm. 


TABLE 11 


Frequency 

fhz. 

Y 

Y.a 

50 1 

1-5 

0-3 

250 

3 23 

0 046 

500 

4«75 

0-95 

1,000 i 

0-70 

134 

5,000 

150 

30 

10,000 

21 2 

4-24 

14,000 

25 

50 


1-()028p^<'«7‘> 

G-231pJ»7s9 


Vector of Current 
Density at the 
Centre of the Wire, 
that is, for a:’ - (i 


^mtu 


1 0002 


'^tnax. 

e-jb 07“ 

1 0028 


intax 
— 6' 

-ill o- 

1013 


'^ntax ^ 

e ' 

- j‘2 >*o“ 

I 051 


hnax 

;Q(> .ia" 

1-95 


htiax 

-il48 4“ 

3-984 


^max, 

€' 

- jl78 9“ 

6 231 



In Fig. 5 is shown the vector si)iral for the current density in this 
copper wire of 0-2 cm. radius at S equi-si)aced distances along the radius 
of the wire from the surface to the centre for a frequency of 14,000 hz. 

Example 2. — An iron wire has a s])ecific resistance ofp = 12 x 10® 
Ii/cm./cm.2, and a permeability /i ~ 2,500. If the wire is carrying 
alternating current at 50 frequency, find the radius so that the vector 
of current density at the centre of the wire shall be in direction opposition 
of phase to that at the surface. 

From the given data 


Vp.lO®’ V 


X 2^500 X 50 
12 " X 10 ^ 


28*7. 
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Reference to equations (17) and (18) show that the 
current density vector at the centre, i.e. for a: = 0, will 
be 180° out of phase with the current density at the 
surface when 

rjl : ‘fo(O) 

that is, when 

Jo(Ya 2i - 45^) = JoO/a - 45°) = 
and from Table I it is seen that 

Jo(ry 2i - 45°) = 6-23e^‘i8^>; 

so that Ya — 5, and consequently the required radius of 
the wire will be 




28-7 


— 0-174 cm. 



Fig. 5 . 


The Distribution of Alternating Magnetic Flux in a Long 
Straight Wire 

If an alternating magnetic field is imfiressed on a long straight wire 
so that the direction of the flux is jiarallel to the axis of the wire, then 
eddy currents will be generated in a direction at right angles to the axis 
as indicated in Fig. G. These eddy currents will give rise to a supple- 




mentary magnetic flux wliich will tend to supf)ress the original field to 
which they are due, and in consequence, there will be a non-uniform 
distribution of magnetic flux across the section of the wire so that at the 
surface the density of the magnetic flux will be a maximum and will 
progressively diminish towards the axis. 

In the following treatment the distribution of the magnetic flux 
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density will be found under the assumption that the magnitude of the 
impressed alternating field is a sine function of the time and that the 
permeability and the s])ecifie resistance of the material of the wire are 
constant and independent of the flux density, so that the magnitude of 
the eddy currents will also be a sine function of the time. In Fig. 6a 
is shown a cross-section of the wire and the conditions will be considered 
for 1 cm. length, the shaded portion representing a concentric narrow 
cylindrical band of radial thickness dx cm. and at a distance x cm. from 
the axis. The direction of tlie magnetic flux will bo perpendicular to 
the plane of the paper as shown in Fig. 66 and the eddy currents will 
flow in the direction of the plane of the ]>aper, the current density in the 
shaded cylindrical band being i amj)eres per square centimetre. 

The vector of the indu(;ed e.m.f. will be e volts per centimetre at the 
inner |)crij)hery of the cylindrical band and e 4 6c volts ])er centimetre 
at the outer j)erip}iory. If the vector of the total current flowing in the 
])ortion of cross-section c()rresj)onding to x cm. radius is ^ amperes and 
the vector of the current which flows in the shaded cross-section is 
ampejres, then the intensity of the magnetic force at the inner j)eripherv 
of the band will be defined by the vector oersted, so that the m.m.f. 
equation for tlie shaded cross section of Fig. 67 is 

^^3 = oersted x 1 cm. 

since the axial length of the portion of wire shown in Fig. 6a is 1 cm. 
Similarly, for the outer peripliery, 

■[Jo I Ks) -■= 


so that 


4:t 

K) 


63 6 ^ ^ 



where // is tlie magnetic permeability. 
But 6^ =- i dx and (*onse(|uently. 


that is 


1 0 fi 


(19) 


Tlie magnetic flux which will ])ass along the cylindrical band, that is, 
in the direction perpendicular to the jdane of the paper will be 

A<P = 2n;x . . . . (20) 

and the e.m.f. induced by this element of the alternating flux will be 6c 
where, 

10 ^~{A0) = — [27t(x rt- 6^)(e + 6e) - 2jr^cl 
at 
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or. substituting from equation (20) 


10~^2n.x.dx^^ — — 27t{xde 4- edx), 


that is 


"^dt 


- ‘“•("2 ^ ') ■ 
s tlie current (5i 

. /27 ix \ 

.2^..r = ,.p^ -j 


( 21 ) 


Further, the e.m.f. which drives the current di round the cylindrical band 
is given by 


so that 

C — i./) 

Eliminating c between (21) and (22) gives 


r , 
dt 


'"‘{'1 '■ O'" ■ 


(22) 

(23) 


and eliminating i between (23) and (19) gives, 


.r , = - 10» 

dt 


that is, 


’ d'm d931 10 
f dx'^ dx_^^7zn' 


d2sy um ^ 

dx^ X dx /> 10 ® df 


(24) 


Since IiH is a sine function of the time, then 

dS)^ 

iy -- so that 

and by substituting this expression in ecpiation (24) the general equation 
for the distribution of the alternating magnetic flux density throughout 
the cross-sectional area of the wire is obtained, viz. 


1 r/ai , AnfjLCo ^ 


(25) 


and substituting as before (see page 435), 

J4:7r/iM\ _ 47r//w^ 




= Vi ^ /47r//w 

•' V plO’ " V plO» 


<i\y 


m-. . 

plO^ 'V pi 

and the solution of equation (25) may then be written 

» =C./„()3)x) -CV„(Vj|y.r) . . . (26) 

where (7 is a constant and is the Bessel Function of zero order. 
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If the flux density at the surface of the wire is that is, for a: = a 

the radius of the wire, then 



( 27 ) 


Using the same notation as on page 436, this expression may be written 


$ 8=5 ^2 (a A 6) 

2i 45°) ^ 


. ( 28 ) 


where Yx \ = Ya 

Tlie value of the Bessel Function J^iy^Ti 45°) may be obtained by 
reference to Table I if it be observed that the angle ^ obtained from this 
table must be given the negative sign. 

Example. — For an iron wire having a magnetic ])crmeability [i = 3,000 
and a specific resistance p = 20 x 10”® /cm. /cm. 

If the radius of the wire is a = 0*1 cm., the flux density at the centre, 
i.o. for X = 0, will be given by the expression (28) as 

1 

4 45°)' 

and for a frequency of 50, 

= Fa = 3-43\/5(j x 0-1 = 2-42. 

From Table I it is found that 

^o(y„2l4r,°) = 1-45 2l - 7 o-5», 

since, as already stated, the angle obtained from Table I must now be 
given the negative sign. Hence 


[«],-o = B„ 


B, 


= i.; 5 , 


7mr. 

770-5 




= 0 - 695 , 

1*45 


Effective Resistance to Alternating Current of a Long Straight Wire 

The non-uniform distribution of the current density as derived in the 
foregoing investigation involves an increase of the effective resistance of 
the wire as compared with the resistance when measured by means of 
direct current, and the value of the effective resistance may be calculated 
as follows. 

At the surface of the wire there will be no back e.m.f. due to self- 
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induction, so that for a surface layer of radial thickness d cm. and 1 cm. 
length of the wire the applied p.d. per centimetre will be given by 


^ volts, 

where a cm. is the radius of the wire. 

If is the mean value of the current density for the non-uniform current 
distribution of alternating current, and if 3 is the specific impedance of 
the conductor material and p the specific resistance, then 


so that 
that is 

Tia^ 

p c ^av 

710^ 


•'av 0 

3 

P 




where 3 Js the impedance vector of the wire and the resistance to 
direct current. 

The mean value of the current density may be found as follows. 
The total alternating current flowing in the wire (Fig. 3a) will be 

= f \^7txdx = f 2nxJo(V —j\Yx)dx. 

Jo Jo 

But r a;Jo( V~^j\ Yx) dx = ^ 7J,( V^\ Yx), 

Jo V -j 

where Ji(V — j\Yx) is the Bessel Function of the first order and can be 
found from Table I. Hence the total alternating current flowing in the 
wire will be 


Jo 


that is 


J.( V - i| Fa) V - YJ,( V -jl Ya) 


F./*(V -j|Fa) I J 


• (30) 


and the mean current density is so that from (29) 


Tta^ 


Impedance to alternating current 
Resistance to direct current 


'gzi f (31) 

. 2 JL/.(V-7|Fa)J 
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Resistance to alternating current . u xu 

The ratio ^ - will then be given by the 

Resistance to direct current 

real component of the expression (31). 

If, then, in Table 1, page 437,* 

^0 is the angle of the Bessel Function Jo(V^ 


<l>i 


J,(V -j\Ya) 


the value of the resistance to alternating current will be obtained from 
the following expression : 

Resistance to alternating current _ Fae/oCv^—j I , 

Resistance to direct current 2J —j\Ya) 

Example (i). — A copper wire of O b cm. radius : 

^ = 1 ; p z= 1-77 X 10 ® i3/cm./cm.2 : / = 500 : o) = 2;r/ = 3,140 : 


cos(</>o— ^1— 45)^. (32) 


pl0» 

so that from Table I, page 437, 
j^(V~j|2-86) = l-8c^»« : 
and from expression (32) 

Resistance to a.c. __ 2-86 
Resistance to d.c. 2 


= y^"=4-73: ra = 2-86: 


J,(V'- j|2-86) = l-67e'i«*. 


X cos (90° - 10-3° - 45°) 
1-67 


= 1-43 X 1-08 cos 34-7° = 1-26. 

Example (ii). — An iron wire of 0-2 cm. radius : 

(I = 1,000 ; / = 50 : (o 2jif = M4 : p = 12 x 10 « Q/am./cm.^ 

Un X 1,000 X 314 _ . ya = 3-04 : 

V 12 X 10® 


JoW - j3-64) = : J,(\/ - j|3-64) = 2-63e’‘‘«23 

Resistance to a.c 


3-64 2-8 

^ — — X — cos (123*8 - 40*23 - 

Resistance to d.c. 2 2*63 

= 1*82 X 1 065 cos 38*57° = 1*51. 


45°) 


The Distribution of Alternating Magnetic Flux in Laminated Iron 

In Fig. la is shown a cross-section of an iron lamination of thickness 
2a cm. and for the purpose of this investigation a depth of 1 cm., i.e. 
perpendicular to the plane of the ])aper and a length of 1 cm. in the plane 
of the paper. The direction of the alternating magnetic flux is in the 
plane of the paper (Fig. lb) and the direction of flow of the induced 

♦The expression t/o(^ ” J\y*) — ./I is, of course, equivalent to 

•l^o(3/a 4 ~ Table I, as has been explained already on page 436. 
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eddy currents will* consequently be in the plane of the paper (Fig. 7a), 
The two shaded strips are symmetrically placed with respect to the 
median plane and represent a typical path of flow for the induced eddy 
currents. Since the conditions for each of the shaded strips are precisely 
the same, it will be convenient to confine attention to one such strip 
only as shown in the diagrams of Fig. 7 . 

The vector of current density at the distance x cm. from the median 
line is i amperes per cm.^ and ^ is the vector of the total current which 
flows between the median plane and the inner surface of the shaded strip. 
The induced e.m.f. along the strip at the distance x cm. from the median 



plane is e per centimetre length in the plane of the ])apcr. The vector 
of magnetic force is ip and the vector of magnetic induction is Fig. 
76. The following relationships may then bo easily derived : 

= § X 1 cm. : ^^(3 t- ^ + 6^ : ;> = i.da; 

= i(595, 

10 fx 

so that ; ( 33 ) 

dx 10 V 

The magnetic flux in the elementary strip is /I<^ = 93($a;, so that the 
induced e.m.f. in the strip will be given by the equation 

dt 



446 


PRINCIPLES OF ELECTRICAL ENGINEERING 


that is, 


(34) 


^ _ 10»^ . 

dt dx 

The current which flows in the strip is driven by the induced e.ra.f. c, so 

that c = : where r = Q and is the resistance of the strip, and 

dx 

hence 


c = p.i . 

From (35) oni from (33) | ^ 

de __ lOp 

dx 47Cjbi dx^' 

and the combination of this expression with (34) gives 


(36) 


that is 


lOp^ = _ 10-8^, 
47i[i dx^ dt ' 


dx^ ^ 10®p 


(36) 


Similarly, from the three principal equations (33), (34) and (35) the 
differential equation for the eddy current density can be obtained, that is 


dx^ 


= 


(37) 


fJiO) 


since 


which is identical in form with equation (36). 

The solution of equation (36) is 

S = 31 Cosh ©x, 

where ©* = - 3^^ ■ that is © = (1 -j)^27c-^, 

n J 

__c / (1 “ j)- If ^Twir is the induction density at the 

a/2 

surface of the lamination, that is, when x = a, then the arbitrary constant 

is 31 = .. ”*“' , so that the solution of equation (37) then becomes 
Cosh ©a 


SB, 


Cosh ©X 
“"CosT^ 


(38) 


Writing 




fl(0 


then © = a — ja. 
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so that 

Cosh (Sx = Cosh ((KX —jcLx) = (Cosh olx cos olx — j Sinh olx sin olx), 
or Cosh <Sx = 

where 

Sjc = V Cosh* OLX cos* OLX + Sinh* olx sin* olx — V ^(Cosh 2olx + cos 2olx) 
tan = Tanh olx tan aa?, 


and hence 





(39) 


The symbol a in the foregoing is related to the symbol Y of page 438, viz. 

Y - V2ol. 


Example. — ^For an iron lamination fi == 3,000: /= 10,000; 

CO = 62,800 : p = 12 x 10~® fi/cm./cm.* : a = 0*01 cm. 

a = , ^ 314 . 2a. a = 6-28 = 360° : a. a = 314 = 180° 

V plO® 

= V^(Cosh 2a. a + cos 2a.a) == X 281 = 11-85 
tan (f)^ = Tanh a. a x tan a. a = Tanh 3-18 x tan 180*^ : == 180®. 

For a; = 0 : = 0 : .9^ = 1, so that 

1 


= B 


"" 0-08.5jS„„^y>8»°. 


That is to say, the vector of the induction density at the median plane 
of the lamination is exactly opposite in phase to the vector of induction 
density at the surface. 

At the distance x = \a from the median plane : 

2a. a = 1-57 = 90® : a. a = 0-785 = 45® : 

,9^ = ^^(CoshT^S? + c^ 90®) = 1-08 : 
tan <f)^ = Tanh x 0-785 x tan 45® = 0-625, 
so that <f>^ — 33°. 

1 .os 

therefore i80°) = 0-091 


The Penetration of Alternating Current in Laminated Conductors ^ 

In Fig. 8 is shown a view of the lamination which corresponds to 
that of Fig. 6, that is to say, the thickness of the lamination is 2o cm. 
and, as before, the conditions are symmetrical each side of the median 
plane hbf. An elementary cube of the material bfegch of 1-cm. sides 
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is shown and the alternating current is assumed to be flowing in a direction 
at right angles to the plane of the pa))er so that the magnetic flux in this 
case will be in the direction of the plane of the paper. The following 



(a) (b) 


F^g 8 . 

relationships can then be easily derived in a })recisoly similar way to those 
on page 440, 

= a X 1 cm. : ^ i.dx) = ($ + : 


so that, 

: and 93 = fi.^, 


therefore 

dS 4:71/1 , 

dx 10 * 

■ (40) 

Similarly, if D is the applied p.d. jier centimetre length of the current 
jiatli, then (see also expression (36)) 


h = e 4 = e j p.i 


so that 

de dx 

dx ^dx 

• (41) 


The magnetic flux in the shaded strip is d(l> = so that 

e = - lO-«^((50) = - 

dt dt 

or rfe _ 1 

dx io® dt 

From (40), (41), and (42) it easily follows that, 

dH _ 4:7ifjL d\ 
dx^ plO® di 


(42) 
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that is, dH _ Anfua . 

dx^ p.W 

The solution of this equation is 

i = 21 Cosh Qx, 


(43) 


where 




plO» 


. I / 27111(0 

or - a + ja : where cn = ^ * 

If i^ax is the current density at the surface of the lamination, then 
® = ^moor/Cosh Sa 

so that 

Cosh 0a; 


l = 


Cosh 0a 


. (44) 


But 

Cosh 0a; = Cosh (aa; + joLX) = Cosh qlx cos olx + j Sinh olx sin aa;, 
that is Cosh Qx = 

where 

Sj, -= V ^(Cosh 2<xx + cos 2(xx : and tan <f>y. = Tanh aa- tan aa* : 

so that 


t = 


' ^ ^a) 


. (45) 


Example. — Take the same numerical as lias been given in the previous 
section on page 447 for the iron lamination : 

^ = 3,000 : / = 10,000 : p = 12 x 10-« f^/cm./cm.^ 
a — 0*01 cm. : a = 314. 

It will be seen that the current density at the median plane i« related 
to the ciirrent density at the surface by the equation 

; '^max ^-yl80 — 0‘085? P 

1 1 -oo 

that is to say, the current at the median plane lags by 180° on the current 
at the surface. 

It is to be observed that equation (45) may be written in the form 
: : Cosh 0u; ^max (pCLXpl^x i p~(xxp yax 1 


and at any moment t 


^ J Qjiot ^ ^ max g~axg7(a)<-ax) j. 

2St 


QG 
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The expression on the right-hand side comprises two travelling waves 
(Fig. 8). 

ii) The incident wave 

of which the amplitude decreases as x decreases. That is to say, this is 
a damped forward umr>e travelling from the surface of the lamination towards 
the median phne. 



(ii) The reflected wave (Fig. 9) 

^max g a rg 4 j(cot - a r) 

2ft 

of which the amplitude decreases as x increases. That is to say, this is 
a dmnped reflected tmve travelling from the median plane toimrds the surface 
of the lamination. 

In each case the wave length A cm. is given by the equation 

a.A = 271 : that is, A = cm., 

a 

so that in the foregoing numerical example for iron laminations in which 
/ = 10,000 : a = 314, 

A = — = 0*02 cm. = 0*2 mm. 

314 

The speed of travel of the waves may be found by the following con- 
siderations. In the time of one cycle of the applied p.d. the wave will 
have travelled a distance equal to one wave-length, that is, the wave 

will travel A cm. in j second, so that the velocity of travel will be 

A./ = ^ cm. per second, 

a a 

In the foregoing numerical example referring to iron laminations 
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f = 10,000 ; ft) = 62,800 : a = 314 : so that the speed of travel will be 
62,800 „„„ 

-^ 7 — = 200 cm. per second. 

For copper laminations, if / = 500 : p = 1-77 x lO"* : = 1, then 


« = 1?^ = VlO-e = 3-35, 

V pl0» 


and the speed of travel will be 
3,140 ,,,, 


= 935 cm. per second. 


Equivalent Depth of Penetration of Alternating Current 

It has been seen in the foregoing equation (44) that the vector of current 
density at a distance x cm. from the median plane of a laminated con- 
ductor is given by the expression 

. . Cosh Sj:; 

L - 

where is the current density in amperes per square centimetre at 
the surface of the lamination, also the vector 0 = a 4 joc, the factor 

^ ^ 2a cm. is the thickness of the lamination, so that 

V plO* 


that is 


Cosh {a.x 4 joLx) 
^^^"Cosh (aa + joLa)' 

j. p a/g yar“J 
^(xUf/ar _j_ aHf, ■'“"I 


In this expression the terms involving the negative [)owers of e refer 
to the current wave which is reflected from the median plane as explained 
on page 450. If the factor a is large, e.g. if the frequency is large, or if 
the thickness 2a of the lamination is large, then the reflected current 
wave becomes negligibly small, so that the terms which involve the 
negative powers of e may be neglected. The expression (46) will then 
become 


" I J ~ 


n)^fOLU a) 


and the magnitude of the current density vector is therefore given by 

I ij; I ” hnar^ “ '^max^ “* . . . (47) 

where s cm. is the distance measured from the surface of the lamination. 
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If this expression is plotted as a function of the distance s the logarithmic 
curve shown in Fig. 10 will be obtained.* It is a well known property 
of such an exponential curve that a tangent drawn to the curve at the 

point A will cut the abscissa at a point B where OB = Further, 

the area enclosed between this curve and the co-ordinate axes will be 
given by the expression 

r« 1 

Area = 1 1 1 = W- • • (^8) 

Jo Jo 

That is to say, the area of the shaded rectangle in Fig. 10 will be equal 
to the area enclosed between the logarithmic curve and the co-ordinate 



Fig, 10. 


axes. The total current, therefore, which flows across each square 
ceiitiinotre of cross section of the lamination, e.g. in Fig. 8, where 
a X (/>/) ' I square centimetre, will be the same as if the current density 

were uniform for a depth of a cm. and equal to the actual current density 
at the surface, that is 


1 _ / 
a sj "IniA'lnf 



cm. 


( 49 ) 


and a is termed the “ equivalent depth of j)enetration ”. This quantity 
a provides a valuable basis for comparative data on the penetration of 
alternating currents as dependent upon frequency, permeability, and 
specific resistance, it being observed that it is only applicable when the 
conditions assumed in the foregoing are reasonably closely fulfilled. For 
example, the following table shows the values of a at various frequencies 
for copper at a temperature of 18® C. and iron at a temperature of 


♦ See also The Engineer^ March 6, 1942, p. 209. 
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1,500® C., the latter condition, for example, being such as would be found 
in the case of a high-frequency furnace. For the data in this table the 
si)ecific resistance for coj)per at 18° C. has been taken to be 
p - 1-72 X 10~® Q/cm./cm.^ 

and for iron at 1,500® C, the value for p has been taken as 

150 X 10 ® /2/cm. /cm.2 


Frequency 
f hertz 


J 0.000 
1,000 
. 500 


Copper tit 18 C. 
a cm. 


0 005 
0 21 
0 30 


Iroii at 1,500 C. 
a cm 


0 01 
1-00 
2 70 


With regard to the expression (49) for the depth of penetration or, it 
is to be observed that the angle of phase displacement has been neglected : 
this is a sufficiently good approximation wlien a is sufficiently small. 

Some Useful Practical Formulae for Skin Effect 

The equivalent deptli of penetration of alternating current has been 
for a long straight wire, and is given by the expression (49), viz., 


that is, 


_ 1 /p.l0» 

^ 27c\ fl ./ 

(r 5,030 / P 

V /v.y 


cm. 


where p is the specific resistance in fl/cm./cin.^ and / is the frequency 
in hertz. This expression may be re-written in one or other of the 
following forms : 

for p' in fi/ra./mni.“'l 
„ /' „ kHz. J 

for p" in fi/km./mm.®'l 
/ ,, hz. J‘ 

for p" in f?/km./mm.®'l 
„ /' „ kHz. / 


= / 1"' 
n s/ f'fj. 

_ m //' 

71 si fn 


a = 


r, jp" 

V /V 


mm. 


mm. 


mm. 


(i) 

(ii) 

(Hi) 


For copper wire the respective exfiressions for the specific resistance are : 

l-7() 1 o/ / 2 

p = = - — /2/cm./cm.2 

^ 10« 570,000 ^ ^ 

1 . 7 « 1 

/2/m./mm.2 

/2/km./mm,2 


1-70 

102 


= 17-6 = 


1 

57 

10 ® 

57 


See also Appendix II, Table I, page 529. 
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Example. — A single-phase overhead line comprises two copper con- 
ductors each of 2a mm. diameter. The resistance to d.c. for the “ go ” 

and “return"’ lines in series will be ^ The resistance to alternating 

current is (see Fig. 11) 

27iaa 

so that the ratio 

Resistance to a.c. _ a 
Resistance to d.c. 2a 


Since the permeability in this case is /x = 1, then from expression (ii) 
above 



a = /P" == 

n s! f 

so that 


Resistance to a.c. 
Resistance to d.c. 

and the resistance to a.c. 


= 0-001 5a Vf 

= 0-001 V/ 


— v/ i3/km. run. 


If a = 2 mm. : / = 10® hz., 

resistance to a.c. = 0-042 V/ = 42 fi/km. run, 

42 

,, ,, d.c. = =2-8 i2/km. run. 

0 0075 X 2a/10® 


Some Further Useful Practical Formulae 

The following formulae cover all practical cases with a high degree 
of accuracy when applied within the specified limits : 

lijifico ^ radius 


Denoting as before (page 444) Y 
of the wire then for : 




pl0» 


Fa >2-82 : 

Ya = 2-82 : 

Ya < 2-82 : 


Resistance to a.c. 
Resistance to d.c. 


= 0-325 


Ya 0*25 -f- 


"roT 


Resistance to a.c. _ ^ 26 
Resistance to d.c. 

Resistance to a.c. _ ^ . (Ya)^ (Ya)^ 

Resistance to d.c. 190 46,100* 
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The following formulae also give accurate results within the limits 
specified : 

(i) For Large Skin Effects. That is for 


60 : or 1*8 x 10®. 


Resistance to a.c. == l\////pl0~®| £?/cm. 


Resistance to 

d.c. = 

Q/cm. 



na^ 

Resistance to 

a.c. 

nn 1 ^ - 

Resistance to 

d.c. 

V pl0» 2(t 

(ii) For Small Skin Effects. 

That 1 

is for Ya 2-82 

Resistance to a.e. 
Resistance to d.c. 



(Pig. 11) 


The test for all these practical formulae is the application of the 
mathematical results derived in the foregoing from the Table I for the 
Bessel Functions. 

A comprehensive survey of comparative results obtained by means 
of the foregoing approximate formulae and by the exact equating will 
be found in Appendix IT, page 529. 


Example for the Comparison of the Approximate and Exact Formulae for 
the Ratio . 

*M.C. 

a — 2 mm. : // = 500 : / = 50 hz. : p = 12 x lO"* £^/cm./cm.® 

a - 0 083 X I0». 


Y 

Y.a 




47r . // . ft> 


2-48: (Y.a)^ 




471X 500 x 314 

12*4. 

12 X lO-* 

(M34: (F.a)^ = 00179. 


From the formula : 

Resistance to a.c. ^ j , (Y .a)^ _ (Y .a )® 
Resistance to d.c. 190 46,100 

_ ^ (2-48)^ (2-48)* 
" 190 46,100 


= M85. 
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From the formula : 

Resistance to a.c. _ L , / Z^*/ " 

Resistance to d.c. \ p x 10®_ J 


{l + X 0-2^ 


500 X 50yi 
12 X lO^J J 


-= 1-223. 


From the Bessel Functions, Table /, page 437 
Resistance to a.c. 

Resistance to d.c. 2 


Y.a J-49 

X 


J 

COS (<^o — — 45°) : (see also page 444) 

1.36 



1-24 X M X cos 30-7°. 
117. 


The Co-axial Cable. 

In Fig. 12 is shown the arrangement of 
the core and sheath of one type of co-axial 
cable. 

RusselVs formula for the high-frequency 
resistance of such a cable is as follows : 


= 412 X 10“ ^ 1^/ ohms per km. 

in which and rg are in centimetres and / in hz. 

The inductance of this cable is, 


(50) 


L — ^2 logg^®^10“^ henry/km. . . . (51) 


The capacitance of this cable is, 


C — ^ 10"’ farad/km. 


(52) 


Example. — 

Ti = 0-161 cm. : r, = 0-95 cm. 

R = 41-2 X 10-V/l -i— + — 1 
■'\0-161 0-95/ 

B — 298 X 10“ ohms per km. 


that is, 
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If f = 40M hz. = 40,000 k hz. 

S — 188 ohms per km. 

L = (2 log^ 6-9) )< 10~‘ — 3'54 x lO"* henry /km. 

U = /- X — X 10"’ = 0-031 uF/km. 

1-8 log, 5-9 

The surge impedance (see Chapter XV, page 459) is 





3-54 X 10» 
10« X 31 


— 107 ohms 



Chapter XV 

PROPAGATION OF ELECTRIC ENERGY ALONG 
TRANSMISSION LINES AND CABLES 

Velocity of an Electric Surge of Pressure and Current 

C ONSIDER an isolated bound charge of electricity which gives rise 
to a pressure hump as shown in Pig. 1. Such a pressure distribu- 
tion may be produced on a transmission line, for example, by 
induction from a thunder-cloud A in the neighbourhood. If a discharge 




Fig. 1 . 


now takes place between the cloud A and another cloud B the induced 
charge on tlie line will be released and will then divide and travel in 
each direction with a si)eed c shown in Pig. 2a for the two component 



Fig, 2 . 



ELECTRIC SURGES IN TRANSMISSION LINES 459 

pressure waves, and in Fig. 26 for the corresponding current com- 
i)onents. 

Now consider an elementary length d.v of a transmission line system 





of negligible resistance and comprising two overhead ( onductors as shown 
in Fig. 3a. The ])res&urc drop across this element will be 


dv = (vi — V 2 ) = Ldx 


di 

df 


where L henry is the inductance per unit length of the double line so that 

. ( 1 ) 


dv _ , di 

dx~ ~ ^dt 


The current drop in the same element dx as shown in Fig. 36 will be 


di = (i, - i,) = Cdx 


dv 

dt 


where C farad is the capacitance per unit length between the two lines, 
so that 


di ^dv 

dt dt 


( 2 ) 


The two simultaneous equations (1) and (2) may be solved by assuming 
that V = Z^i where Z© is a constant. Then, by substitution in 
equation (1) and (2) respectively, it is seen that 


z; 


dx 

di 

dx 


-r 


di 

dt 


= - (7Z, 


di 

'dt 



(3) 


and, dividing (3a) by (36) it is found that 



that is, ^0 = ± 



(4) 
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and after substituting the value for Zo in the initially assumed relationship 
V ^ Z^i it is found that 

.... (5) 

It is to be observed that Zq has a double sign and from what follows 
it will be seen that these two signs correspond to the two directions of 
movement of the surge as shown in Fig. 2. That is to say, for a surge 
moving in the positive direction of x 

whilst for the surge moving in the negative direction of x, that is, for 
example, for a “ reflected wave ”, the relationship is, 



Now consider a point P on the travelling wave of current as shown 
in Fig. 4, the sj)eed of travel being c cm. /sec. in the direction from left 



to right. The position of the ])oint P is defined by s, the distance from 
that end of the line towards which the surge is travelling, and t is the time 
at which P is at the position s. For a small increment (5^ the increase of 
the current ordinate is from P to Q, viz. Now, inspection of the 

diagram of Fig. 4 shows that if the increment of current at the position 
.s on the line is ( 4/)^ in the element of time dt, then these current incre- 

inents will be equal, (.1/), = (/I/), if — c the 8i)eed of travel of the 

ot 

surge, that is, if 

(Ai\ ^ 1 
ds c di ' 
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But from equations (36) and (4) 

ds 


St 

1 


Vlc' 


that is to say, 

If the surge is travelling in the oi)|)osite rlirection to that shown in 
Fig. 3, then 


If - = - ‘ <f » that 
Ss c St 


I 

Vlc 


It has already been shown that 
it follows that 


at Zo = and since c — ± 


(6) 


Vlc 


z,c = --. Zo=.! 

c Cx 


and 


(L in henry ])cr cm.) x (C in farad per (*m.) = 


1 

C2' 


wdiere Z^ is the “surge imj)edance ’’ of the line 

c == 3 X 10^® cm. /sec. for an overhead line ) 

and c 1-5 x 10^® cm. /sec. for a normal high tension cable) 

otherwise, for an overhead line, 


(L in millihenry j)er km.) x {C in //F per km.) = 0 01 11, 
and for an underground cable, 

{L in millihenry per km.) x {C in //F [)er km.) = 0*0444. 

For a single overhead line of 50 mm.^ cross-section and about tlie usual 
height above the earth’s surface 

L millihenry /km. : C = OOOO? //F/km., 


so that 






106 

- X — = 500 Q, 

103 0*0067 


that is, under the assumption that there is no mutual inductance with 
neighbouring lines. 

For an underground cable, L 0*33mH/km. : C ^ 0*133 /^F/km. 


^0 



10 « , 
()*133 


^50 Q. 


(^) A Three-phase Overhead Transmission Line. — ^Assuming the 
symmetrical arrangement shown in Fig. 5 : 

(See page 105 ; also Test Papers, Chapter IV, Example 5). 
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The star capacitance per phase is 

C — — ^~/> \ I'Ani. 

18 X lOe log, 

so that the inductance per phase is 

L = ^ _ henry /km. 

c^C (3 X 10^)^C 

Examples. — (1) Pressure between the lines is 132 kV. ; distance 
between lines is a = 3*2 metres ; diameter of each conductor is 
d = 16 mm., then 


o 

U 


0 = 

L = 


18 X 10« log, 

10 « 

9 X IQio X 0-00925 


0-00925 

10 « 


F/km. 


1-19 

103 


H/km. 



Fig, 6 . 


^0 



— 360 Q per phase. 


Resistance to d.c. R = 0-09 Q/km. 


(2) Pressure between lines is 200 
kV. ; distance between lines a = 4-6 
metres ; diameter of each conductor 
is d — 25 mm. 


o 


o 

-a — A 

Fig. 6 . 


c = 0-0096 //F/km. : L = 0-00127 H/km. : 
Resistance to d.c. = 0-045 D/km.y 

so that Zq = 360 Q per phase. 


(n) A Single-phase Overhead Line (Fig. 6) (see also Chapter IV, 
page 103, Example 4) : 

‘ F/km.: Z._ : 

82 1og,o^ 10« 


C 


For a ~ 2 metres : d = 8 mm. 


Zo = [82 logio 500]3-3 Q = 730 £3 : L = - P = 2-4 mH/km, 

c 
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{in) Three-phase Cables.— (1) “ Belted ” Cables (see Fig. 126, 
page 106, Chapter IV). Line pressure — 10 kV ; section of each coht 
ductor (core) = 10 mm.‘^ ; 

C = 0*18 /^F/km. : L = 0 00042 H/km. : Zq = 49 Q per phase. 
(2) “Screened” Cables (see Fig. 136, page 106, Chapter IV). 

Line pressure = 60 kV. ; section of each core = 120 mm.® : 

C = 019 /^F/km. : L = 0*00051 H/km. : Zq = 52 Q per phase. 

It is useful to note that the inductance L for cables is from ^ (for 

3*5 ^ 

high pressure systems) to ^ (for low pressure systems) of the value for 

O 

overhead lines. 

The capacitance C for cables is from 13 times (for high pressure 
cables) to 20 times (low pressure systems) the value for overhead lines. 


The Energy of an Electric Surge ^ 

An electric surge (Fig. 7) involves a definite / \ 

amount of energy which appears partly as electro- — \ 
static strain in the dielectric and partly as an elec- / \ 

tromagnetic field. The electrostatic energy per kilo- ^ ^ 

metre of the line is 

= \Cv^ joules . (8) 

where C farad is the capacitance of the line i)er i \ 

kilometre and e volts is the pressure at that part of ^ ^ ^ 

the surge which is under consideration. The electro- Fig . 7. 

magnetic energy per kilometre is 

= \Li^ joules .... (9) 

where L henry per kilometre is the inductance and i amj^eres is the 
current at that part of the line considered. 

Now it has been shown on page 459, expression (4), that 

that is v^C = 

so that the electrostatic energy defined by (8) is equal to the electro- 
magnetic energy defined by (9), and consequently the total energy 
of the surge per kilometre, is 

1 / = = 2z4,,, = Cv^ = Li^ joules . . . (10) 

The total energy for the complete wave of the surge will therefore be 

U ^ ^udx ^ dx = I/Ji® dx joules, 
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where the integration is extended over the whole span of the surge 
(Fig. 7). 

Since it has been shown in the foregoing that the surge impedance 
of an overhead line is much greater than for an underground cable, it 
will be clear that, for a given pressure wave, the power of a surge in a 
cable will be much greater than on an overhead line. Suppose, for 
example, — 500 ohms for an overhead line and Z© = 50 ohms for an 
underground cable, and let the j)eak value of the surge wave be 
'^max = 100,000 volts, then the power corresponding to this peak value 
of the surge will be 

(i) For an overhead line, 


w V, 


nuix * ^'max 


Zo 


( 105)2 1010 

Zo “ 500 


watts = 20,000 kW. 


{ii) For an underground cable, 

W = = 200,000 kW. 

Zq 


These enormous values of the power associated with such surges are 
heavily damped by the losses in the resistance of the conductor and in 
the dielectric leakage resistance, and the general effect of this damping 
action may be seen as follows : 

Let the resistance of the conductor be r ohm per kilometre and the 
insulation leakage resistance a ohms per kilometre. Then, in an ele- 
mentary length dx of the conductor, the power loss due to the heating 
effects will he 


The power which enters the elementary length dx of the conductor as 
given by the foregoing results will be 

= i^Zoy 

so that the decay of energy in this element of the conductor will be 


= ih dx + ^ dx 


= 



II 

1 

— 2lZodi, 

but 

Cr 

II 

— 2iZodi, 

so that 

i^(r i d.r = 

- 2iZodi, 

that is 

__di _ 
i 

\ 2Zo } 

or 

di __ 


i 

2\ Z 



a 
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The solution of this differential equation is 



( 12 ) 


where t — 2*718 — that is, the base of natural logarithms, and is the 
value of i when x — 0. Similarly 


tf / . , , , (13) 

The expressions (12) and (13) show that the surge wave of current and 
the surge wave of pressure remain of constant shape, but decay logarith- 



mically as shown in Fig. 8. When the insulation resistance of the line 
is very high so that ^ ~ b, then 


Vo 


= e 


1 r 

2 Zo 


(14) 


Suppose, for example, that a single-phase overhead line has a resistance 
of 7* = 0*6 per kilometre run and a surge impedance of Zq == 500 D, 
and it is required to find how far a surge will travel along the line before 
its magnitude has become reduced to one-third of its original value, then 


but 


or 


V i 1 ^ .r 1 
Vo lo 

^ 1 J : so that ~ J a; = 1*1 
2 Zq 

a; = 2-2^-“ = 2-2’'’‘*^ = 1,840 km., 
r 0-6 


whilst for an underground cable for which Zq — 50 Q and r — 0 6 /^/km. 

a; = 184 km. 


The value which has been assumed for the resistance r in the foregoing 
example is the value as measured by direct current. For high-speed 
travelling waves, such as surges on transmission lines and in cables, 
however, the resistance will be very much greater than the d.c. value 
(see also Chapter XIV). For non-sinusoidal surge waves the effective 
resistance is not known and cannot be calculated. If, for example, the 

HH 
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resistance of the travelling surge is taken to be 50 times the d.c. value, 
then the distance travelled before the magnitude of the surge in an 
overhead line has become reduced to one-half its original value will be 
36*8 km., whilst for an underground cable it will only be 3*68 km. 

The time taken for a surge to become practically extinguished can 
be found by writing 

^ = A = 3 per cent. = 0 03, 

Vo U 

in which case the magnitude of v can be assumed to have become prac- 
tically negligibly small. Then since 

V i -1 

_ = = e 2 zj^ = e 2Z, =1 e 22 ., 

Vo to 

so that the time taken for the surge to decay to 3 per cent, of its original 
value will be given by 

1 R 

e ^ = 0-03 = 

If the conductor resistance is taken to be 10 times the d.c. value, that is, 
6 fi/km., and the line inductance L = 0*0017 henry /km. for an overhead 
line, then 

= 3-6 : or < = 7 x^ = 0 002 sec., 

2 Ju R 

whilst if L = 0 00033 henry /km. for an underground cable, then 

t — 0 00038 sec. 

From these data it is clear that such surge phenomena practically dis- 
appear within a few ten-thousandths of a second. 

The Effect on Surge Phenomena of a Junction of Overhead Line and Under- 
ground Cable 

When an electric surge reaches a junction of an overhead line and 
underground cable, reflexion of both current and pressure waves will occur. 

(i) Suppose in the first place that the pressure surge is travelling in 
the direction from the cable to the overhead line and suppose a rectangular 
wave of pressure originates in the cable as shown in Fig. 9 by v^i moving 
with the velocity c towards the junction. When this pressure surge 
reaches the junction a reflected wave v^i will develop and will travel back 
along the cable, whilst a wave of pressure Vf 2 will travel forward on the 
overhead line as shown in Fig. 9. The pressure conditions at the junction 
will then be defined by 


Vfi + Vrl = Vf2 . 


• ( 15 ) 
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and since (see page 460, equation (5)) 

— + -^0 for the forward wave : — Zq for the reflected wave : 

the current conditions at the junction will be defined by the equation 

Vi Ki = V2 • • • • (16) 

also = - Z.. : % = Z ,, : = _ Zo-, 

Vl *fl t/l! 

Then by substituting in (16) and combining with (15) it is found that 

“ imh ■ ■ ■ (•’) 

and similarly for the current relationships 

= (zof?^J*^‘ .... (18) 


• ( 18 ) 



These two equations thus define the forward travelling waves of pressure 
and current, respectively. 

The equations for the reflected waves are similarly found. 
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2^ 

When is very large, e.g. when the overhead line in Fig. 9 is dis- 
^01 

connected from the cable, then 

% == = 0. , 

As a general example, suppose — 500 Q and Zqi = 50 Q, then 

— l*^^/i • = 0 - 82 i;^i : == — 0 - 82 i^i : = 0 - 18 /yi. 

(ii) If the surge is travelling in the direction from the overhead line 
to the cable, the conditions will be as shown in Fig. 10. The same general 
expressions as have been obtained in the previous problem can be applied 
immediately to the present one. Thus, taking the previously assumed 
numerical data in which Z 02 — 50 Q for the cable and — 500 Q for 
the overhead line, and substituting these values in the general expressions 
obtained for the previous problem, then 



(iii) The energy conditions when the surge arrives at the junction 
of an underground cable and an overhead line may be obtained as follows : 
On arrival at tlie junction the power is 

u\ — watts. 

^01 

The power which is transmitted across the junction to the line 2 is 

Vf,. 2 

IV 2 = ^ watts, 

^02 


so that 
that is 


^ _ ■^0,/ 2Z„, y 

^02V’/l/ ^02\^01 f* ^ 02 / 



(19) 


Since this ratio is unaltered if Zqi and Z^^ are interchanged, it follows 
that the ratio of the transmitted energy to the incident energy is the 
same whether the surge reaches the junction from the underground cable 
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or from the overhead line. Further, since the right-hand side of this 
expression appears as a square term, the ratio is always positive. 


Definition of the Wave Form of a Surge 

The shape of the waves of ])ressure surges met with in practice generally 
comprises a steep wave front which rises rapidly to a crest value and then 
tails off at a comparatively slow rate as shown * in Fig. 11. The shape 
of such a wave may be defined conveniently as follows : 

If a straight line is drawn through the j>oints A and B on the wave 
front such that the pressure at A is 0*1 and the pressure at B is 
0*9F,,p where F^^, is the crest value of the pressure wave, and if this 
line is produced to meet tlie abscissa axis at (f and to cut the horizontal 



Fig. Jl. 


line through the crest value at C, then the projection of CG on the 
abscissa axis (that is, tlie time axis), viz. KG is termed the “duration 
of the wave front ”, T,. The time for which the wave lias a value greater 

V 

than \ F,,^ is termed the “ duration of the half- value ”, The ratio 

is termed the “ steepness of the wave-front ” and is measured in kV. 2)er 
micro-seconds. 

The “ duration of the wave front ”, Tp may be from 0-5 to 5/isec., 
and the “ duration of the half value ” Tjj may be from 5 to noO/^sec. 
wdiere = 1 micro-second = 10 ® second. 


The General Equations for Long-distance Transmission Lines 

In Fig. 12 is shown a single-phase transmission line, that is, the 
“ go ” and “ return ” lines, the generator terminals being AB and the 
consumer’s terminals being C and Z>. If, now, a sinusoidal wave of 
pressure be apphed by the generator to the terminals A and B of the 
* Engineering, August 14, 1942, p. 121. 
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If, now, in Fig. 11^ ffi is the vector of pressure and 3 is the vector of 
current at any point in the line distant s km. from the consumer’s end, 
then for the element of length ds the capacitance current which will pass 
between the two lines will be 

^3 = = ^jwCds 

so that 

= ^j<oC ( 20 ) 

Similarly, the pressure rise in the element ds will bo 

(593 = = ^j(oLds, 

so that j ® 

ds 

Differentiating equation (20) with respect to s gives 

that is 

( 21 ) 

In the same way it is easy to deduce that 

= _ SB (w^LC) .... (22) 


Substituting for — co^LC, that is, a — jcoV LC ~ f\ where c is the 

0 

velocity of propagation, viz. c = 3 x 10® km. /sec. for overhead lines 
and c 1*5 km. /sec. for underground cables (see expression (7), page 461). 
The solution of the simultaneous differential equations (21) and (22) is 


.... (a) 

93« - 93e-^*«-^} . . (6) 


(23) 


where Zq = is the “ surge impedance ” or “ initial sending-end 

impedance ” and the vectors 21 and 93 are arbitrary constants which 
may be found when the load conditions at the consumer’s terminals are 
known. If the consumer’s load is defined by the vectors 9S£ and f^h^en 
the arbitrary constants as found by substituting these values in ‘equa- 
tions (23) and also putting 5 = 0, then 

a - i{3. + 

If these values for the arbitrary constants are now inserted in the general 
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equations (23), the current and pressure vectors for any point on the line 
will be given by the simultaneous equations 

+ c 'n f - e-'“) . . . (a)\ 

^0 > . (24) 

S. = 4 e-'”) 4 . . . (6)J 

These equations may be re-written in the following equivalent form, 

S. = ^2 COS as + sin as . . . (a)l 

^0 > . . (25) 

58, = 582 cos as 32^oj sin os . . . (6)J 

in which the angle a = caZ^C : so that, since Zo = 

a = ^ = VLC : a = 

c c 

For overhead lines operating at 50 frequency 
c = 3 X 10^ km. /sec. : co = 27rf = 314 : a = 1-05 X 10 * radian /km. 
If the line is open- circuited at the consumer’s end, then /g = 0 : 

y 

932=1/2, so that = j-J sin cls : 9?^ = Fa cos a^. 

These expressions show that the current is 90° ahead of the pressure in 




time, that is to say, the current is a capacitance current through the line. 
This current is termed the “ charging current ” of the line. 

Suppose in Fig. 15 that a sine wave of p.d. v — sin tot is apjDlied 

to the line at the moment to, so that v = V^^ax. sin toto as shown in 
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Fig. 15a. The applied pressure wave wiU then travel along the line at 
the speed of c km. /sec. and at the time t — ~ the p.d. at the generator 
terminals will be zero and the pressure wave will be distributed along 

^TZ 

the line as shown in Fig. 156. At the time t = — the p.d. at the generator 

terminals will again be zero and the pressure wave will then be distributed 
along the line as shown in Fig. 15c. Since the applied pressure wave is 
travelling along the line at the velocity of c km. /sec. it is easily seen by 
reference to Fig. 16c that 

= ~c km. or A = ~-c = ? km. 

CO «> / 

so that = c 

also, since ql = ^ 

c 

A = ® km (26) 

« / 

Example. — Consider a single-phase overhead transmission line con- 
sisting of two parallel conductors for which the surge impedance is 




750 Q. The pressure at the consumer’s end is Vz — 66,000 r.m.s. volts 
at 60 frequency, so that co = 314 and the wave length will then be 

A = = . : that is, A = 5,980 km., 

* / 

and the quarter wave-length is 1,495 km. It will be assumed that the 
line is open-circuited at the consumer’s end, so that /j -- 0. 

In Fig. 166 is shown the wave of the charging current of the line, 
and in Fig. 16a is shown the pressure wave for a length of line equal to 
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JA. It will be seen that an indefinitely small pressure applied at the 
generator and A will produce an indefinitely large pressure at the con- 
sumer’s end when the consumer’s terminals are open-circuited. This is 
an important case of line “ resonance ” which will only appear in this 
extreme form when there are no losses in the line as has been assumed to 
be the case in the foregoing investigation. Even when the losses are 
taken into account, however, there will be immense pressure rises at the 
consumer’s terminals when the consumer’s load is zero and the length 
of line is JA. In practice, however, a transmission line is not likely to 
approach a length equal to one- quarter wavelength, so that the rise of 
pressure at the consumer’s end due to the inherent resonance effect is 
not likely to reach excessively high values. For instance, it will be seen 
by inserting the foregoing data of the line in the general equations that 
for a line 500 km. long when the consumer’s terminals are open-circuited 
and the pressure at those terminals is 66,000 volts, the pressure at the 
generator end of the line will be 66,000 x cos 60° = 57,000 volts. 



Flff. 17 . Fiff. 18 . 


Dangerously large resonance effects, however, may be produced in 
relatively short lines when on no-load, and these are due to the leakage 
reactance of the generator and transformer. Thus, suppose in Fig. 17 
that the generator and transformer combined leakage reactance is Xjr^ 
when reduced to a transformation ratio of unity, the pressure at the 
generator terminals being Vi and the pressure at the consumer’s ter- 
minals Fa- The vector diagram relating the induced e.m.f. of the 
generator E and the pressure 93 1 at the generator terminals, will be as 
shown in Fig. 18, so that 

E = V,-- xj,. 

If it is assumed that, as a reasonable practical condition Xj^ = Zq, then 
since equation (25) establishes the following relationships, when the line 
is open at the consumer’s end, i.e. when /a = 0, 

Ig Ii tan 
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where 8 is the length of the transmission line, and consequently, 


= Fj — Fi=^"tan as == Fi(l — tan as), 
^0 


so that 


then 


Fx 

E 

L 

E 


1 


1 — tan as 
1 


and since Fo = 


Fx 


cos as 


cos as — sin as 
Thus for a line 600 km. long this relationship shows that 


Fx 

E 


= 2-36 : 


F. 

E 


2*73 


V, 


- M6. 


For a three-phase overhead line the corresjionding data can easily 
be found by taking the value of Z© = 360 Q per phase. For a three- 
phase underground cable the corresponding value of the surge impedance 
would be Zq ^ 50 Q per phase. 


nAMArH- 
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xiv: 


(a) 


Fig. 19. 



(b) 


With regard to what has been said in the foregoing it is to be observed 
that, if a transmission line should approach in length the quarter wave- 
11c 

length, viz. -A = - dangerous pressure rises must be expected when 
4 4/ 

the line is unloaded. It has also been jiuinted out that for a supply 
frequency of 50, a quarter-wave length is much greater than the length 
of any normal transmission likely to be met with in practice. If, how- 
ever, the supply pressure is not a pure sine wave, then one or other of 
the harmonics in the wave may give rise to dangerous possibilities of 
pressure rises. If, for example, there is a pronounced thirteenth harmonic, 
the quarter-wave length for this frequency will be 



4 X 13 X 60 


300,000 , 

= 116 km., 

260 


and this length of line will be met with very frequently in practice. 
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Another practical case in which serious pressure rises may develop 
in a i)ortion of the transmission system is that in which underground 
cables are connected to overhead lines and a short circuit to earth develops 
on one of the overhead lines, so that a considerable length of the line is 
in series with the short-circuit current as shown in Fig. 1 9a for a three- 
phase system. For example, suppose the total capacitance to earth of 
the three lengths of cable is 150 /^F, and suppose the inductance of the 
short-circuited length of overhead line is 60 millihenry (mH.), that is 
L ~ 006 henry: 3(7 = 150 x 10~® farad, the capacitance reactance 
1 10 ® 

will then be - _ = — —21-2/3 and the inductive reactance will 

co3r 314 X 150 

be (oL — 314 x 0 06 = 18*84 /3. if the line ])ressure is 10,000 volts, so 
that the j)hase ])ressure is 5,760 volts then, referring to the equivalent 
circuit of Fig. 195, the resultant reactance of the circuit will be 


SO that the current will be 2,440 amperes, 
will consequently rise to the value 


18*84) = 2*36 /?, 

The pressure across the cable 


Vr 


- ^ = 2,440 X 21-2 = 52,000 volts. 


and this will almost certainly destroy the cable. 


The Natural Power of a Transmission Line 

The general simultaneous equations (25), as given on page 472 for a 
single-phase system, are applicable also to a three-phase system if the pres- 
sures are taken to be the phase pressures, that is ^ X (line pressure). 

Referring now to the diagrammatical re])resentation in Fig. 13, which 
shows the distributed inductance of L henry per kilometre and the 
distributed caj)acitancc of (^ farad ])er unit length of one phase of a three- 
phase transmission line. In the element of length ds the pressure rise 
due to the inductance Lds will be (see Fig. 20a) 

and the current increase in the element ds due to the cai)acitance will 
be (see Fig. 205) 

= Mo>Cds), 

Now, if the conditions are such that the angle 5a in Fig. 20a is equal 
to the angle 5a in Fig. 205, then 

at -’ 3 " 
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If this relationship holds for every elementary length of the line it will 
be seen that the pressure and current will each be of constant magnitude 
throughout the line, and if the pressure vector and current vector are in phase 
at the consumer's end, they will also be in phase at the generator end of the 
line, so that 



where Zq O is the surge impedance per jihase of the line. 

The phase displacement between the pressure vector at the generator 
end of the line and the pressure vector at the receiver’s end (see Fig. 2()c) 
is given in radial measure, viz. 


arc a . 5 _ (oLsI^ 


- io.sVLC 

Zo \ L 



a. 5, 


where a 


as already derived on 



SI 

% 


(b) 


page 473. 

The same result will obviously be 
obtained by means of similar consider- 
ations with regard to Fig. 20rf. 

Suppose, now, that a three-j)hase 
transmission line is symmetrically 
loaded at the consumer’s end with a 
current of 1 2 amperes per ])hase, such 
that 

/ = ^'0 

" Zo’ 

where Vjj is the phase pressure and 
Zo is the surge impedance of the line 

I)er phase. For a three-pliase overhead line operating at 220 kV. line 
pressure, the following characteristic constants are re])resentative of 
practical conditions, 

L — 0-0013 henry p€"r phase per km. : C — 0-000() //F ])er phase pev km., 

-Jc 



(d) 


so that 




360 Q, 


For underground three-phase cables the value of Zo may be taken, to be 
about 50 per phase. 

It will be seen that when the conditions as shown in Fig. 20c and 20rf 
[and which are also defined by the expression (28)J are satisfied, the power 
supplied to the line by the generator being equal to the power received 
by the consumer per phase (the line being assumed to be a no loss ’’ 
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line), then, the pressure and current vectors will be in phase at every point 
along the line, that is 

F 2 F 2 

FJi ~ per phase, 

where F, and F* are phase pressures at the generator end and the con- 
sumer’s end of the line, respectively. The total three-phase power which 
is transmitted will then be 


W 


n 




Z, 


F ^ 

J watts . 

Ztn 


(29) 


whore F; is the line pressure. 

The power defined by these relationships is termed the Natural 
Power ” of the transmission line and represents an ideal condition for 
power transmission. The natural power is usually taken as the 
standard of reference in the investigations of transmission line problems. 
The following table gives the magnitude of the natural power in mega- 
watts (MW.), that is, 1 MW. = 1,000 kW. The natural power is stated 
for three-phase overhead lines and for three-phase underground cables. 
The surge impedances are taken to be ~ 360 Q per phase for overhead 
lines and Zq = 50 Q ])er phase for underground cables. 


T\BLE 


Natural Power in MW 


Lii\( Pr<6su7e 

kV 

Thtie Phase Overhead 

Three Pha^e Un 


Lines 

(^nhle9 

15 

0 62 

4 5 

33 

3 0 

22 0 

66 

12 0 

S7 

132 

4S 

345 

220 

135 

1 970 


Travelling Waves of Current and Pressure on Transmission Lines 

It is of interest and also of practical importance to examine the 
general equations for the ]:)ressure and current of a transmission system 
from a different point of view to the foregoing, and this can be most 
clearly understood if, in the first place, it is assumed that the consumer’s 
terminals are oj)en-circuited so that the current /g = 0. Consider first 
the equation 24/> for the pressure, viz. 

®s = F e .... (30) 

where SSg is the time vector of pressure and may be written SSg == 
so that equation (30) may now be expanded into the form 


( 31 ) 
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At the point on the line for which s = 0, that is, at the consumer’s 
terminals 95* o = <"^nd the pressure is alternating sinusoidally 


and of peak value 


Fo,,, and r.m.s. value 


1 

V2 


At any point distant 


8 km. from the consumer’s terminals the pressure at any moment will 
be given by the expression 


SSh = 

so that at any point distant s km. from the consumer’s terminals the 
pressure will have the peak value V 2 ,ti cos a5, as will be seen from Fig. 21 



these results can be represented by a standing wave of pressure so situated 
on the line that the anti-node is at the consumer’s terminals, as is shown 
in Fig. 21. 

In a precisely similar way it can be shown that the current conditions 
for every point in the line can be represented by a standing wave of 
current of which the node, i.e. zero current, is at tlie consumer’s terminals. 

The same results can be arrived at by means of a somewhat different 
interpretation of the expression (30). 

(i) The component represents a pressure which 

is varying sinusoidally in space, that is, along the line, and also varying 

sinusoidally in time so that a change in time of t ^ sec. will produce 
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exactly the same alteration of pressure as a change in the distance s = 

Consider now a sine wave of constant peak value J moving at a uniform 
speed of c km. /sec. along the transmission line in the direction from the 
generator towards the consumer’s terminals as shown in Fig. 22a, which 
represents the wave in the position such that its positive peak is at the 


FORWARD 

travelling 

WAVE 


Fig, 22. 

consumer’s terminals, that is, for the moment t = 0. Then, if the 

7t 

speed is such that in the time t = ^ the wave has moved a distance 
^ 2to 

JA km., that is, if 

c=H=A./ . . . . (32) 

71 

2(0 

the pressure at every point on the line will be in accordance with the 
expression \ V wave shown in Fig. 22b is in the position 

the wave of Fig. 22a will occupy at the moment t ~ — second later 

4ft> 

(i.e. one-eighth of a period) than that to which Fig. 22a refers. 

The speed of travel as defined in (32) is, of course, the same as 
that previously obtained for the velocity of propagation, viz. 

c == 3 X 10^ km. /sec. 

The wave shown in Figs. 22a and 226 is termed the /orieard travelling wave. 

(ii) The coynponent \V 2 ^ 0 / expression (30). — 

Similar considerations to those of (i) show that this component can be 
represented by a sine wave of constant peak value ^F 2 m travelling in 
the direction from the consumer’s terminals to the generator at the speed 
c km. /sec., that is a wave due to reflexion, at the consumer’s terminals. 
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of the forward wave, and this is termed the reflected 'tvave. In Fig. 23a 
and 236 are shown the positions of the reflected wave for the same two 
moments as those of Fig. 22a and 226, and if the ordinates of the forward 
wave and of the reflected wave bo added at every moment, it will be 
found that the standing wave of Fig. 21 is obtained. 

The cuirent conditions can be represented in exactly the same way 
as being due to the super-position of two travelling waves of the same 
magnitude and moving in opposite directions at the same speed c. 

When the consumer’s terminals are connected to a load, the reflected 
wave becomes smaller in magnitude than the forward wave, so that 
there will no longer be standing waves on tlie line. The r.m.s. values 
of the pressure and the current along the line will, in general, have differ- 
ent values at different points on the line. 


R.M.S. VALUE I 

— i i 

-^4 

Fly. 24. 

It is to be observed as a consequence of the foregoing considerations 
that the characteristic feature of the transmission of the natural load of 
the line is that the consumer’s load is such that the reflected wave d imp pear. ’i. 
In this case the r.m.s. values of the current and ])ressurc are respectively 
constant at every point of the line, as shown, for examjfle, in Fig. 24. 

Transmission Line Compensation : Reactive Power 

When a line is transmitting its natural power it has been seen that : 
(i) The j)rcssure and current vectors are in phase at each point of 
the line and the magnitude of each of these vectors is constant throughout 
the line. 

{ii) The pressure vector at the consumer’s end of the line lags behind 

the pressure at the generator end of the line by the angle a.a = —a radian, 

where a is the distance of transmission, and similarly for the respective 
current vectors. 

(Hi) No “ reactive power ” (that is, no wattless current) is transmitted, 

11 



REFLECTED 

WAVE 






(a) 


N 




(b) 


Fly. 2 ,^ 
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the whole transmission line being entirely occupied with “ active power 
(that is, imit current). 

It has also been seen that when no power is being transmitted, that 
is, when the consumer’s terminals are open-circuited, the current in the 
line will be a capacitance current and will cause a rise of pressure at the 
consumer’s terminals (see Fig. 16). Such a pressure rise will also take 
place, although of less amount, when the power transmitted is less than 
the natural power, whereas if the power transmitted is greater than the 
natural power, there will be a pressure drop at the consumer’s terminals. 

Now, suppose that a load current is taken by a consumer at tlie 



O 


Fig, 25 . 


end B of the line (Fig. 26), and assume in the first i)lace that the line 
capacitance current is negligibly small. The current will flow through 
the total inductance "laoiL of the line, and if the pressure at each end of 
the line is the same, that is, if 


Fx = F. = F, 

it will be seen that these pressure vectors 33 1 and 332 must move out 
of phase by the angle 0, so that the vector diagram will then be as shown 
in Fig. 25, where 

AB — I^X — I^2a(oL 


and 



AM IjicoL 
~OA V~' 


(33) 


If the line capacitance current is now taken into account, then by 
suitably adjusting the magnitude of the consumer’s current the 
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conditions which have already been considered on page 477, with reference 
to Fig. 20, can be established, i.e. that the current vector will come 
into phase with the pressure vector SSi and the current vector 3* will 
come into phase with the pressure vector SSj, as is shown in Fig. 26. 
When these conditions have been established, then 

= 7, = / : F, = F, = F 


and 0 = . . . (34) 

as is seen from Fig. 26, so that 

I^{a^L) = V^{a(oC), 

In practice, the value of ^ will be, in general, not greater than about 

2 



Fig, 2 (). 


h 


20° for reasons of stability, as will be explained on page 401. Then, 
from Fig. 26, 

/=/,=/, 

and hence Ii^(2aa)L) = Fi2(2aft>C')1 

I,^(2acoL) = V 2 H 2 acoC)j ' ‘ * * V 

that is to say, the reactive power due to the inductance of the line must 
be equal to the reactive power due to the capacitance of the line. When 
this condition holds, then 
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and the line is transmitting its ‘‘ natural power ” as has been explained 
already on page 478. 

For this characteristic load, that is, the natural power of the line, 
the pressure and current vectors will remain in phase at every point of 
the line and the condition specified by equation (36) is automatically 
fulfilled without the necessity of feeding any reactive power into the line 
from outside sources. In general, however, the consumer’s load will not 
be equal to this characteristic value of the power, that is to say, the line 
in general will not be transmitting its natural power and it then becomes 
necessary to feed into the line reactive power by some external appliance 
in order to maintain the pressure constant at the two ends of the line. 
The amount of reactive power which must be supplied at each end of 
the line is defined by the equation 

W, = V2^(aa)C) - I^^acoL) .... (37) 


If the load is less than the natural load, this reactive power will be 
capacitative and can be y)rovided by suitably adjusting the field excitation 
of the machines at the ends A and B of the line, or, alternatively, instead 
of reactive power being drawn from the machine B, a symmetrical three- 
phase inductance of henry per phase may be connected to the line at B, 
If the load is greater than the natural power of the line, then the 
reactive power IF,, which must be supy)lied to each end of the line will 
be inductive and can be provided by suitably adjusting the field excitation 
of the machines at A and i?, or, alternatively, instead of reactive power 
being drawn from the machine at B, a symmetrical three-phase capaci- 
tance may be connected to the line at B. When the natural power is 
being transmitted, then W,. = 0 and 

l2^(2a(x}L) = F2^(2awC'), 


as already found in expression (35). 

This procedure of feeding reactive j)ower into the line is sometimes 

termed “ exciting ” the line. 

^ ^ ^ many practical purposes the 

h ^ Ijerformance of a transmission line 

f ^ may conveniently be investigated by 

T ^ I If means of the equivalent circuit shown 

Ff = = J'ig- 27, which represents one 

I 2 2 I phase of a three-phase system. The 

1 1 total distributed inductance of the 

^ w— O line is Lo = henry, where L henry 

Fi(j. 27 . is the inductance per kilometre and 

A* km. is the length of the line. The 
total distributed capacitance is farad, that is, C.s farad, where 
C farad is t^ie capacitance per unit length of the line, so that in the 
equivalent circuit |(7o is assumed to be concentrated at each end of 
the line. For the conditions that the pressure at each end of the line is 


J 
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of the same magnitude and that the line is transmitting its natural power, 
the vector diagram as obtained from the equivalent circuit is shown in 
Fig. 28. If the transmitted power is less than tlie natural power the 



Fig. 28 . Fig. 29 . 


corresponding vector diagram will be as shown in Fig. 29. This repre- 
sentation of a transmission line by means of the equivalent circuit, as 
shown in Fig. 27, gives results which are ])ractically exact for transmission 
distances up to about 200 km. 

The Circle Diagram for a Transmission Line 

In Fig. 30 is shown a transmission line of length s == 2a and the end A is 
connected to a generator G. The active power is transmitted to the 
consumer at R, the generator also supplying the reactive power to the 
half-line AM. As before, it will be assumed that there are no losses in 



Fig. 30 . 


the line. At the consumer’s end B a synchronous machine is shown, 
of which the function is to supply the reactive power to the half-line 
BMy which is necessary to maintain the i)ressure at B constant and equal 
to the pressure at A. 

V ^ 

If K = J is the natural power per phase of the line, then the 
^0 
W 

ratio — - = Wa is termed the “ specific active power ” transmitted and 
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the ratio = w^. is the “ specific reactive power ” which is supplied to 
each end of the line. The total power supplied by the gen^ator is 

and the specific power supplied by the generator is 


^ .... (38) 

It can be shown that the relationship between the quantities and 
can be represented by a Circle Diagram as follows. 

The general equations (25) for a ‘‘ no loss ’’ transmission line, as already 
obtained on page 472, are 

SSg = ^2 cos 0L8 + ^0^8 j 
3s = 32 COS CX.8 + I *8 j sin as 



The pressure at both ends of the line is to be maintained constant and 
equal in magnitude, and the phase of the pressure at the consumer’s end 
is assumed to be lagging by the angle 0. That is, 

F, = F, : »8 = 

where Vi refers to the generator end of the line and Fg to the consumer 
end of the line. Eliminating ^2 between the equation (39) gives 


(V ^1 P 2 OOS (X,8 1 fyi • 

3i = - ^ . . cos a5 + _ aSg? sin a5, 

ZqJ sin ol8 ^ 



Figrdl. 
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which reduces to 

\ = ZiC— ^J. I- 

Zoi tan CHS sin as 

Making use of the results already derived in Chapter XT, page 365, the 
power per phase which is supplied to the line from the generator is 

where SSj* is the conjugate vector to and leading current is assumed 
to correspond to positive reactive current. Since the pressure vector is 
drawn in the direction of the ordinate axis, it follows that 


so that 




== 

- . . 

tan CHS 


sin CHS 


. (40) 


The expression on the right-hand side of (40) dehnes a circle as shown 
in Fig. 31 in which Ox and Oy are the co-ordinate axes for the specific 
active and reactive power, respectively. The Circle Diagram shown is 
drawn with the centre Jo and passes through R, where 


OJo — — j, : AqB — j , , and is the radius of the circle, 

tan a6’ sin as 


The total length of the transmission line is AB — s km. (Fig. 30) and 

__ ft) _ 27tf 
* “ ^ " 3 x-lOfi’ 

as has already been defined on page 473. 

Then, for any radius such as AqO, the angle 0 will be the angle between 
the pressure vectors at the ends of the line. The ordinate at O will be 
the specific reactive power which the generator will be required to 
feed into the line and the abscissa of O will be the specific active power 
which is transmitted to the consumer. For points on the Circle such 
as (?, which are above the abscissa axis Ox, the reactive power will be 
capacitative, while for points such as F, which are below the abscissa 
axis, the reactive power will be inductive. 

For the point T at which the circle cuts the abscissa axis, the reactive 
power is zero and the specific power w = I that is to say, the 
line is transmitting its natural power under these conditions For the 
point B the active power is zero, that is, the consumer’s terminals are 
open-circuited and OB is the specific reactive power which the generator 
must feed into the line. 

An exactly similar Circle applies for the conditions at the consumer’s 
end of the line, and in Fig. 32 are shown both Circles. It will be seen 
that, since the line losses have been neglected, then for any given load 
such as OD the reactive power fed into the transmitting end of the line 
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will be equal to the reactive ])ower which must be fed in at the consumer’s 
end of the line if the pressure at each end of the line is to be maintained 
at the same value for all conditions of load. 



The Stability of a Three-phase Transmission System 

Supj)ose two similar generators are working in parallel on a trans- 
mission line and let and be the respective induced e.m.f.s per pliase. 
Further, let U be the reactance of each generator and x^, the leakage 
reactance of each transformer when reduced to a transformation ratio 
of unity. The inductive reactance of the transmission line is denoted 
by Xj Q, and the capacitance currents of the line will be neglected. 

The diagrammatical representation of one phase of this system will 
then be as shown in Fig. 33, and the corresponding vector diagram is also 
shown in Fig. 33. The power transmitted per phase will be 

Tf, = E^.I cos f = EJ sin ft = sin 0 






or 

where 
that is 

or 
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TTi = — ‘ — sm/S 

» Ay 

Xj, — {2{Xf, + Ty) + Xy,} 

pp- _ 2 (Area of the triangle OAB) _ ^ 0 


Ifi 


Ei^ 


X, 

sin 0 ; since Ei — E^. 
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The total power for the three j)hases will then be 

= 3^’ " 10 * sin 0 kW., 

2 \. y 

when kV. is the jihase e.m.f. 

or W„ = sin 0 kW (41) 

Xt n 

when El kV. is the e.m.f. between any two lines. 

If the torque is in kilogram-meter units, and the speed of each 
generator is r.p.s., then 

E ^ 

Xj^gm X 2nn^ X 9-81 = 10® sin 0, 

Ay 
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iS,* X 10* . ^ IT ■ /^o^ 

” ' - • ■ <“> 

for El in kilo-volts. 

The torque is, therefore, a sine function of the angle 0, that is, the 
angle of phase displacement between the pole system of the two machines. 
The maximum torque is, therefore, developed when 0 = 90°, as shown 
in Fig. 34. In practice, however, it is not possible to operate the system 
at anything like the theoretical maximum torque, otherwise there would 
be no margin of stability, and it is therefore usual for normal operation 
to keep the value of 0 down to about 40°, as indicated by the point P 
in Fig. 34 (see, however, the following considerations). 




Fig, 34. 


Let Wq be the normal value of the transmitted power, that is, 


Wo = V3F,4 kW., 

where Ei is the line pressure in kV. and I„ is the watt eom])onent of the 
current in amperes (that is to say, the “ active ” current per phase). 
The percentage reactance per phase will then be 


6 % = 




100 = 


Ep X 10 » E,10» 


where E^ kV. is the phase pressure and Ei kV. is the e.m.f. between any 
two lines. 

From the expression (41) it is seen that 

Xj, = -4-- — sm 0 = -L — ~ sin 0, 

W VSE^I^ 



ELECTRIC SURGES IN TRANSMISSION LINES 491 


so that the percentage reactance per phase maj be written 

e% = (sin 0) X 100 . . . . (43) 

Taking a normal value of 0 to be about 40'' as already stated, in the 
foregoing, then the total permissible percentage reactance will be about 
64 per cent. Assuming the reactance Xq of each generator to be about 
10 per cent, and the reactance of each transformer to be about 10 per 
cent., then 

64% = Xy = {2{x„ + Xy) + XjJ = {2(10 + 10) + 

SO that must be not greater than about 24 per cent. Tl)at is to say, 
the angle 0 between the line pressure vectors in Fig. 33 must not be 
greater than the value given hy sin 0 = 0*24, so that 0 must be not 
greater than about 14". 

For example, suppose a transmission line is operating at 220 kV. line 
pressure, and assuming the surge impedance to be Zq — 350 SJ j)er phase, 
the natural power of the transmission line will then be (see page 478), 

IF =. 103 kW. = 140,000 kW. 

350 


If the reactance of the line is taken to be — 0*4 Q per phase per 
kilometre, which is a reasonable practical value for overhead linos, then 
the maximum distance of transmission which is j)ermissible if the angle 
0 is to be not greater than about 14" when the transmitted power is 
140,000 kW. will be s km., where (see Fig. 33), 


sin T =- 012 


and 

so that 


j __ 140,000 

“ 220^/3’ 


2202 X 10® X 0-24 
140,000 X 0-4 


= 207 km. 


The limitation of the transmission distance due to the stability require- 
ments is thus found to be about 200 km. If it is required to transmit 
])ower over greater distances, one method is to run several lines in ])arallel, 
thus reducing the percentage reactance of the line : this method is, how- 
ever, very expensive. For very long distance transmission a more 
economical method is to sectionalise the line into lengths of about 
200 km. and at each junction of neighbouring sections to connect a 
synchronous machine. This machine will not be required to supply any 
active power, but will apply to the line an e.m.f. equal to the line e.m.f. 
The angle of the pole displacement 0 between neighbouring machines 
will then be within the limit fixed by stability requirements, and by such 
means it becomes possible to transmit power economically over distances 
vof practically unlimited length. 



Chapter XVI 

THE PROPAGATION OF ELECTROMAGNETIC WAVES 
THROUGH SPACE 

Closed and Open Electromagnetic Circuits 

W ITH the exception of Cha])ter XV the electric circuits which 
liave been dealt witli in the previous parts of this book have 
been those whi(jh comprise an essentially concentrated induct- 
ance and an essentially concentrated capacitan(?e, and the fundamental 
characteristics have been investigated for oscillatory circuits such as that 
which is shown, for example, in Fig. 1. In such circuits, when the con- 
denser is charged the electric field which is produced is confined almost 


I 

I 



Fig. 1. 


Fig. 2. 


entirely to the dielectric enclosed between the charged plates. As this 
electric field disappears, the corresponding energy is transformed into the 
electromagnetic energy associated with the magnetic field linked with the 
coils of the inductance. The oscillating current due to this periodic inter- 
change of energy between the condenser and the inductance gradually 
decays in amplitude mainly on account of the loss of heat energy in the 
resistance of the circuit. Even if no such circuit resistance loss occurred, 
however, there would still be a gradual dissij)ation of energy due to the 
fact that there will always be a certain amount of stray lines of electric 
force which do not complete the ])ath across the dielectric between the 
condenser ])lates. These stray portions of the electric field and the 
consequent energy associated with them are not confined to the local 
circuit of inductance and capacitance, although, in jiractice, the amount 
of this stray energy is, in general, relatively very small and need not be 
taken into account here. 
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If the arrangement of the components of the closed oscillatory circuit 
is modified to form a single straight conductor to each end of which a 
caj>acitance y)late is fixed, then an open oscillatory circuit is obtained, 
as is shown diagrammatically in Pig. 2, and this arrangement forms, in 
fact, a simple dipole antenna. In Fig. 3 the lines of electric force (dotted 
lines) are shown for such a dipole antenna and they are seen to extend 
over a wide range of the surrounding space : in Fig. 3 are also shown 
a few representative equipotential (chain-dotted) lines, Pi, Pj : that 



Fig. th 

is to say, the lines of force are traces in the plane of the paper of corre- 
sponding surface of electric force and the equipotential lines are the 
traces in the plane of the paper of equipotential surfaces which every- 
where cut the surfaces of electric force at right angles. As the condenser 
charges and discharges and so produces an oscillatory current then, 
owing to the finite velocity (3 x 10^ km. /sec.) of the movement of the 
lines of force in space, tliey cannot all return to the antenna in the time 
of one-quarter cycle of the oscillating current and consequently the 
corresponding energy associated with the lines (or tubes) of force is 



Fig. 4. 


radiated out into space, and from what has been said it will be clear 
that the higher the frequency of the oscillating current the higher will 
be the proportion of radiated energy. 

Associated with the lines of electric force, as shown in Fig. 3, are lines 
of magnetic force which are not shown in that diagram, but are shown 
in Fig. 4 ; the two sets of lines of force arc inextricably intermingled in 
contrast to the more definite se])aration which is typical of the closed 
circuit of Fig. 1. Such lines of magnetic* force are a series of concentric 
circles whic^i are at right angles to the lines of force, these concentric 
circles again being traces in the plane of the paper of surfaces of mag- 
netic force cutting at right angles the surfaces of electric force. For the 
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plane through the midpoint of a dipole antenna the magnetic lines of 
force are shown in perspective in Fig. 4. 

As the antenna charge oscillates, the change of the magnetic field 
involves, and give rise to, a corresponding change of the electric field 
and vice versa, the change of the electric field involves and gives rise to 
a corresponding change of the magnetic field. Such mutual changes are 
illustrated in Fig. 5a and 56, and the electric field which surrounds the 
antenna can therefore bo specified at any place either by the p.d. between 
two adjacent equipotential surfaces expressed in volts per metre or by 
the strength of the magnetic field expressed in oersted. 



f") ib) 


Fig. 5 . 

The Maxwell equations define the associated electric and magnetic 
phenomena of an electromagnetic field which is propagated in space, and 
the Maxwell-Hertz equations define the phenomena associated with the 
propagation of the electric and magnetic fields due to a simple dipole 
antenna as exemplified in Fig. 2. 

In Chapter XV the electric and magnetic fields between transmission 
lines have been dealt with, this problem having involved a consideration 
of the distributed inductance of the lines and the distributed capacitance 
between the lines. Such transmission line problems do, in fact, provide 
a link between the completely closed oscillatory circuit of Fig. 1 and the 
essentially open oscillatory circuit of a radiating antenna. 

The Maxwell Equations 

In Fig. 6 is shown diagrammatically the flux of electric force of 
intensity (S electromagnetic units crossing at right angles, the surface of 
Q sq. cm. area. The density a of the electric displacement charge over 
this area is given by the relationship [see also Chapter III, expression (89)] 

(T = f ® in electromagnetic units, 
cMtz 

where e is the dielectric constant in electrostatic units and is the 

dielectric constant in electromagnetic units (see also Chapter I, page 6) : 
for open space e = 1. 
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The “ electric displacement current ” across tlie area of Q square 
centimetres will then be given by the equation 

^ ^ ^ ®l<3ctromagnetic units, 

that is 



But 4;r^ is the miignetoniativc force round the boundary of the area Q, 
that is 

= • • • . • ( 2 ) 

where is the intensity of magnetic force along the boundary of the 
area Q. Hence, combining (1) and (2) gives 

.... (3) 

since for open space e = 1, as already stated in tlie foregoing. 



Fig. C. 7- 

In Fig. 7 is shown, diagranunatically, the magnetic flux ^ of 
intensity in electromagnetic units, that is gauss, crossing at right angles 
the surface of S sq. cm. area, so that the “ magnetic disjilacernent 
current ” 9JJ in electromagnetic units is given by the equation 

the “ magnetic displacement current ” 'JJi of (4) being the counterpart 
of the “ electric displacement current ” :o: of (1). The magnetic intensity 
is measured in electromagnetic units, that is oersted, the magnetic 
permeability for open space being p = 1, also in electromagnetic units. 
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But 4jrS!J{ = (t)@ dl (5) 

where the integration is taken round the boundary of the surface S, 
Combining (4) and (5) gives 

.... (B) 

Now, suppose that an electromagnetic wave-front of uniform intensity 
and of infinitely large surface is at the moment to in the jjosition shown 
by the square surface abed in Fig. the direction of travel of the wave 
being at right angles to its front, that is, in the direction of the x axis 
as is shown in Fig. S. In the clement of time dt the wave front will 
move through the distance dx cm., so that at the time (^o + bt) it will 



have reached the position defined by the square surface a'b'c'd'. In this 
clement of time bt, the magnetic flux which enters the shaded vertical 
area {GG'NN' = S l,dx sq. cm.) will be 

. d<l> - 33. /S = i].Ldx ■= SQ.fiJ.bx, 

so that, by equation (6), the induced e.m.f. round the shaded vertical 
area GG'NN' will be given by 

= . . . . (7) 

Similarly, the flux of electric force whicli enters the horizontal shaded 
area {HH'KK' = Q = Ldx sq. cm.) in Fig. S will be 


0 == in electromagnetic units, 


that is [as in equation (1)], 

. ^ d& d e , dx 


dt dt 


dt 


(S) 
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so that, from equations (3) and (8), 



Now, the expression dl on the left-hand side of (7) is the line 

integral of the electric force (S taken round the boundary of the area 
GG'NN' and due to the magnetic flux d<l> which crosses this area. The initial 
value of this line integral is G . Z and the flnal value is zero, so that the line 

integral in (7) may be written — Q.l. Similarly, t lie lino integral 

in (9) may be written and consequently the equations (7) and (9) 
become, res])ectively, 

Q.1 = 

dt 

r 1 T dor 

= e J ,, 

dt 

If these two equations are now multiplied together it is found that 
the s])eed of travel of the wave-front is 




. ( 11 ) 


and since, for open space, // = 1 and r == 1, the speed is then 


c = 3 X 10*® cm. ])er second 


( 12 ) 


The Maxwell-Hertz Equations for the Propagation of the Electromagnetic 
Field due to a Dipole Antenna 

The Maxwell-Hertz equations are based on the assumption that the 
length of the dipole is relatively so small that the current may be assumed 
to be uniformly distributed throughout its length. Fig. 9a and 96 
show an element of a spherical shell forming the envelope of the electro- 
magnetic field due to the dij)ole, it being observed that at distances 
which are great in comparison with the length of the dipole, the electro- 
magnetic field can be assumed to be of spherical shape as illustrated in 
Fig. 9a and 96. The equations which define the propagation of the 
field will be derived from the relationships which exist betwefen the 
electric and. magnetic forces associated with the element of the spherical 
shell as shown in Fig. 9a and 96. 

This element of the spherical shell is bounded by radial planes which 
are relatively displaced by the longitudinal angle d& and by the two 
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vertical planes enclosing the angled d^. The lines of magnetic force will 
only be developed in horizontal planes, whilst the lines of electric force 
will have a component (£, in the radial direction of the sphere and a 
component in the longitudinal direction as shown in Fig. 96. The 
Maxwell equations for the line integral of each of the components of the 
electric force and the line integral of the magnetic force may then be 
written down as follows : 

(i) For the Surface Fig. 9a and 96. 

+ ~^tdr -~Q(rd0 . (13) 

and since from equation (6) on page 


C) 


^dl 


dt 


where S r.dr.dO, 


Then, after expanding the terms on the right-hand side of (13), this 
equation reduces to 

+ . . .(14) 

dr ^ r ^ r de dt ^ ’ 

(ii) For the Surface Pglcm of Fig. 9a and 96. 

vsin 0 1 | ^^lQ^r.d<f)Hin{0+d0) . (15) 

and since from equation (3) on page 495, viz., 

1 d 






c^dt 


(y.CJj) : where Q - r.d0[r,d^ sin 0) 


it follows that, after expanding the right-hand side of (15), this equation 
reduces to 


1^ , ^ , 1 
-S) cot 9 f 
r r or) 


1 ae, 

dt 


[iii) Foe the Surface PP^ mw, of Fig. tta and !)6, 

dZ = — ^rdif) sin 9 f dr)d(j> sin 9 

and again, using the relationship of equation (3), 


(16) 


(17) 




^ dl — ^ ^ r(Q6r) : where Q ^ dr{r.d(f> sin 9), 
dt 


equation (17) becomes 


Ir , 
r Of 


1 agi 

C2 dt 


(18) 


The expressions (14), (16) and (18) are the Maxwell-Hertz equations 
for the propagation through space of the electromagnetic field of a dipole 
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antenna. For convenience these three fundamental equations are 
assembled below ; 


1 ^ ag, G, ^ dp 

r d& dr r dt 


* /I 1 

-!q cot 0 = , ~ 
r’^ dt 


• (19) 


dr 


c2 dt 
1 

{*2 df 


The three simultaneous equations (19) may be solved by means of 
the “ Hertz Vector 3 h which is dependent only u])on r and t. In 
accordance with a pro])osition enunciated by Hertz, the vectors (S^, 
G, and may be respectively written 

~ 2c2 „ a>lH 

r dr 

g, = - sin &(- • • (20) 

\r dr dr^ ) 

8- 

If, in addition, 3 h satisfies the equation, 

^ I , (21) 

5(2 r dr dr'^ 


which will be the case if 

rx Zi-a 
= “ sm 

that is, if 


’(' - 'Ky ■ 0 


3h= “sina . . . . (22) 

r 

then the solution of the simultaneous equations (19) for the pro])agatioii 
of the electromagnetic field through s])ace will be 
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In applying these equations it is to be observed that two distinct 
cases have to be considered, 

(t) The distance r is grejit in comparison with the length q of the 

dipole, but small as compared with the quantity . 

271 

A 

(ti) The distance r is great in comparison with tlio quantity 

271 

Case I. — The Distance r is Small in Comparison with — In equa- 

271 

27Z 

tions (23) tlie quantity r- can be neglected and writing for a its 

A 

/ 

equivalent (o\ 


(24) 


It is to be noticed here that the equation (24c) for the vector // is in com- 
plete accordance with the Biot-vSavart-Laplace Law (see Chapter VIII, 
page 211), viz., 

^ iq sin 0 V2lq sin 0 . , , 

<(>) 

where 1 is the r.m.s, value of the current measured in electromagnetic units. 
If this expression is equated to (24c) it is seen that 


(on ““Y equations (23) reduce to 


^ 2c^Z» ^ . /, 

Cr- = - - - cos 0 sin rof f 

-) • • • 

(0) 



©1 = — sin 0 sin 

-D- ■ ■ 

(b) 

M 27TCZu . /, 

^ “ sm 0 cos (o\ t 

^ r^A \ 

-3 ■ ■■ 

(C) 


27icZ^ 


from which it follows that 


in 0 cos o)( t — 0 sin {o>t — S) 

\ q 

V2lgX 


z„ = -■ 


27tc 


(26) 


since for small values of - , cos 

c 


^t cos a)t, and since from 

equations (24) the vectors $ and @ will be 90° out of phase in time, that is, 

(f) = 5, which also means that the current is 90° out of phase with the 
2 

electric force. 
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If the value of given by the expression (25) is substituted in the 
equations (24) it is found that 

cV2lql 
nr^ 

c y/^IqX . 




cos 0 sin 


_ y/2Iq . 


T sin 0 
2nr^ 


$ 


sin 0 cos (jy 


0 sin o)^ — 


• (26) 


Those equations show the important and remarkable result that the 
electric and magnetic field vectors are displaced in time by one-quarter 
of a period relatively to each other. This relationship signifies therefore, 
that during one half-j>eriod energy is radiated outwards from the dipole, 
whilst during the next half-period energy is flowing back into the dipole. 
It follows, therefore, that within the distance r from the dipole where r is 


small comx)ared with 


2n 


the greater i)ortion of the energy stream is 


wattless. 


Case II. — When the Distance r is Large in Comparison with — In 

2 : 71 : 

this case the simultaneous equations (23) become simplified by neglecting 

those terms in which or ap})ears as a multiplying factor so that 

after substituting for the value given in expression (25) the equations 
become : 


g, = 0 


The extremely important and remarkable result is now obtained that 
the electric and magnetic field vectors are in phase with one another in 
time so that the energy will now be streaming continuously outwards. 


Radiation in the Direction Perpendicular to the Axis of the Dipole 

This direction of radiation is of the greatest practical importance and 
is defined by (see Fig. 9a), 

0 = ^ : cos 0 = 0: sin 0 = 1. 

2 

If these substitutions are made in the general simultaneous equations (23), 
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and if the value of given by the exj)ression (25) is also substituted, the 
following relationships will be obtained, 

g, -0 

__ (c ^/2IqX __ 2nc V 21 
27ir^ rX 


®,=(^ 


) 


, .c V 21 q 


K 2nViIq .V2Iq 
® = ■ rX 


(2H) 


In this form of the expressions for the vectors Si and the terms in 
equation (23) which contain sin a are taken as real quantities and the 
terms which contain cos a as imaginary quantities. The expressions for 
gi and ^ in equations (28) give the respective peak values. 

The linear quantities r : X : q : in equations (28) are expressed in centi- 
metres, the electric force g] in electromagnetic units per centimetre, the 
magnetic force § in electromagnetic units, and ^lio current I in electro- 
magnetic units. For practical purposes, however, it is more convenient 
to express the electric force in volts per metre ; the magnetic force in oersted ; 
tlie current in r.m.s. amperes ; and the linear quantities r \ X:q \ in metres. 
The lengtli q of the di])ole may be expressed in terms of the ‘‘ equivalent 
height ” of the antenna, q = 2h (see also page 507). The equations (28) 
may then be written in tlie form : 


(S = G = - 37 7 

[ rX 

- nih . Ih , , 

fe = — ^ — -- + h. r.m.s. oersted 
^ 250Ar •'500r2 


+ r.m.s. volts j)er metre 


(29) 


Reference should also be made to the vector relationshi})s shown in 
Fig. 96 for g and 

The distance beyond wliich the energy may be assumed to stream 
continuously outwards is r ^ 4^ and the equations (29) then reduce to 
the very simple form 


I h 

G = 377 ■ r.m.s. volts per metre 
r.A ' 

^ 71, 1. h . j 

S = , r.m.s. oersted 

^ 250A.r 


(30) 


The Magnitude of the Radiated Electromagnetic Energy 

It has been pointed out already on page 601 that the Maxwell-Hertz 
equations assume that the length q of the dipole is so small relatively 
to the radiated wave-length that the current may be assumed to be 
uniformly distributed throughout its length, and although in the case of 
an actual antenna, the current is not uniformly distributed throughout 
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its length, the Maxwell Hertz equations may still be applied if the 
“ equivalent height ” of the antenna h be used in the formulae instead 
of the geometrical height H ^ fsee also Fig. 14, page 507), that is 

q = 2h = 2.-H^ .... (31) 

71 

At, distances from the antenna, which are great in comparison with 



Fig. 10 . 


the wave-length A, that is to say, within the “ radiating range ’’ of the 
antenna [see page 502, Case II], the electromagnetic field due to the 
antenna of equivalent height h may bo taken to bo radiated in the form 
of hemispherical waves as shown in Fig. 1 0, in which a diagrammatical 
representation of a section in the plane of the paper of one such hemi- 
spherical wave is shown. In Fig. 11 is shown the radiated electric field 



of the antenna, whilst the distribution of the electric field in the neigh- 
bourhood of the antenna is shown in Fig. 12 and the distribution of the 
magnetic field in Fig. 13. 

Now it is to be observed that the field due to a dipole as already 
considered on page 493, and shown diagrammatically in Fig. 12 is sym- 
metrical about a plane through the midpoint of the dipole and at right 
angles to its length. If the earth’s surface is assumed to be a perfect 
conductor and consequently does not absorb energy from the travelling 
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waves, then the dipole of length q may be considered as being equivalent 
to a vertical antenna of height h in combination with its image in the 
earth’s surface as shown in Fig. 12, so that the expression for the electric 



12 . 


and magnetic fields of a dipole may be directly applied to the case of 
a vertical antenna. Reference to Figs. 10 to 13 will make this clear. 

The volume of the hemispherical shell shown in Fig. 10, for which 
r is much greater than A, that is, for the radiating range of the antenna, 
is very approximately 

V — c.cin. .... (32) 

Tvhen r and X are expressed in centimetres. 



Ftg i:i. 


The energy stored in such a hemispherical shell and due to the electric 
force of intensity (J is (sec page 118, Chapter IV) 


I'E = ergs . . . (33) 

where ® is the intensity of the electric force in electrostatic units, dv is 
the element of volume in cubic centimetres and f = 1 for open space. 
Now, it has been shown on page 502, expression (27), that 




27i.cV2l.q 
~ r.X 


sin 0 sin co 



in electromagnetic units, 
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that is 


^ 2jtV2l .q . 

@ = - sm I 

r.A 


sm CO 


(‘- 0 * 


in electrostatic units . 


( 34 ) 


where I is the r.m.s. value of the current in electromagnetic units : 
X : r and q : are each expressed in centimetres and c == 3 x 10^® cm. per 
second, that is, the velocity of light in open space. 

The peak value of @ will be obtained at the surface of the earth, 

7t 

that is, when 0 = so that 




in electrostatic units 
rX . 


(35) 


But the magnitude of E will vary sinusoidally in the radial direction from 
X 

r to r - (see Fig. 10) and will also vary sinusoidally in the circum- 

ferential direction from 0 = ^ to © = 0. The mean value of for the 

2 

whole volume of the hemispherical shell can then be shown to be 
i X I = J times the maximum value {E^ax)^, 

The energy stored in the hemispherical shell due to the electric force 
may then be written [see equations (32), (33) and (35)] : 


that is 




An equal amount of energy will also be stored in the hemispherical shell 
due to the magnetic intensity which is inextricably associated with 
the* electric force (S, so that the total amount of stored energy in the 
shell will be (see also Chapter XV, page 463) 




and substituting q == 2A, then the total energy stored in the hemispherical 
shell will be 


jj /\&\n^X(Ih\^ . , 


(36) 


• If the transmitter frequency is / hertz, then / = ^ and the periodic 

A 

time is T = ^ , so that the mean rate of flow of energy through the 

hemispherical shell, that is, the radiated power y will be 


W — Hi — 


167r*c /IhV 


3 X 10’ 


(?)’ 


watts 
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where c = 3 x 10^® cm./sec, and I is the r.m.s. value of the current in 
electromagnetic units. 

If the current is expressed in r.m.s, amperes and h and A in metres^ 
the radiated power will be 


W = 


. (37) 


that is If = 


where Rj^ ohms is the “ radiation resistance ” of the antenna and repre- 
sents the load on the antenna due to the radiated power. The current 7 is 
assumed to be measured at the base of the antenna, that is, at the position 
of maximum current. For example, in the case of a quarter- wav<‘ antenna 

so that A = — 

271 

and the radiation resistance will be 

Rj^ = 40 Q. 

Making the appropriate correction to take into account the fact that the 
current is not distributed quite sinusoidally along the antenna, the radia- 
tion resistance then becomes 

Ru = 36-6 Q (38) 


In Pig. 14a and 146 is shown a vertical quarter- wave anetnna of 
height H and having a sinusoidal distribution of current, the magnitude 
of which is T at the base of the antenna. Then it is easily shown (see 



(a) 


(b) 


Fig. 14 . 
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Fig. 14a) that if the current were to be Uniformly distributed along the 
antenna and of magnitude 1 the height h for which the current volume 
would be the same as in the actual current distribution, will be given 
by the equation 


h H 


71 


and, consequently, h is termed the equivalent height ” of the antenna. 

Alternatively, it is easily shown that the uniformly distributed current 
in the actual antenna of height 11 which would give the same current 
volume as that of the sinusoidally distributed current will be, 



as is shown in Fig. 146. 


Antenna Characteristics 


It has been seen in Chaj)ter XV, page 479 (see also Fig. 16, page 473), 
that when, for example, a single-phase transmission line is open-circuited 
at the receiver’s end, standing waves of pressure and current are produced. 
It has also been seen that when the length of the transmission line is 
equal to one-quarter of the length of the standing wave, then, neglecting 
the resistance of the lino, the pressure at the generator end of the line 
necessary to maintain the standing wave will be negligibly small. The 
relationship between the generator frequency / hertz, the wavelength A 
and the speed of })ropagation c is 


- C 271C 
A = „ = - - cm. 


when c = 3 x 10^® cm. per second. 

Now, su])pose that a straight conductor be supported vertically, the 
lower end being connected through a generator to earth 
so that the earth forms one pole of the circuit and the 
vertical conductor forms the other, as shown in Fig. 15. 
If it be assumed that the electrical ca])acitance per 
unit length of the conductor is C farad and is uniformly 
distributed throughout the length, and that the induct- 
ance per unit length is L henry and is also uniformly 
X, distributed, then the surge impedance will be (see 

Fig. 15 . Chapter XV, page 460) 


H 

L. 


Zo 



ohms, 


also 


c 


—i— =3 X 10^® cm. Tier second, 

VLC 


when L and C are the respective value of inductance and capacitance per 
centimetre length. 
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If the generator supply frequency is / hertz and the height of the 
conductor H is such that 





1 

fVL.C' 


then a condition of resonance will exist and the current and pressure 
will be defined by the standing waves as shown in Fig. 16. 

In the case of such a quarter-wave antenna the cur- 
rent will always be zero at the up])cr end and will increase 
sinusoidally towards the lower end, where the current 
will have its maximum value It will be seen, 

therefore, that the e.m.f. due to the inductance per unit 
length near the foot of the antenna will be greater 
than that duo to the inductance per unit Umgth near 
the top. Similarly, the e.m.f. due to tlie capacitance 
per unit length near the foot will be greater than 
that near the top. If, however, it is assmued that 
the total current which is flowing in the anionna at 
any moment is uniformly distributed throughout 
its length, then it is easy to see that the magnitude of this equiv- 

2 

alent uniformly distributed current will be The total e.m.f. 

71 

induced in the antenna due to the sinusoidally distributed current will 
be and this will, of course, be the same as that due to the 

7t 

2 

uniformly distributed current of magnitude - . The same result 

71 

will clearly be obtained if the sinusoidal current distribution is main- 
tained and the effective inductance ])er unit length of the antenna be 

taken to be -L henry. In other words, instead of a circuit witli distrib- 
uted inductance of total value L x // it may be assumed that the 

2 

inductance is concentrated or “ lum])ed ” into a total value —-Lx //, 

71 



j ^ 

‘rnax 
Fiy. 1 (>. 


2 

and for similar reasons a “ lumped ” capacitance x H can be 

71 

assumed to replace the distributed capacitance and a “ lum])ed ” 
resistance = ^~RH to replace the distributed resistance. 

71 

The antenna circuit can then be considered as being equivalent to 
the circuit shown in Fig. 17. For this circuit the natural frequency is 



1 

271 V LqCq 




1 

iHVLc;’ 
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c 1 

but since ^ ^ where c = — = 

/ Vlc 

it follows that X — 4H, 

which is in agreement with the wavelength of the actual antenna. 

The logarithmic decrement of the oscillations in the circuit of Fig. 17 
(see also Chapter X, page 321) will be (see Fig. 18) 



Fig. 17 . Fig. 18 . 


where r = 'ZtiVLoCq and is the time of one complete oscillation. 

A = LjO, = 

2i/o V Jvo ^0 

where Zq — and is the surge impedance of the antenna. 

V V 0 

This result may also be written 


and is the surge impedance of the antenna. 



Hence 


(39) 


where h = -H and is termed the “ equivalent height ” of the antenna. 

71 

If, instead of the sinusoidal distribution of the standing wave of 
current, it is assumed that the current is uniformly distributed and has 
a magnitude for ^ measured in metres 

I,aax.^ metre-amperes .... (40) 

will be of the same magnitude as the corresponding quantity for the 
sinusoidally distributed current in the antenna of height H metres. 
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The quantity I^^h meter-aynperes is used as a measure of the power 
of a transmitting station. 

The expression (39) for the logarithmic decrement A may be derived 
in a somewhat different way, as follows. In the diagram for the standing 
waves shown in Fig. 16 it is assumed that the waves are at their maxima 
so that the current is the maximum in time as well as in space. 
The electromagnetic energy which is then stored in the inductance Lq, 
viz. y will be a maximum. After one half-cycle the whole of this 

energy will have become transformed into electrostatic energy stored in 
the dielectric of the capacitance of Co, the amount being 

^Co( V^„j. )*, which is therefore equal to iLo(I^jr V joules- 
That is to say, twice during each cycle the stored electromagnetic energy 
of amount joules will become transformed into electrostatic 

energy stored in the capacitance. The number of such transformations 
per second will then be 2/ and the corresponding rate of energy trans- 
formation will then be 


2/(|Lo/mar®) Watts. 

The rate of dissipation of energy in the resistance of the circuit during 
this process will be 

Watts. 

The damping will then be given by 

m^oilmarr] 2f.L„ 


that is 
or 

where 

Otherwise 


d = 


R X /C ^ 

2 c.L 2 Vi/ 

A =X.p 


= 

A = 


neper per km. 

2Zo 

R X ^RWVLC 
2 cL 2 L 




TtRh 

Z, 


(41) 


since A ~ for a quarter-wave antenna. This expression for A is 

the same as has been obtained already in expression (39) (see also 
Chapter X, expression (29), page 321). 

Since the antenna will be required to radiate not only the carrier- wave 
but also the side bands, the damping must be such that no serioi^s dis- 
tortion of the amplitudes of the high-frequency waves will take place. 
In the case of an overhead transmission line the damping factor ft is 
given by the relationship (see Test Paper, Chapter XV, Example 14) 



^ 1 
-- neper per km. 

^u/jq 
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is the surge impedance of the line. 

For a vertical antenna the damping is given by the same general 
expression as will be seen by reference to expression (41), page 511, and 
the damping resistance R can be assessed by the following method. 
First assume that the antenna has no damping and also that the current 




Fig, 19 . 


is sinusoidally distributed along the antenna. Then, provided the 
antenna is not too short in comparison with the wave-length, the damping 
rdsistance R in the above expression may be assumed to comprise the 
resistance loss in the antenna conductor itself, and the radiation 
resistance and, as a first degree of approximation, the resistance R.h 
(where h metres is the height of the antenna) may be assumed to comprise 
exclusively, the radiation resistance Rj^^ (see expression (38), page 507). 
It is now to be assumed that this radiation resistance is uniformly 
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distributed throughout the whole length of the antenna, the radiated 
power being then expressed as follows : 

[\mds 

Jo 

, . y . 271S 

where ^ / sin - - 

A 

and s metres is the distance measured from the top of the antenna. Then 


so that 


Wji =- Sin^ ds = 


R.h = 


2Br 
. 47tj' 

sm —A 
A 


471 . 


h 


. (41a) 


and this gives the value oi R.h which is to be inserted in the expression (41 ) 
for the logarithm decrement of the whole antenna, that is 

A —271 2~\J i, 


or A — 27ip.h 

where {i =- 


It is to be observed that the radiation resistance of an antenna 
depends not only on its height and the wave-length used, but also on 
the way in which the current is distributed along the antenna conductor. 
This is particularly the case when the antenna is “ loaded with auxiliary 
capacitance or inductance, the most general type of such a loaded antenna 
being shown in Fig. 19a, where 1 is the length of the antenna conductor. 
A very important examj)le of a loaded antenna is shown in Fig. J9/>, 
and Fig. 19c gives the radiation resistance R ^ of this system as a function 


of the ratio 


I 


The total effective capacitance of an antenna of height H will be the 

2 

total capacitance of an antenna of effective height li = H, that is (see 

71 

Chapter TV, page 104, formula (14), Fig. 10) 


Co 



farad, 

9 X 1011 


LL 
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and the total effective inductance will be 

Lo = (^h log^ 10 “ henry. 
The surge impedance will then be 



or 

Zo -= 60 logp ohms .... (42) 

r 

For example, if the antenna wire has a radius r of J-inch and is 150 metres 
high, then 

2 

h = - 150 X 102 cm., and r = 0*32 cm., 

71 


so that Zo = 60 log, ^ -= 660 Q. 

0-32:;i 


rH 



77777777 


Fiq. 20 . 


If a vertical antenna of height H is i)rovided with a 
horizontal cross- wire at the upper end, as shown in 
Fig. 20, this horizontal member provides, in effect, a 
caj)acitance of K farad connected to the uj)per end. If 
the resistance of the antenna system is negligible the 
equation for the pressure at any distance s from the 
upper end is then [see Chapter XV, page 472, equation 
(24)] 

SS. = m2 + 4- - ^2Zo]e 


where = jwK'iSt, 


so that S5g = 9S2 [cos (xs — (oKZq sin a^] 

= ^9S2[cos (xs cos 0 — sin as sin 0] Vl + [oyKZf^Y 
where tan 0 = (oKZo, 


Hence $8g = SS 2 V 1 + (coXZo)^ cos (as + 0), 

For a ^pressure node at the foot of the antenna, that is, for s — H, then 

aSjj == 0 - cos (a^ f- 0 ), 

that is off + e = ? : . 

2 2 2 
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or 


and since 


271 


37t 

~2 


fl : . . . 


Z 71/ Z \Z 71/ 


SO that, if K ~ 0, then 0=0: and 

ft . 

^=4* - 4 “ 

and the first two of these wavelengths are shown in Fig. 21. 

71 


For K = CO : 0 = 


and A = 00 for all values of 0. 




The current at any point in the antenna distant from the upper end is 

32^o]e-^“ 




1 58, 




9S 

= - ^j sin OLS + Jct>iL9S2 cos.a^ 

Z/q 

= j ^*[sin 05 + (jdKZq cos 05]. 

Zq 

At the foot of the antenna : 

Vi + (oKZomi (olH + 0) : where tan 0 = coKZ ^ : 

"0 

, T . rr . /I ^ 

so that for Ijj a maximum : o« + ^ ~ 2 * *2 ’ * ’ * 

If A = 0, then 0 = 0, and 

«■ _ . 
jfl r- . -7/3 .... 

4 4 
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If a pressure anti-node is to appear at the foot of the attenna, then 
Vji will be a maximum, so that 

[olH + 0) = 0 : 71 : 2jr : . . . 

The equation + 0 ) = 5 . 0 gives a negative value for ff , so that this 
has no practical significance and the successive values for the height of 
the antenna are : 

H==\2n-0)^ - 0) = ^2 - 

Oii 271 2\ 71/ 

and so on, for successive values of the wavelengths. 

For K = 0 : then 0 == 0, and H = : A 4 

the first two of these wavelengths being shown in Fig. 22. 

A general relationshi]) connecting the wavelength A of an antenna 
and the height H (see Fig. 20 ) is as follows ; 

(43) 

for which the constant k can be obtained from the following table : 


— — — — — 



Ti/pe of Antenna 

k 


Single vortical wire 

41* 


Single inclined wire 

4-2 

Single straight wire at height of 1 metro 


above the earth 

5 



i 


T antenna with short cross-wire 

4*5 to 5 

1 

T antenna with longer cross-wire 

5 to 7 




T antenna with long cross-wqre 



b ^ (2 to 3) H 

9 to 10 

Umbrella antenna 

6 to 8 


Umbrella antenna with many wires 

8 to 10 




L antenna 

6-5 

1 — 





* Due to the capacitance not being uniformly distributed so that the standing waves 
are not strictly sinusoidal. 
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Tuning an Antenna 

In Fig. 23 is shown a vertical antenna in the base of whieli a reactance 
of Xj ohms has been connected in series, and for the investigation of 
the current and pressure relationships for this system the general trans- 
mission line equations (24) on page 472, Chapter XV, may be used. 

= m2 + ^2Zo)e^^^ + m2 - :s2Zo)e 

In these equations as applied to an antenna system, the current ^2 — 0. 



Fig. 2.*}. Fig. 24. Faj 25. 


At the base of the antenna s — H, so that 

= ^^8 COS a.H : j 

"0 

Also, the generator e.m.f. is where 

Ga == 4- ShXa = cos {<^H) 4 sin (xH). 

"0 

For resonance == 0 = cos {olH) + ‘ sin (a/f). 

Case I. — If == series rea(*tance is inductive, then 

0 = cos (olH) — sin (a^f), 

"0 

so that cos(aH + 6) = 0 : where tan 0 = 
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Hence for the fundamental wave-length 

n X 

and if, for example, 0 = - ; then H = 

so that the fundamental wavelength is Ai = 8H and this condition is shown 
in Fig. 24. It is seen, therefore, that the effect of connecting an induct- 
ance in series with the antenna is to bring the antenna into resonance for 
a loriger wavelength, that is, for a lower frequency than that corresponding 
to the geometrical length of the antenna. 


Case II.— If 


^<aK’ 


where K is the capacitance in farad of 


the condenser shown in Fig. 25, then 


where 


®A = SSaiCOs (aH) + sin (aH) 


tan 0 = 


9 S 2 cos {cf.H — 0), 
1 

coKZo 


For resonance, cos (cnH — 0) — 0, so that for the fundamental wave- 
length Xi 


{olH 


if, for example, 
that is, 


0) = I or ^ 



0 = then H = -A., 
4 8 


and this condition is shown in Fig. 25. That is to say, the effect of 
connecting a capacitance in series with the antenna is to bring the antenna 
into resonance for a shorter tva%)elength , that is, for a higher frequency 
than that which corresponds to the geometrical length of the antenna. 


Matching Antenna Circuits 

It has been seen in Cha])ter XV that when a transmission line is 
delivering its “ natural load ’’ to a consumer, the impedance of the 
consumer’s load will be equal to the surge impedance Zo of the line. It 
has also been seen that when this is the case, no reflexion effects at the 
consumer’s terminals will develop and, consequently, no standing waves 
will be produced. Such a condition of operation is ideally satisfactory 
and, consequently, the natural load is taken to be the datum of reference 
in the investigation of transmission line problems. 
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When the impedance of the consumer’s load is Z, = Z„, that is to 
say, when the line is transmitting its natural power, the vector of 
pressure and the vector of current in the line will be defined by the 
relationships 

If the resistance of the line is relatively small, then 

a. = 2. - . /| 

and the surge impedance will be a real ” quantity, in consequence of 
which, the vectors of pressure and current will be in phase at every point 
throughout the line. 

When the consumer’s load is not equal to the natural load of the 
line, it has been seen in Chapter XV, page 491, tliat the ideal condition 


r- 


u- 




/o- 





/ro- 


of operation may be very closely realized by injecting at each end of the 
line as well as at selected intermediate points, a suitable amount of 
reactive power. This process may be described as “ matching ” the 
transmission line to the load circuit. 

The problem of “ matching ” is of equal importance when dealing 
with the transmission of high-frequency currents and the nature of this 
aspect of the problem may be seen by means of the following example. 
Suppose a loaded antenna is represented by the resistance in Fig. 26 


and is connected to a feeder line of length ~ and of surge impedance Z®. 


It can then be shown that, if 7?* is the total impedance in series with 
the feeder lines ac and hd, that is, the impedance of the circuit cabd 
(Pig. 27), is 

Zr-J .... 


. ( 44 ) 
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Now, if the antenna circuit of total impedance Zjp were to be connected 
directly to the transmission line fg in Fig. 26, there would be, in general, 
reflexion effects produced at the junctions and corresponding standing 
waves would develop. It is, however, of vital importance that such 
standing waves shall not appear, otherwise the whole of the energy 
supplied by the generating station will not be transferred to the antenna. 
A further objection to the development of standing waves on such feeder 
lines is that the radiation which they would produce would cause serious 
interference with the radiation characteristics of the antenna. In order 
to ensure that such reflexion effects and consequent standing waves shall 
not appear at the junction fg, it is necessary to connect the antenna 
circuit cabd to the transmission line by means of a “ matching line ” of 
impedance as shown in Fig. 27. The magnitude of the requisite 
impedance Z,^ for this purpose can be found as follows. 








Fig. 27 . 


Since the impedance of the antenna circuit cabd is 

Z 2 

fZ "0 

the impedance of the system when the matching line is connected to the 
antenna circuit, that is, the impedance of the circuit fcabdg is 

.... (45) 


But if no reflexion effects are to be produced at the junction the impedance 
of the aerial circuit must be equal to the impedance of the transmission 
line, that is, 

must be equal to Zo, 

so that 



( 46 ) 



Appendix 1 

SOME MATHEMATICAL RELATIONSHIPS 


The Binomial Theorem 

(a ± 6 )^ = ± na^~^b + 

LL 

± ?L~_- =‘6* 4 

l-L 

The series on the right-hand side is finite if 7 ? is a positive integer and 
is convergent for a ^ b : it is infinite when n is not a whole number 
and also when n is negative. 


If a = 1, and 6 = - then 
n 


(n !)■ - 1 , 1 t 

li n 00 , then 


Ll 


(' - 1 )(‘ - 


Ll 


(' • ir ■ 


1 


'^Ll’ Ll^ ■ ■ ■ 


and thib is the definition of tlie base p of natural logarithius, so that 
6 = 14.1 f._^.- 4-... = 2-718282. 




Some Applications of the Binomial Theorem for all Values of n and for 

- I < JK? < -f I 

^ = (1 i: *) * = 1 T •« I T 3:M -r* T h ■ • • 

I or 

Vl±X = (l Jb 4-)i = 1 ± Jx - ± . 

V = (1 ± x) i = 1 q: ,^x + 4^^^x8 -f . . . 

V 1 ± .r 2 8 48 

V 

Some Square Roots 

Va^ ± b ± : when b is very small in comparison with a, 

2U' 

Va^ b^ 0*960a + 0*3686 : for a > 6, the error being < 4 per cent. 

of the true value. 

5?1 
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Va^ + ^ 0*939a + 0*3896 + 0*297c for a > b > c, the error 

being < 6 per cent, of the true value 

Formulae Relating to 

Plane Triangles 

5 = J(a -4 6 + c) 


a b c 

d sin a sin P sin y 

a — b cos y + c cos p : 


fy b = c cos a + a cos y : 

T ' c = a cos P + b cos a 

b 

a® == 6^ + -- 26c cos a : 

Fig. 1. 

Area of triangle ~ \a x b sin y 
~ J 6 X c sin a ^ c x a sin /I 

. a 

sm ~ , 

j{s - b){s - c) . ^ /«(« 3 a) 

2 


tan- = ^ 

hs — b){8 — c) ^ ^ 

2 

V s(s — a) s — a. 

where p is the radius of the inscribed circle. 

. . a , /I . y 

p ~ 4^r sin - sin sm ' 

^ 2 2 2 


_a X b X c __ /{s — a){s - b){s — c)| 

4 r X 5 V A' 

where r is the radius of the circumscribed circle. 


Some Mathematical Series 

The base e of natural logarithms is 

e 




also 


and, writing j -3 V — 1 


.x^ , a;® 




.ir» 


2*718282 


x^ 

''’ = '-*+]T-[3,+ ■ ■ 
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sin. a: = x 


Lie'Ll H 


+ . . . 


x^ 

3.8 2 17 

tan X = X -\ 1 — x^ -\ x’’ + . . . 

3 16 316 ^ 

_ * = 1 J- f* 4- 4 . 

sin X |_^ 1 6 

, , la:® , 1 X 3a:'’* , 1 X 3 X 5a:’ 

sin“’a: = a:^ — -+ + 

2x3 2x4x5 2x4x6x7 


for — 1 <Ca:< +1 


tan ’ a: = X - *■ + * - + . . . , for - 1< x < + 1 

*3 ' r 7 ‘ ’ - ' 


„ 2 2®x* 2Sx« 

cos® X = 1 - X® + -^ j- - + . . 

II. 11 


tan ^ j -|- x^ = 1 + 2 x J- 2 x® 4 - ^x® 

( 71 \ 4- 4- 

^ t- a: 1 = 2x + -X® + -x' 


sec * = 1 + 1 c 


rix* 61x® 

IX II' 


«•* - 1 ~ 2* 6|_£ 30 

/y2 />»3 <7»4- /jr»6 

log,(l±a;) = ±a;-- ~ ±--~ 


. for — 1 < 0 ? < +1 


I + X 


2(0: + ^ -f . . 


cos a; 

j sin a; = — e 

cos X + j sin X = 
cos a; — J sin a; = e 

De Moivre’s Theorem for all Real Values of n 

(cos X ±,j sin x)^ = cos wa; ± j sin wa: 
Some Trigonometrical Relationships 

sin (oi ± P) = sin ol co& fi ± cos a sin /? 
cos (a db /^) = cos a cos sin a sin p 
tan a ± tan p 


tan (a di /5) 


1 tan a tan p 
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sin 2x ~ 2 sin x cos x 
cos 2x cos^ X — sin^ x 


sin 


1 =/ 


- cos a 

~ 2 ~ 


cos 


1 - 2 sin^ X — 2 cos^ x — i 
a _ / 1 + cos a , a _ 

2 ~ V ~ 2“" * 2 ” 1 


sin a 
+ cos of’ 


Hyperbolic Functions 

Certain combinations of the exponential functions, known as hyper- 
bolic functions, have properties 
closely analogous in form to the 
circular functions, and in some 
respects they bear the same 
relationships to the rectangular 
hyperbola that the circular 
functions bear to the circle. 
Thus in Fig. 2 is shown a pair 
of conjugate rectangular hyper- 
bolae of which the half-axis is 
OA = 1. If from any point B 
on the curve a line BB' is 
drawn at right angles to the axis 
OA, and if OB and OB' are 
joined and from A a line AD is 
drawn at right angles to OA 
and cutting OB at D, then 

OC = Cosh <l> : DA = Tanh (f > : 

It can then be 



/j 

B 




1 ^ 


\C 

/ 


\ 


Fig. 2 . 


BC — Sinh (f> : 

where ^ is the area of the shaded portion OBAB'O. 
shown that the following relationships will hold, viz. 

x^ 

II d 
II Li 


Sinh <f> = ~ 


, a;*- , 


Cosh (f> — -f e~^) = 1 + 

rj, , , Sinh (b x^ 

Tanh <l> = 3:^, \ = x — 


7 

— x^ 
315 


+ 


Cosh<^ 3 15' 

Sinh {—<!>)=— Sinh : Cosh (—</>)=+ Cosh ^ 
Cosh <l> -f- Sinh <^ = : Cosh 0 — Sinh 0 = 6*^ 

Cosh^ (f) — Sinh^ (^ = 1 
Cosh j<l> + Sinh 

Sinh (x ±y) — Sinh x Cosh y ± Cosh x Sinh y 
Cosh {x ± y) = Cosh x Cosh y ± Sinh x Sinh y 

Sinh 2a; = 2 Sinh x Cosh x 
Cosh 2a: = Cosh* x Sinh* x 
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Tanh (x 
Tanh {x 


. . Tanh x — Tanh y 

. . . Tanh x + Tanh y 

1 + Tanh a: Tanh y 
Sech^ a; = 1 — Tanh^ x 
Coseoh^ X = Coth^ x — I 


Sinh”^ X = logg {x + Vx^ + 1}: 
Cosh"^ X = logg {x ^ ^/ x^ — 1} 

In the expression for the inverse 
Cosh x either sign is admissible (see 
also Fig. 3). 

In Fig. 3 are shown the graphs 
of Sinh X and Cosh x respectively, 
and Fig. 4 shows the graph of Tanh x. 

The accompanying tables give 
the hyperbolic functions Sinh (f> and 
Cosh (f) respectively, for values of ^ 
from 0 to 4. 



Fuj. 3 . 


Eelationships between the Circular and the Hyperbolic Functions 

, •Cl* 1 • ~ e 1 • 

sm X = —j kSmh^a* — : cos a; = Cosh^a; = ^ - 


f>7X _ ^ 7X 0X 1 ^~7X 

tan a: = - j Tanh ja; = - ^ ^ : cot a; = j Coth jx = 


sin jx = j Sinh x —j 


cosjx = Cosh X = 


• 3 ; = TANH X 


-2 


-1 


X 


2 
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HYPERBOLIC FUNCTION 
Sink ^ = i(e^ — e-4>) 
for values of ^ from 0 to 4 


4 

0 

1 

2 

3 

4 

5 

6 

7 


0 

D 

0*0 

0 0000 

0 0100 

0-0200 

0 0300 

0 0400 

0 0500 

0-0600 

0 0701 

0 0801 

0 0901 

101 

01 

01002 

0 1102 

0 1203 

0 1304 

0 1406 

0 1506 



0 1607 

0 1708 

0 1810 

0 1911 

102 

0-2 

0-2013 

0 2116 

0 2218 

0 2320 

0 2423 

0 2526 

0 2629 

0 2733 

0 2837 

0 2941 

104 

0-3 

0 3045 

0 3160 

0 3255 

0 3360 

0 3466 

0 3572 

0 3678 

0 3785 

0 3892 

0 4000 

108 

0-4 

0 4108 

0 4216 

0 4326 

0 4434 

0 4543 

0 4653 

0 4764 

0 4876 

0 4986 

0 6098 

113 

0-6 

0 6211 

0 6324 

0 5438 

0 5552 

0 5666 

0 5782 

0 5897 

0 6014 

0 6131 

0 6248 

119 

0-8 

0-6367 

0-6485 

0 6605 

0 6725 

0 6846 

0 6967 

0 7090 

0 7213 

0 7336 

0 7461 

125 

0 7 

0 7686 

0 7712 

0 7838 

0 7966 

0 8094 

0 8223 

0 8353 

0 8484 

0 8615 

0 8748 

133 

0-8 

0 8881 

0 9015 

0 9150 

0 9286 

0 9423 

0 9561 

0 9700 

0 9840 

0 9981 

1 0122 

143 

0-9 

1 0266 

1-0409 

1 0564 

1 0700 

1 0847 

1 0095 

1 1144 

1 1294 

1 1440 

1 1598 

154 

10 

1 1762 

1-1907 

1 2063 

1 2220 

1 2379 

1 2539 

1 2700 

1 2862 

1 3025 

1 3100 

166 

M 

1 3356 

1 3524 

1 3693 

1 3863 

1 4035 

1 4208 

1 4382 

1 4558 

1 4735 

1 4914 

181 

1-2 

1-6095 

1 5276 

1 5460 

1 5645 

1 5831 

1 6019 

1-6209 

1 6400 

1 6593 

1 6788 

196 

1-3 

1-6984 

1 7182 

1 7381 

1 7583 

1 7786 

1 7991 

1 8198 

1 8406 

1 8617 

1 8829 

214 

1-4 

1 9043 

1 9259 

1 9477 

1 9697 

1 9919 

2 0143 

2 0360 

2 0697 

2 0827 

2 1069 

234 

1-6 

2 1293 

2 1529 

2 1768 

2 2008 

2 2251 

2 2496 

2 2743 

2 2993 

2 3245 

2 3499 

267 

1-0 

2 3766 

2 4016 

2 4276 

2 4540 

2 4806 

2 5075 

2 5346 

2 5620 

2 6896 

2 6175 

281 

1 7 

2-6466 

2 6740 

2 7027 

2 7317 

2 7609 

2 7904 

2 8202 

2 8503 

2 8806 

2 9112 

310 

1 8 

2 9422 

2 9734 

3 0049 

3 0367 

3 0689 

3 1013 

3 1340 

3 1671 

3 2006 

3 2341 

341 

1-9 

3 2682 

3 3026 

3 3372 

3 3722 

3 4075 

3 4432 

3 4792 

3 5160 

3 5523 

3 5894 

376 

20 

3 6269 

3 6647 

3 7028 

3 7414 

3 7803 

3 8190 

3 8593 

3 8993 

3 9398 

3 9806 

413 

2-1 

4-0219 

4 0635 

4 1066 

4 1480 

4 1909 

4 2342 

4 2779 

4 3221 1 

1 4 3666 

4 4117 

454 

2 2 

4 4671 

4 6030 

4 6494 

4 5962 

4 6434 

4 6912 

4 7394 

4 7880 1 

1 4 8372 

4 8868 

602 

23 

4 9370 

4 9876 

1 5 0387 

5 0903 

! 5 1425 

5 1951 j 

5 2483 

5 3020 

6 3562 

5 4109 

553 

2*4 

5 4662 

6 5221 

5 5785 

5 6354 

i 5 6929 

5 7510 

5 8097 

5 8689 

5 9288 

6 9892 

610 

2*6 

6 0602 

6 1118 

6 1741 

6 2369 

6 3004 

0 3645 j 

1 6 4293 

6 4946 

6 5607 

6 0274 

673 

2*6 

6 6947 

6 7628 

6 8315 

6 9009 

6 9709 

7 0417 

7 1 132 

7 1854 1 

1 7 2583 

7 3319 

744 

2-7 

7-4063 

7 4814 

7 6672 

7 6338 

7 7112 

7 7894 

7 8683 

7 9480 1 

8 0285 

8 1098 

821 

2-8 

8 1919 

8 2749 

8 3586 

8 4432 

8 5287 

8 6150 

8 7021 

8 7902 1 

8 8791 

8 9689 

907 

2-9 

9 0696 

9-1612 

9 2437 

9 3371 

9 4315 

9 5268 

9 6231 

9 7203 

9 8185 

9 9177 

1,002 

3-0 

10 0179 

10 1191 

10 2212 ’ 

10 3246 

10 4287 

10 5340 

|10 6403 

10 7477 

10 8562 

10 9658 

1,107 

31 

11-0766 

11 1882 

11-3011 

11 4151 

11 5303 

11 6466 

11 7641 

11 8827 

12 0026 

12 1236 

1,223 

3*2 

12 2469 

12 3694 

12 4941 

12 6201 

12 7473 

12 8758 

13 0056 

13 1367 

13 2691 

13 4028 

1,361 

3-3 

13 6379 

13 6743 

13 8121 

13 9513 

14 0919 

14 23 J8 

14 3772 

14 5221 

14 6684 

14 8161 

1,493 

3*4 

14 905 

15-116 

15 268 

15 422 

15 577 

15 731 

,15 893 

16 053 

16 214 

16 378 

166 

3*6 

16 643 

16 709 

16 877 

17 047 

17 219 

17 392 

'17 607 

17 744 

17 923 

18 103 

182 

3-6 

18-286 

18-470 

18 655 

18 843 

19 033 

19 224 

19418 

19 613 

19 811 

20 010 

201 

3-7 

20 211 

20 415 

20 620 

20 828 

j 

21 037 

21 219 

21 463 

21 679 

21 897 

22 117 

220 

3-8 

22 339 

22-664 

22 791 

23 020 

23 252 

23 486 

23 722 

23 961 

24 202 

24-446 

246 

3-9 

24-691 

24 939 

25 190 

25 444 

25 700 

25 958 

,26 219 

26 483 1 

26 749 

27 018 

272 

40 

27 290 

27 664 

27 842 

28 122 

28 404 

28 690 

'28 979 

1 

29 270 j 

|29 504 

29-862 

300 
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HYPERBOLIC FUNCTION 

Co8h ^ -- e-^) 

for valueH of ^ from 0 to 4 



0 

1 

2 

3 

4 

6 

6 

7 

8 

9 

D 

00 

1 0000 

1*0001 

1*0002 

1*0005 

1*0008 

1*0013 

1*0018 

1*0026 

1*0032 

1*0041 

9 

0 1 

1*0060 

1*0061 

1*0072 

1*0085 

1*0098 

1*0113 

1*0128 

1*0146 

1*0162 

1*0181 

20 

0*2 

1*0201 

1*0221 

1*0243 

1*0266 

1*0289 

1*0314 

1*0340 

1*0367 

1*0396 

1*0423 

30 

0-3 

1*0463 

1*0484 

1*0610 

1*0549 

1*0684 

1*0619 

1*0665 

1*0692 

1*0731 

1*0770 

41 

0*4 

1*0811 

1*0862 

1*0896 

1*0939 

1*0984 

M 030 

1*1077 

1*1125 

1*1174 

1*1225 

51 

0-6 

1*1276 

1*1329 

1*1383 

1*1438 

1*1494 

M 661 

1*1609 

1*1669 

1*1730 

1*1792 

63 

0-6 

1*1865 

1*1919 

1*1984 

1*2051 

1*2119 

1*2188 

1*2268 

1*2330 

1*2402 

1*2476 

76 

0-7 

1*2652 

1*2628 

1*2706 

1*2785 

1*2865 

1*2947 

1*3030 

1*3114 

1 3199 

1*3286 

88 

0-8 

1*3374 

1*3464 

1*3555 

1*3647 

1*3740 

1*3835 

1*3932 

1*4029 

1*4128 

1*4229 

102 

0-9 

1*4331 

1*4434 

1*4639 

1*4645 

1*4763 

1*4862 

1*4973 

1*5085 

1*5199 

1*5314 

117 

1-0 

1*5431 

1*5649 

1*5669 

1*6790 

1*6913 

1*6038 

1*6164 

1*6292 

1*6421 

1*6562 

133 

11 

1*0686 

1*6820 

1*6956 

1*7093 

1*7233 

1*7374 

1*7617 

1*7662 

1*7808 

1*7966 

161 

1-2 

1*8107 

1*8268 

1*8412 

1*8568 

1*8725 

1*8884 

1*9045 

1*9208 

1*9373 

1*9540 

169 

1-3 

1*9709 

1*9880 

2*0053 

2*0228 

2*0404 

2*0583 

2*0764 

2*0947 

2*1132 

2*1320 

189 

1*4 

2*1609 

2*1700 

2*1894 

2*2090 

2*2288 

2*2488 

2*2691 

2*2896 

.2*3103 

2*3312 

212 

1-6 

2*3524 

2*3738 

2*3966 

2*4174 

2*4396 

2*4619 

2*4846 

2*6073 

2*6305 

2*5638 

237 

1*6 

2*6776 

2*6013 

2*6265 

2*6499 

2*6746 

2*6995 

2*7247 

2*7602 

2*7760 

2*8020 

263 

1'7 

2*8283 

2*8549 

2*8818, 

2*9090 

2*9364 

2*9642 

2*9922 

3*0206 

3*0492 

3*0782 

293 

1*8 

3*1076 

3*1371 

3*1669 

3*1972 

3*2277 

3*2686 

3*2897 

3*3212 

3*3530 

3*3852 

325 

1-9 

3*4177 

3*4506 

3*4838 

3*6173 

3*6612 

3*5865 

3*6201 

3*6551 

3*6904 

3*7261 

361 

20 

3*7622 

3*7987 

3*8355 

3*8727 

3*9103 

3*9483 

3*9867 

4*0266 

4*0647 

4*1043 

400 

21 

4*1443 

4*1847 i 

4*2256 

4*2668 

4*3085 

4*3507 

4*3032 

4*4362 

4*4797 

4*6236 

443 

2-2 

4*6679 

4*6127 

4*6580 

4*7037 

4*7499 

4*7966 

4*8437 

4*8914 

4*9396 

4*9881 

491 

2-3 

6*0372 

6*0868 

5*1370 

6*1876 

6*2388 

6*2905 

5*3427 

6*3954 

6*4487 

6*5026 

643 

2-4 

6*5669 

6*6119 

5*6674 

8*7235 

5*7801 

6*8373 

6*8951 

5*0535 

6*0126 i 

6*0721 

602 

2'6 

6*1323 

6*1931 

6*2646 

6*3166 

6*3793 

6*4426 

6*5066 

6*6712 

6.6365 

6*7024 

666 

2-6 

6*7690 

6*8363 

6*9043 

6*9729 

7*0423 

7*1123 

7*1831 

7*2546 

7*3268 I 

7*3998 

737 

2*7 

7*4736 

7*6479 

7*6231 

7*6990 

7*7758 

7*8533 

7*9136 

8*0106 

8*0905 

81712 

815 

2-8 

8*2627 

8*3351 

8*4182 

8*6022 

8*6871 

8*6728 

8*7694 

8*8469 

8*9352 

9*0244 

902 

2-9 

9*1146 

9*2056 

9*2976 

9*3906 

9*4844 

9*6791 

9*6749 

0*7716 

9*8693 

9*9680 

998 

30 

10*0678 

10*1683 

10*2700 

10*3728 

10*4765 

10*5813 

10*6872 

10*7942 

10*9022 

11*0113 

L 102 

31 

11*1216 

11*2328 

11*3453 

11*4688 

11*5736 

11*6896 

11*8065 

11*9247 

12*0442 

12*1648 

1»218 

3*2 

12*2866 

12*4097 

12*5340 

12*6596 

12*7864 

12*9146 

13*0440 

13*1747 

13*3067 

13*4401 

1,347 

3-3 

13*6748 

13*7108 

13*8482 

13*9871 

14*1273 

14*2689 

14*4120 

14*5565 

14*7024 

14*8498 

1,489 

3-4 

14*999 

15*149 

15*301 

15*455 

15*610 

15*766 

15*924 

16*084 

16*246 

16*408 

166 

3-6 

16*673 

16*739 

16*907 

17*077 

17*248 

17*421 

17*596 

17*772 

17*961 

18*131 

182 

3-6 

18*313 

18*497 

18*682 

18*870 

19*059 

19*260 

19*444 

19*639 

19*836 

20*036^ 

201 

3-7 

20*236 

20*439 

20*644 

20*852 

21*061 

21*272 

21*486 

21*702 

21*919 

22*139 

222 

3*8 

22*362 

22*586 

22*813 

23*042 

23*273 

23*507 

23*743 

23*982 

24*222 

24*466 

245 

39 

24*711 

24*969 

25*210 

26*463 

26*719 

26*977 

26*238 

26*602 

26*768 

27*037 

271 

4*0 

27*308 

27*682 

27*860 

28*139 

28*422 

28*707 

28*996 

29*287 

29*581 

29*878 

300 
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tan jo; =jfTanha; 


.e® — e"® 

•^e* + ' 


cot jx = 



~x 

-X 


sin'^a; = — jSinh'^^'a; = — jlog^ {jx + Vl — x^} 

coB-^x = — jCosh’^x = — jlogg [x +jVl — x^} 

tan-> x^-j T&nh-^jx = 1 log^ {p^}- 

Values of e^® intermediate to and beyond those tabulated on page 529 
may be obtained by interpolation, thus : 

e-103 ^ ^(e-102 ^ e-104) ^ J(0.361 + 0*353) = 0*357. 

The following examples show how to obtain values of e“® when x has 


TABLE OF CIRCULAR FUNCTIONS 



sin B 

tan 6 

cot 6 

cos 6 


0 

0 

0 

CO 

1 

90 

5 

0*087 

0*087 

11*430 

0*996 

85 

10 

0*174 

0*176 

5*671 

0*985 

80 

16 

0*259 

0*268 

3*732 

0*966 

75 

20 

0*342 

0*364 

2*747 

0*940 

70 

25 

0*423 

0*466 

2*144 

0*906 

66 

30 

0*600 

0*677 

1*732 

0*866 

60 

35 

0*674 

0*700 

1*428 

0 819 

66 

40 

0*643 

0*839 

1*192 

0*766 

50 

45 

0*707 

1*000 

1*000 

0*707 

46 


cos 0 

cot 9 

tan B 

sin 9 



TABLE OF LOGARITHMS TO BASE e 



0*0 

1 

0*1 

0*2 

0*3 

0*4 

1 

0*6 

1 

0*6 

0*7 

1 0*8 

1 

0*9 

1 

0 

0*095 

1 

0*182 

0*262 

0*336 

0*405 

0*470 

0*631 

0*588 

0*642 

2 

0*693 

0*742 

0*788 

0*833 

0*875 

0*916 

0*956 

0*993 

1*030 

1*065 

3 

1*099 

1*131 

1*163 

1*194 

1*224 

1*253 

1*281 

1*308 

1*335 

1*361 

4 

1*386 

1*411 

1*435 

1*459 

1*482 

1*504 

1*526 

1*548 

1*569 

1*589 

5 

1*609 

1*629 

1*649 

1*668 

1*686 

1*705 

1*723 

1*740 

1*758 

1*775 

6 

1*792 

1*808 

1*826 

1*841 

1*856 

1*872 

1*887 

1*902 

1*917 

1*932 

7 

1*946 

1*960 

1*974 

1*988 

2*001 

2*015 

2*028 

2*041 

2*054 

2*067 

8 

2*079 

2*092 

2*104 

2*116 

2*128 

2*140 

2*162 

2*163 

2*175 

2*186 

9 

2*197 

i 2*208 

2*219 

2*230 

2*241 

2*251 

2*262 

2*272 

2*282 

2*293 


log^ 10 = 2*303 : log^ 10^ = 4*605 : log^ lO^ = 6*908 : log^x = 2*3 logio^: : 
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a value greater than the highest value given in the table — i.e. for x greater 
than 2-08. 

e ^ 2 X = 0-135 x 0-368 = 0-050 

g-^266 ^ ^-2 X e-066 ^ 0.135 X 0-517 = 0-070 
e~6 ^ (e~2)3 = (o.l35)s = 0-002. 

It is also useful to note that 

g- 2 303 ^ Q.l^ 

TABLE OF VALUES OF e** 


X 

0 

2 

4 

6 

8 

00 

1000 

0-980 

0-961 

0-942 

0-923 

01 

0905 

0-887 

0-869 

0-852 

0*836 

0-2 

0-819 

0-803 

0-787 

0-771 

0-766 

0-3 

0-741 

0-726 

0-712 

0-698 

0-684 

0-4 

0-670 

0-667 

0-644 

0-631 

0-619 

0-6 

0-607 

0-696 

0-683 

0-671 

0-660 

0*6 

0-649 

0-638 

0-627 

0-617 

0-607 

0-7 

0-497 

0-487 

0-477 

0-468 

0-458 

0-8 

0-449 

0-440 

0-432 

0-423 

0-416 

0-9 

0-407 

0-398 

0-391 

0-383 

0-376 

10 

1 0-368 

0-361 

0-363 

0-346 

0-340 

M 1 

0-333 

0-326 

0-320 

0-313 

0*307 

1-2 

0-301 

0-295 

0-289 

0-284 

0-278 

1-3 

0-273 

0-267 

0-262 1 

0-257 

0*262 

1-4 

0-247 

0-242 

0-237 1 

0-232 

! 0-228 

1-5 

0-223 

0-219 

0-214 1 

0-210 

0-206 

1-6 , 

0-202 

0-198 

0-194 i 

0-190 

0-186 

1-7 

1 0-183 

0-179 

0-176 

0-172 

0-169 

1-8 1 

0-165 i 

0-162 

0-169 

0-156 

0-163 

1-9 

0-160 

0-147 

0-144 

0-141 

0-138 

20 1 

0-135 

0-133 

0-130 

0-127 

_ __ _ 1 

0-126 


Appendix II 
SKIN EFFECT 

(See also Chapter XIV) 

Calculation of the Skin Effect in a Straight Wire, showing the Results 
given by the Exact Method and by the Approximate Formulae, 

This comparison is given in Table I (on the next 
page) for a copper wire, 1 mm. diameter. 

In Table II are shown the comparative data for 
some of the practical formulae applied to an iron 
wire 5 mm. diameter. 


Fig, 6. 

MM 
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TABLE I 

Copper Wire: 1 mm. diameter: section 0'00798 cm.* j p = 1’77 x 10“ *fl/cm./om.* 
“ 0-211V/: radius o ^ 0 06 cm. : c = 6,030^A = cm. : 


(See Fig. 6.) 


Rd.e. for Copper Wire 1 mm. diameter = 222 x 10“*^?/cm. 









Exact Values 

hertz 

Ya 

Y 

R 

R 

tt.e. 

i.e. 

J.V- l|Y-a 

JjV- l|Y-0 

Res. to 

React- 








a.c. 

ance 








Res. to 

Res. to 








d.c. 

d.c. 










9,000 

1 

20 

1 ^ 

1 

10052 

1015.1“ 

0-506 - 8“ 

1-015 

0123 

1-25 

25 

' , 


1037«J^* 

0-036 ^38 8- 




1-60 

80 



1077.1*1 *■ 

0-706“^^®“ 




1-75 

35 




0-806 “^23 2- 



30,000 

20 

40 


1052 

1.2;^J52 3“ 

1-046-^1® 

1-085 

0-46 


225 

45 

, + 


l-36e^®^ 

1-206-^® 




2-5 

50 



l-51e^74 0<* 

1-376 -^1®“ 




2<82 

66‘4" 


126 

1 76e^»»“ 

1-626 '^®“ 

1-28 

0 835 

81,000 

80 



1-351 

l-95e^»«»'* 

1-806^'® 

1-31 

0-946 


325 


T 


2-23e^‘«7" 

2-066^26- 




3*60 


Ish 


2.58e^'^^«* 

2.386^34 4- 




3-75 


6l=- 


2-95e^i27 6» 

2-746^^®° 



144,000 

40 

80 

1 + 

1-691 

3.44e^i38 2» 

3-176^®® 

1-07 

1-35 


4-25 


1 


4-0«i'^®‘’ 

3-76^®® 




4*50 


\ 6 


4 02e^^®® 

4.28«i73 7" 




4*76 


< + 


5-36«^i«8 7» 

5-06^®®®” 



225,000 

50 

100 

' 

1 ^ 

2-037 

6 236^^*^“ 

6-86^®®®“ 

2-005 

1-68 

824,000 

60 

120 

1 CO 

1 6 

2-38 

11-5«^219 6» 

10-856^^®®^' 

2-40 

2-09 

441,000 

70 

140 


2-73 

21-556^280 3- 

20-56^173-5- 

2-76 

2-43 

576,000 

8-0 

160 


3-08 

40-826^®®® ®" 

39-076^213 7- 

3-14 

2-8 

729,000 

90 

180 


3-43 

77-966^841 6- 

74-97c^2®3 9" 

3-45 

3-18 

900,000 

100 

200 


3-783 

149-836^®»21- 

144-66^2®^ ®’’ 

3-78 

3-525 

3-6 X 10* 

20 

400 


7-0 

1 

For large values of to the real 

7-0 

7-0 






component of the ratio - 



14-4 X 10* 

40 

800 


14-1 


1 

14-1 

14-1 






becomes cos^ 

p, i.e. and 

Vz 


- 

32-4 X 10* 

60 

1,200 


21-2 

the ratio 

Bes. to a.c. 

21.2 

21-2 

Yo 

0-363rO 

3 V 2 

67-6 X 10* 

80 

1,600 


28-2 

Res. to d.c, ^ 

282 

28-2 


as in the adjacent column to 






■^“the lett. 


/ . . ' 



to a.c. 
Resistance to d.c. 
{see Chapter ZIV, 
Example 7), as 
derivet^ from the 
penetration depth 

y/W 

a^ — 

Rjes. to 

y/'^ - ?•**• . > 

a = Res. to 
V d.c. 
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TABLE n 


Iron Wire ; 0*6 cm, diameter : p 
a = 0*26 cm. ; Y 


15 X 10- V^/om./cm.* : fi « 2,600 
' ~ ' Y 










Rea. to a.c. 

/ 

hertz 

Ya 

Y 


Rea. to a.c. 

Res. to d.c. 

V2 

a — -y- cm. 

Rea. to d.c. 
a 







2(7 












CO 



1*21 

1 

4 


1-005 









o 






.e 

Oi 






b 




4*86 

2 

8 

i 1-086 

4^ 

— 

— • 

10-9 

3 

12 

' 

1-35 

— 

— 

19-5 

4 

16 


1-69 

0-088 

1-42 

30*5 

5 

20 ' 

CO 

S' 

0-071 1 

1 1-80 




o 

w 


2-10 

430 

6 

24 

4- 2-38 

0-059 


I 





690 

7 

28 

6 2-73 

0-0505 

2-47 







770 

8 

32 

■S' 2-98 

0-044 

2-86 








122 

10 

40 

g 3-78 

! 0-035 

3-5 







274 

15 

GO 

? 5-3 

0-023 

6-3 

485 

20 

80 

1 70 

_ 1 

0-0177 

7-1 

_ _ 



__ ' 



— _ 
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GERMAN SCRIPT AND ENGLISH EQUIVALENTS 


21 

= 

A 

as 

= 

w 

23 

= 

B 

x 

= 

X 

G 

= 

C 

?) 

= 

Y 

g 

= 

E 

B 

= 

Z 


= 

H 

A 

= 

Manuscript D 



I or J 

e 

= 

e 

U 

= 

K 

t 


i 

sue 

= 

M 

q 

== 

q 


= 

S 

u 

= 

u 

u 

=: 

u 

to 

= 

w 

as 

= 

V 

i 

= 

z 


These Script letters are used to denote vector quantities. 
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a 

/5 

y 

A 

d 

e 

c 

V 

0 

6 


A 

A 


} 

} 

) 


LIST OF GREEK SYMBOLS 


alpha 

beta 

gamma 

delta 

epsilon 

zeta 

eta 

theta 

iota 

kappa 

lambda 


V 

s 

71 

P 

T . 
01 

X • 

ip . 

i3l 

coj 


mu 

nu 

xi 

pi 

rho 

sigma 

tau 

phi 

chi 

psi 

omega 


Appendix IV 

SOME USEFUL PHYSICAL CONSTANTS 

10“^ cm. == 1 mm. 

10“^ cm. = 10“® m. = 1 micron (//). 
10“^ cm. = 1 milli-micron (m//). 

10~® cm. — 1 Angstrom (A). 

10“^® cm. = 1 micro-micron 


Gravitation constant for the attraction between two masses : 


et LJ^i X m2 , 

Fg=H dynes 

where mi and m 2 are in gms., r in cm., 

H = 6*65 X 10-8. 

Example. — r = 5 cm., mi ^ 100 gm., = 10® gm. 
_ 6-65 X 10-8 X 108 X 102 
^ " 25 


== 26*6 dynes. 


1 Mol weight AT of a substance is an amount such that the number 
of grams weight is the same as the number which defines the molecular 
weight, e.g., 

1 mol of hydrogen 2 gm. 

1 mol weight of every gas at 0° C. and 760 mm. pressure occupies 
22*4 litres. 
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Avogadro’s Number (also called Loschmidt’s Number) at 0° C. and 
760 mm. pressure, is : 


Mol weight 

Weight of one molecule 


6-06 X 1023. 


1 Physical Atmosphere 1 033 kg. /cm . 2 

= 1,013 X 10® dynes /cm. 2 . 

This quantity is the weight of a column of mercury 760 mm. long 
and 1 sq. cm. cross-section, the density of the mercury being 1 3-6 gm./cm.®. 
1 Technical Atmosphere — 1-000 kg./cm.®. 


Electromagnetic Waves 

Type of Kadiation 

Short gamma-rays 
X-rays 

Ultra-violet rays 
Visible rays 
Ultra-red rays'! 
Heat wave J 
Electric waves 


1 micron (y) - 
1 micron {y) ^ 

1 A - 

Fig. 6 shows the energy 
distribution of electromag- 1 

netic waves as a function of | 

the wavelength for a series of ^ 

temperature measured in V 

® K., i.e. Kelvin degrees : ^ 

(° K. = ° C. + 273° C.). £ 

This diagram shows how 
the maximum energy radiated fl 

becomes displaced on the ^ 

abscissa scale for the different 
temperature values. 

The shaded area refers to ( 
visible light. 


Wavelength in microns, /x 


0-466 X 10- ® 

0- 168 X 10-* . . . 660 X 10-® 

1- 3 X 10-2 ... 36 X 10-2 
0-36 . . . 0-78 

0-78 ... 340 

340 ... 00 


0-00 1 mm. 

= 10^ A (Angstrom). 
10-8 cm. 
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Heat Energy required to melt i Metric-ton of Steel 

1 metric-ton — 1,000 kg. — 2,200 lbs. 

Sensible heat at 1,500° C. = 240 x 1,000 kg.-calories. 
Latent heat = 49 x 1,000 „ 

Total heat == 289 x 10® kg.-calories. 


or 


289 xJO® 
860“ 


- 336 kWh. 


Specific resistance of high condiicti\ ity electrolytic copper : 
Annealed copper : p > ^^^ohm/m./mm.®. 

Cold-drawn copper wire : ^ to ^ ohm/m./mm.®. 


General Expression for the Coupling Coefficient of Two Coupled Circuits 

In Chapter X, page 337, expression (68), the general formula for the 
coupling coefficient of two coupled circuits is given, viz., 

7 

VX,.X, 

and on page 338 are shown four representative diagrams of such coupled 
systems. The respective values of the four components of this expression, 

fc, 

for each system is given in the following Table : 

(a) (b) (c) (d) 




TEST PAPERS 


The Test Examples below ate all chosen and arranged with a view to emphasis- 
ing the different aspects of the principles which are dealt with in the individual 
chapters of this volume 

Solutions to the questions will be found in the companion volume, " Test 
Papers and Solutions on Electrical Engineering** They will also serve to 
elucidate points which might otherwise be obscure to the reader 


TEST PAPER ON CHAPTER T 


1. Express the kinetic energy (i) of translation, (ii) of rotation in joules, 

2. A train of mass G metric tons is travelling at a speed of V km. /hour. Find 
the kinetic energy, assuming that the rotational energy is 25 per cent, of that of translation. 

3. What driving force is necessary to produce an .acceleration of A km. /hour /sec. 
of a train on the level, neglecting the frictional resistance ? 

4. An electrically operated vehicle of mass M kg. is running on the level at a speed 
of V metres /sec. If the vehicle is braked, by the application of a constant torque, show 
by means of a diagram the relationship between speed and time, and between kinetic 
energy and time, during the braking period. 

5. A train running at a speed of GO miles /hour on the level is brought to rest in 
1,000 yards. Find what uniform resistance must be applied to the train. 

6. At what speed will an engine of 500 horse-power take a train of 300 tons weight 
up an incline of 1 : SO, if the frictional resistance is 15 lb. weight per ton. 

7. A railway waggon weighing 30 tons strikes the buffers at a speed of 5 miles /hour 
on the level, and comes to rest in 1 foot. Find the mean resistance exerted by the 
buffer springs. 


8. The specific heat of copper is 0*094 

. - joules 

specific heat in terms of ^ . 

c.cm. o. 


kcal. 

kgT^C. 


and the density is 8*9. 


Express the 


9. Express the e.g.s. unit of mass in te)*ms of joules 


sec.^ 

cm.^ 


10. Express the c.g.s. unit of force in terms of joules /metre. 

11. If the cost of coal is 12s. per ton and the heat value is 3,000 kcal. per lb., and if 
4,500 kcal. are required for the generation of 1 kWh., find (i) the thermal efficiency of 
generation, and (ii) the cost of generation per kWh. 

12. In a fuel-fired central heating plant 1 lb. of coal of calorific value 3,500 kcal. per 
lb. can produce about 0*9 kWh. of useful heat energy. Find the thermal efficiency of 
the plant. A fuel-fired boiler in continuous service can produce about 2*25 kWh. of 
useful heat energy per lb. of coal. Find the thermal efficiency. 
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TEST PAPER ON CHAPTER II 

1. Describe the constrvctional features of a dry {e,g, torch) battery. 

2. With the aid of a diagram of connectioriSf show how the internal resistance of 
a cell may be measured. 

3. If the resistance of wire used for a telephone line is 55 ohms per mile and its 
conductivity is 56 siemens /metre j mm. find the cross-sectional area. 

4. What is meant by “ electrolytic corrosion ” ? How may its destructive effects 
be kept under control ? 

5. Experiment shows thaJt when 1 gm. of hydrogen combines with oxygen to form 
water^ 34 kcal. of heat energy are released. If, in the electrolysis of water, a current 
of I amperes flows for t seconds, find : (i) The necessary expenditure of energy, 
(ii) The minimum value of the applied p.d. for effective electrolysis. (Hi) The energy 
required to release 1 cubic metre of hydrogen at 0° C. and 760 mm. pressure. 

6. What quantity of electricity unll be necessary to produce one ton of caustic soda 
by the electrolysis of brine ? 

7. If the electrochemical equivalents of iron, lead, and copper, are respectively 
0'000289, 0-0010714, 0-00066 gm. per coulomb, find what amount of each of these 
metals will become dissolved in electrolytic corrosion by a current of 1 ampere in 1 year, 
the number of active hours per annum being 4,200. 

8. Show how a logarithmic heating curve may be derived graphically from a know- 
ledge of the heating time constant, one point on the curve and the final steady temperature. 

9. The field coil of a generator has a healing time constant of 20 minutes and heat 
is gejieraled at a uniform rate such that the final steady temperalure will be 80° C. If 
the room temperature is 20° C. construct the temperalure /time curve for the first 
20 minutes after switching on the coil when it is at room temperature. If the current 
is then switched off, construct the cooling curve for the next 10 minutes. 

10. Explain why a mercury -arc rectifier is not very suitable for operating at low 
pressures. 

11. Describe the principal features of a single-phase mercury -arc rectifier. 

12. Explain the operation of the two-electrode thermionic valve (the diode). 

13. Show Iww a three-electrode thermionic valve (a triode) may be used as an 
amplifier. 

14. How may the cathode-glow discharge be applied as a surge arrester ? 

15. Give an account of Townsend's “ avalanche " theory of the breakdown of 
a spark-gap. 

16. Give an account of the principal phenomena associated with an electric arc. 

17. What is the International Electrotechnical Commission (I.E.C.) definition for 
the specific resistance of standard soft copper ? From this definition derive the tempera- 
ture coefficient at 0° C. 

18. Derive an expression which shows how the temperature rise of a coil which 
carries a current of I amperes depends upon the way in which the temperalure coefficient 
of the matcriul of the wire varies with the temperature. It is to be noted that the cooling 
is assumed to be forced so that the radiated heat is negligibly small as compared with 
the heat which is dissipated by convection. 

19. Describe some modem form of the carbon microphone. / 

20. A source of d.c. supply of which the e.m.f. is E volts and the resistance is ohms 
is connected to a consumer's load of resistance Rx ohms. Find (i) the conditiems for 
which the maximum power is delivered to the consumer, and (ii) the efficiency of the 
supply system under these conditions. 
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TEST PAPER ON CHAPTER in 

1. When the insulation between an overhead transmission line and the supporting 
mast fails, a current will flow to earth and, for many purposes, a sufficiently gocd 
approximation can he obtained by assuming that the current passes into the earth 
through a hemispheric surface bedded in the earth and representing the foundation of 
the mast. Obtain expressions for the resultant current density and the pressure drop 
per centimetre at points in the neighbourhood of the base of the mast and relate th^e 
quantities to corresponding quantities for the electric field due to a charge sphere, 

2. Assuming the current radiates from a hemispherical surface bedded in the 
earth, find the potential and the current density at a point distant x cm. from the centre 
of the hemisphere. 

3. An animal is standing in the neighbourhood of a live mast. Find the magnitude 
of the p.d. which will he short-circuited by the body of the animal, 

4. A man is walking in the neighbourhood of a live transmission mast. Find the 
magnitude of the current which will pass through his body. 

5. A sphere of 1 cm. diameter is charged with 6 electrostatic units of positive 
electricity and is suspended by an insulating support at a height of 1 metre above 
a large flat metal plate placed on the ground. Find the force exerted on the metal plate 
and the potential of the sphere. It is to be assumed that tin height of the sphere above 
the plate is large in comparison with the radius of the sphere. 

6. Two concentrated quantities each of 2 electrostatic units of positive electricity 
a/re placed at 5 cm. apart. Plot the traces of the equipotential surfaces and the lines 
of force. 

7. Give an account of the main types of insulation materials for heavy and light 
current work respectively. Describe the principle of one method of testing the insulation 
strength by means of high tension rectified alternating current pressure. 

8. Give an account of the electron theory of the action of a crystal detector. 

TEST PAPER ON CHAPTER IV 

1. A condenser discharges through a resistance and spark-gap in series. Obtain 
the current and pressure relationship showing how the time taken for the condenser to 
discharge may be found. 

2. A condenser is charged from a source of direct current by means of an arc across 
the switch gap. Give an account of the current and pressure relationships and derive 
an expression for the time taken to charge the condenser. 

3. Derive an expression for the pressure distribution along a string of high tension 
insulators. (NOTE. — To answer this question knowledge of the contents of Chapter X V 
is desirable.) 

4. Express the relationship 

Q in coulombs ~ (V in volts) X (G in farads) 
in electromcfignetic units. 

5. Find the potential at any point due to a long straight wire which is free in space 
and is charged with q coulombs per centimetre length. Apply the result to the 
determination of the capacitance per kilometre of a symmetrically arranged three-phase 
transmission line. 

6. Two metal spheres each of radius r cm. and distant a cm. apart in air, are equally 
and oppositely charged with Q electrostatic units. Find : 

(i) The potential difference between the spheres. 

(ii) The capacitance of the condenser formed by the two spheres. 

(Hi) The energy stored in this charged condenser, 

(iv) The force acting on each sphere. 
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7. Three long straight horizontal and parallel tuires are supported al different 
heights above the earths surface and each is charged with q coulombs per centimetre 
length. Find the potential at any point and apply the result to the calculation of the 
capacitance per phase of a symmetrically arrang^ three-phase transmission line, 

8, A transformer hushing is built up as follows : 


Ldyer 

No, 




Dielectric 

constant 

0 

Copper rod 

. . outside radius 

2*0 cm. 


1 

Layer of varnished paper 

, , outside radius 

2*3 cm. 

4 

2 

Layer of “ compound ” 

outside radius 

5*0 cm. 

2*6 

3 

i 

Porcelain shell . 

. . outside radius 

7*6 cm. 

5 


Maximum pressure gradients : 

For the paper insulation .... 30^000 volts/cm. 

For the “ compound ” . . . . . 40,000 „ 

For the porcelain ..... 9,500 „ 

Find the potential of the copper rod and the pressure gradient in the air at the 
outside surface of the porcelain shell, 

9, What significance has corona phenonmna for the design of overhead transmission 
lines ? 

10, What significance has corona phenomena for the design of underground cables ? 

11, A capacitance is formed from two flat parallel plates as electrodes, A slab of 
solid insulation material of thickness mm, and of dielectric constant 4 is close against 
one electrode and the air-gap between the other electrode and the insulation is mm, wide. 
If a pressure V is applied across the electrodes, find the pressure droj) across the air-gap, 

12, A condenser is built up of 11 plates as shown in the ojccompanying diagram, 
the surface aiea of each plate is 50 sq, cm, and the distance between adjacent plates is 




(a) 

Question 12. 



a«0-003 CM. 


( 6 ) 


0*003 cm. If the condenser is charged to a pressure of 250 volts and the dielectric 
cemstant is e ^ 9, find — 

(i) The capacitance of the condenser, 

(ii) The energy stored, 

(Hi) The force of attraction between two adjacent plates. 

13, Describe a method for determining the dielectric resistance by measuring the 
rate at which a charged arid insulated cable loses its potential, 

14, Find the capacitance due to the two long cylindrical conductors of an overhead 
single-phase transmission line the diameter of each of which is comparable ivith the 
distance between the axes of the cylinders. 
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TEST PAPER ON CHAPTER V 

1. A chain of two resistance cells is shown in the acconvpajnying diagram. Find 
the resistance as measured between the tertninals XY. 

2. A chain of three resistance cells is shown in the accompanying diagram. Find 
tlbe resistance measured between the terminals XY. 

* 3. A ring-main is fed at one point and there are three consurmFs tapping points , 
as shown in the acc4>mpany^ng diagram. Find the current distribution in the ring. 



Question 1. 



* 4. A closed ring-main, shown in the 
accompanying diagram, is fed at one point 
A and supplies three separate consumers. 
Fmd the current distribution by assuming 
the main is cut at any point, such as D, 
6. A star connected system of resistance 
is loaded, as shown in the accompanying 
diagram, and the supply points 1,11 and 111 
arc all at the same potential. Find {i) the 
current distribution in the system, and (n) 
the potential difference between the star point 
and the supply points. 

6. A distributor of copper udre 130 
metres long is fed from each of the ends A 
and B, the end A being sujyplied at 220 volts 
and the end B at 224 volts, as shown in the 




I 
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Question 8. 


accompanying diagram. Loads are connected to tapping points as follows {distances 
measured from the end A) : 

60 amperes at SO metres , 26 amperes at 40 metres , 40 amperes at 70 metres , 
60 amperes at 100 metres ; 70 amperes at ISO metres. 

Find what current is fed in at each end of the line and the maximum percentage 
drop. The cross section of the distributor conductor is 20 sq. mm. 

7. Find by the method of determinants the current distribution in the network shown 
in the accompanying diagram. 

8. Apply Thevenin's Theorem to determine the current distribution in the network 
of the accompanying diagram. 

9. Give an account of (i) the Varley test and (ii) the Murray test for determining the 
position of faults in cMes. 

10. Describe the “ universal shunt ” and explain its purpose. 

TEST PAPER ON CHAPTER VI 

1. When an electric current passes across a junction of two different metals the 
** Joule effect ** and the “ Peltier effect ” are superposed. How may these two effects 
be separated ? 

2. /Shaw how the Peltier cooling action may be calculated from the e.m.f.Jtemperature 
relationship of a thermo-junction. 
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8. Quartz plates for piezo-electric 
oscillating systems are usually cut 
from the crystal, as shown in the 
accompanying diagram. If such a 
quartz plate is held between two 
metal plates so that the electric axis of 
the crystal lies at right angles to the 
metal plates, then, according to the 
frequency of the p.d. which is applied 
to the plates, longitudinal or trans- 
verse (i.e. thickness) oscillations of 
the quartz will be produced. What 
is the structure of the electric circuit 
which is equivalent to this system of 
quartz and metal plates ? 

4. Give a short account of the 
problem of measuring high tempera- 
tures such as art required for many 
industrial purposes. 

5. Describe some form oj resist- 
ance thermomt^tcr which is suitable 
Jor measuring temperatims in the 
neighbourhood of 1,000° (\ 

6. Owe a diagram of connections 
for a Bridge method of measuring 
temperatures by means of a thermo- 
couple. 

7. What IS the technical signific- 
ance of a “ black body and what is 
its practical significance ^ 

TEST PAPER ON CHAPTER VII 

1. Describe a method for measuring the horizontal component H of the earth^s 
magnetic field. 

2. Find the potential at a point P in the field of a small bar magnet. 

3. What is a “ magnetic shell of uniform strength,'* and what is its practical 
significance ? 

4. Find the potential of a magnetic shell at a point P. 

5. What change of direction takes place when lines of magnetic inductitm pass 
from one medium into another ? 

6. Explain the principle in accordance with which a space may be screened from 
a magnetic field. 

7. Discuss the magnetic force conditions which will exist when two magnetised 
surfaces are placed parallel to each other in a gaseous or liquid material of per- 
meability p^. 

8. What mechinical force is necessary to drag a block of iron from the end of a 
magnetised bar of circular section and 2 cm. diameter when the induction density aJt 
the end of the bar is B = 3,200 gauss ^ 

9. Successive deflections of a ballistic galvanometer with small damping are as 

shown in the accompanying diagram, viz. : Ai : , where Ai = 10 cm. : 

^ 3 = 9-5 cm., and so on. Find the undamped deflection A^ in terms of the following data . 

{i) The logarithmic decrement is A nepers per I period of swing. 

(ii) The logarithmic decrement is A nepers per period of swing. 


Z^OPTICAL AXIS 



Question 3, Clmpter VI. 
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10, Explain the principle 
of action of the therrno-mag- 
netic motor, 

11, Show how the principle 
of magneto striction may be 
applied to the measurement of 
Young's modulus for a rod or 
wire of iron, nickel, or cobalt, 

12, Explain the principle 
of operation of the Magnetic- 
Potential Meter, 

13, On page 204, Fig. 30, 
of “ Principles ”, a method is 
explained for calibrating a 
magnetic-potential meter having 
a flexible coil. Describe two 
methods for calibrating the non- 
flexible semi-circular coil system 
shown on page 204, Fig. 31. 

14. Describe the procedure for measuring static nutgnetic fields by means of a 
“ bismuth spiral 

15. What is the ” Hall Effect ” and how nmy it be applied to the tmasurement of 
the strength of a magnetic field ? 

TEST PAPER ON CHAPTER VIII 

1. The pole shoe of a direct citrrent dynamo is sha 2 >ed as shown in the accompanying 
diagram. Explain how the total flux per pole crossing the air-gaj) per pole 7rvay be 
determined. 

2. 'a magnetic separator, capable of dealing with large blocks of iron, comprises 
a “ magnetic ^mlley ” driven by a belt on which the inaterial to be separated travels. 
The puUey is magnetised by ineans of an exciting coil as shown diagramrruxtically in 
the accompanying diagram {a). Find what magnetic pull is exerted on the block when 
it is symmetrically jjlaxed over the axis of the, pulley as shown in the diagram (b). The 
diameter of the pulley is 36 inches and the belt is %-i7ich thick. The surface of the 
block is X 24 inches, the effective length in the direction of the pulley axis being 
12 inches. The exciting am^iere -turns of the magnetising coil is 12,000. 

3. A current of S amperes is flowing in a long straight wire. WheU is the force 
on a unit magnetic 2 )ole placed at a distance of 7 cm. fro7n the axis of the wire ? What 
will be the radius of a circular coil of one turn which will produce the same force at the 
centre of the coil for the same current of 8 amperes in the coil ? 

4. A lifting electromagnet and armature of soft iron are. shown in the accompanying 
diagram, the air-gap d being 2 mm. and the total length of the magnelic circuit in the 
iron being 130 cm. The section of the iron is 9 x 9 cm. and the penrieability is 2,500. 
What flux density in the air-gap will he required to hold a load of 1 metric ton and what 
number of ampere-tums must he provided to produce this flux density ? 

5. In order to generate the required direct current e.m.f., the flux in the armature 
of the two-pole dynamo of the accompanying diagram, must be 5'75 x 10^ c.g.s. lines, 
the magnetic permeability being p — 3,000. The magnetic leakage factor is 12: the 
mean length of path in the poles and yoke is 100 cm. and the cross-section is 650 sq, cm. : 
the length of the single air-gap is 1 cm. and the cross-section is 1,300 sq. cm. : the length 
of path in the armalure is 15 cm. and the cross-section is 500 sq. cm. Find what 
exciting ampere-tums will be required. 



Question 9. 
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6, A short-circuited circular coil of 150 turns has a meein diameter of 25*5 cm, and 
is arranged so that it can be rotated about a v^tical axis. The coil is set with its plane 
perpendicular to the horizontal component of the earth"* s magnetic field, the intensity of 
which is 0'2 oersted. If the resistance of the coil is 20 ohms, find what quantity of 
electricity will he set in motion when the coil is turned through 1S0°, 

7 , Show how the mutual inductance of two coils can be measured by means of 
a ballistic galvanometer test. 



Question 2. 
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8. Two coils, 1 and 2, are in inductive relationship to one another, the resistance 

of each coil being negligible. If a d.c. pressure of 10 volts is applied to coil 1, obtain 
a graph showing the current in each coil and the stored electromagnetic energy of the 
system as a function of the time, when Ly 1 henry : — 2 henry : M ^1*2 henry. 

9. A two-pole short-circuit occurs at a power station which is operating in parallel 
with a number of other stations on 10 kV. bus bars. The short-circuit current reaches 
a peak value of 93,500 amperes. If the length of conductor between two supports is 
160 cm. and the meam distance between two neighbouring conductors is 40 cm., find 
whai niechanicol force will be developed between two conductors. 

10. Obtain th^ relationship between torque and speed for a direct current series 
wound traction motor. 

11. The switch shown in the accompanying diagram comprises two surfaces in 
contact, the process of opening the switch consisting in sliding these two surfaces so 
that the area of contact gradually becomec zero. Obtain the relationships between contact 
current and time and contact p.d. and time. 

12. An electron is moving in a steady homogeneous electric field and a steady 
homogeneous magnetic field, these two fields acting in directions which are mutually 
at right angles. Obtain the equations which define the motion of the electron. 

13. Derive the equations which define the path of the motion of Example 12, for 
the following initial conditions, viz., t — 0 : Vx — 0 : v^, — 0. 

(This principle is applied in the “ Magnetron ” valve for the generation of ultra- 
high-frequency oscillations.) 


TEST PAPER ON CHAPTER IX 

1. A condenser of 3pF capacitance is placed in parallel with a resistance of 
150 ohms and the parallel system is connected to an a.c. supply of 600 r.m.s. volts at 
500 frequency. What is the power factor and the magnitude of the current which is 
supplied by the mains ? If the resistance and capacitance are now placed in series 
across the same supply terminals, whcl will be the current and power factor ? 

2. In order to protect a group of relatively small power cables, from a short-circuit, 
which might produce a destructive effect, a choking coil can be arranged between the 
generator and the cables as shoum in the accompanying diagram. 

A water-driven three-phase power station of 150 MV A. capacity at O'OI'V 3 kV. per 
phase supplies a nitrogen plant by means of cables. The reactance of the station is 
15 per cent, and the reactance of the protective choke coil is 8 per cent. Find the value 
of the short-circuit current. 

What will be the short-circuit current if there is no protective choking coil ? What 
is the ratio of the consequent mechanical stress in the two cases ? 

3. A laminated cylindrical iron ring of 45 sq. cm. cross-section, is uniformly 
wound with a coil of 100 turns and an alternating p.d. v == Vm cos o)t is applied to 
the terminals of the coil. If the resistance of the winding is negligibly small, obtain 
an expression for the magnetic induction B as a function of the time and discuss the 
implicalions of this expression. 

4. Show how the magnetising current wave of a transformer' may he derived from 
the hysteresis loop. 

5. In the accompanying diagram is shown an oscillatory circuit to the terminals 
of which is applied a d.c. pressure of V volts. Find the logarithmic decrement and the 
amplitude of the undamped current. 

6. What is meant by the “ 0 ” value of an alternating current circuit ? 
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RighJt — Que-6tion 5. 



7. A condenser is connected in parallel with a series arrangement of resistance and 
inductance. This parallel system is then connected to a souicc of a.c, supply. Discuss 
the resonmice conditions of the system, 

8. The two circuits 1 and 2 shown in the accompanying diagram are electro- 
magnetically coupled ^ the coefficient of mutual inductatxon ^icmg M herVry, and the 
coefficients of self-induction respectively and Ij^ henry, and the resistances and R^, 
If it he assumed that there 'is no magnetic leakage ^ obtain an expression for the trans- 
formation ratio, 

9. Two coupled circuits shown in the accompanymg diagram^ the primary circuit 
of which is connected to an a.c. supply pressure Vm cos o)t. Obtain (?) the two simul- 
taneous equations which define the current in each oj the coupled circuits, and {ii) the 
simple series circuit which is electromagnet icnlly equivalent to the coupled system of 
circuits. 




M 

Question 9. 


10. A trip coil for a circuit-breaker has an inductance of O'l mH and a very small 
capacitance, e.g. the leading-in conductor from the circuit-breaker the capacitance of 
which might be 10 ^ pF, Find the natural frequency of this coil. 

11. Find the natural frequency of oscillation of a protective choke coil of inductance 
L ^ 5 mH which is connected in front of a cable of capacitance C ~ 2pF. 

12. Experiments show that when an arc is formed in oil, oil-gas is generated, the 
volume of which is about 50 c.rm. per kW. sec. at normal temperature and pressure. 
The relationship between the pressure, volume, and absolute temperature of a gas is 
PV 

-g- == constant. If on oj)ening a switch to interrupt 0-5 x 10^ kVA., the generated 

energy of the arc is 400 kW. sec. and the temperature of the oil-gas generated is 5,000° C., 
what will be the volume of yas generated if the gas pressure is 25 atmospheres ? 

IS. Explain the action of the “ shaded pole ” motor — also knoum as the “ Ferraris 
Disc'\ 
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74. Show how the short-circuit impedance of a transformer vnay he measured by 
means of a bridge test. 

15. Compare the characteriafic performance of a polarised and a non- 
pola/rised ” relay. 

16. Compare the a>ction of a magnetic relay operated by alternating current with 
that of a relay operated by direct current. 


TEST PAPER ON CHAPTER X 


1. Two circuits each comprising a series arrangement of capacitance^ inductance^ 
and resistance are coupled by mutual hiduction. Find the simple series circuit which 
is electromagnetically equivalent to this coupled circuit. 

2. Find the magnitudes of the primary current and of the secondary current of the 
mutually coupled circuits of Example 1. 

3. The two coupled circuits of li.rample 1 are separately tuned to the same resonance 
frequency^ the individual constants of th( circuits being as follows • 


Li -= H., C\ 5 X 10 ^ F. : ^ 10 Q \ . 

Lt = IS X 10 * H., Cj - 3-3 X 10 » F. : - 11 ~ 


X W. 


Find the current in the secondarg circuit and obtain the value of the coupling factor 
for which this current reaches a maximum value. 

4. Two coupled circuits^ each tuned separately to the same resonance frequency, 
have the same numerical value as those gir>en in E ram pie 3 • 

(t) Find the coupling factor which will give the marimum current in the secondary 
winding and plot the current frequency releitionships feu each of the two e'ircuits. 

(n) Taking a coupling factor equal to one fifth of the critical value, plot the current- 
frequency relatiemships feir each of the two circuits. 

{Hi) Tetkmg ei coupling factor cyued to Jive times the critical veilue, plot the current 
frequency relationships for each of the two circuits. 

5. Find the resonance frequency of two circuits which are coupled by mutued 
induction, each of the circuits being separately tuned to the same resonance frequency 
and the resistance of each circuit being relatively small. 

6. Find the input impedance and the resonance frequencies of the comjioiind 

circuit shown in the accompanying diagram when and Oj - Cg* 


9 Ij— 



i — .. 

Im 

1 
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Question 6. 



Question 7. 


7. Find the input impedance and the resonance frequencies of the circuit system 
shoum in the accompanying diagram when — (\ and — L^. 

8. Explain the action of a simple valve oscillator. 

9. A two-pole short-circuit occurs at a pouter station which is operating in parallel 
with a number of other power stations on 10 kV. bus bars. The short-circuit current 
reaches a peak value of V 2 x 66,100 — 93,500 amperes. If the length of conductor 
between two consecutive supports is K ~ 160 cm. and the mean distance helween the 
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conductors is D 40 cm,, find the mechanical force which will he developed between 
them due to the short circuit. 

10, The natural frequency of oscillation of a stretched conductor supported at 
each end is 


n = 112 



oscillations per second. 


where g kg. per centimetre length is the weight of die conductor, 

E is Young'" 8 modulus and for copper is 1'15 x 10^ kg. per centimetre, 

J is the moment of mertia of the cross-section of the conductor in cm.^ units. 

I cm. is the free length of the stretched conductor. 

If the copper bus bars of Example 9 have a cross-section of 10 x 1 cm.^ and the 
distance between two supj)orts is 160 cm., find (i) the natural frequency of oscillcUion, 
and (ii) the stress in the conductors due to the force of F ~ 720 kg. as calculated for the 
short-circuit conditions of Example 9. 



11. A transformer connects a 30-kV. supply cable with a 6-kV. network as shotvn 
in the accompanying diagram, a circuit-breaker being installed on each side of the 
transformer. The three-phase 30 / 6 -kV. transformer is rated at 15 MV A., the leakage 
reactance is 7 '7 per cent., no-load current (i.e. magnetising current) is 7*1 per cent, of 
the rated full-load curre^it. The low-tension switch opens by means oj an arc and it 
is required to find the oscillation frequences to which it will give rise. 

12. Three simple series circuits are respectively defined by the following data, viz. : 

{i) C ^ 200 pF : L — O' 1 henry : R ~ 5 ohms 

[ii) C — 200 pF : L — 0*1 henry : R ~ 0 ,, 

(Hi) C — 40 pF : L — 0-5 henry : R — 0 „ 

Draw the graphs showing the relationship b^’tween current and supply frequency 
for the following arrangements of these circuits : 

I. The simple series circuit 1 is alone connected across the supply termhials. 

II. The circuits 1 a7id 2 are connected in series across the supply terminals. 

III. The circuits 1 a^id 3 are connected in series across the supply terminals. 
In each case the peak value of the supply pressure is 1,000 voUs. 

13. Show how the alternating current of constant frequency may be generated by 
means of a mechanical oscillating system. 

14. Give a short account of the vibrating reed rectifier. 

15. Show how a qumtz crystal may be used to stabilize the frequency of a valve 
generator. 
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TEST PAPER ON CHAPTER XI 

1, Explain the principle of action of some form of relay by means of wh/a^h the 
power factor of the current which is being transmitted from one station to another may 
he cmtomatically controlled, 

2, A symmetrical three-phase supply of which the line pressure is 380 volts feeds 
a mesh connected load as follows : 

Between lines 1 and 2 : 19 kVA. at cos = 0*5 lagging, 

„ „ 2 „ 3 : 30 kVA, at cos ^ = 0*8 lagging, 

„ „ 3 „ 1 : 10 kVA. at cos tl> = 0*9 leading. 

Draw the vector diagram for the mesh loads and derive the vector diagram for the 
line currents, 

3, Convert the mesh load of Example 2 into the equivalent star load. Find the 
pressure of the load star-point as referred to the star-point of the supply system and 

derive the vector diagram for the line currents. 

4. An unsymmetrical three-phase pressure system is 
connected to a star arrangement of reoclanceSy all three 
reactances being of equal magnitude. Show that the 
star-point pressure of the reactance will lie at the centre 
of gravity of the supply line pressure triangle. 

5. It is required to obtain a current of variable 
magnitude and in phase with cme of the phase pres- 
sures. Show how this may be done and derive the 
magnitude so obtained (i) by Thevenin's Theoremy (ii) 
by means of vector diagram analysis. 

6. One conductor of a three-phase overhead trans- 
mission system breaks and one of the free ends falls to 
earth ; the receiver end of this line is connected to a 
three-phase transformer y as shown in the cLccompanying 

diagram. Draw the vector diagrams for the three-phase current and pressure at the 
consumer's terminals. 

7. Show how the total reactive volt-amperes denoted by the symbol var taken by 
a balanced three-phase load, may be measured by means of two wattmeters. 


Je 
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Question 6. 


TEST PAPER ON CHAPTER XII 

1, A transformer has a 10 per cerU, impedanae and a short-circuit power factor of 
0*4, Find the percentage pressure drop when the transformer is operating aJt its full 
rated output and (i) at unity power factor, (ii) al a power factor of 0*8 lagging, 

2, Explain the general principle of operation of the synchronous motor, 

3, Draw the vector diagram for a three-phase synchronous machine which is running 

in parallel with a large supply system and show that the locus of the extremity of the 
current vector is a circle. ^ 

4, Show how the torque and power of a synchronous motor may he derived from the 
circle diagram. 

5, A synchronous motor is supplied at a constant pressure of 200 volts per phase 
and a frequency of 50. The reactance per phase is 8 ohms and the motor has four poles. 
Find the necessary excitation if the motor develops 10 horse-power at unity power 
factor and draw the torque-B curve. What excitation will be necessary if the motor is 
to develop 10 horse-power at a power factor of 0*9 leading ? The open-circuit character- 
istic, that is the relationship between the induced e.m.f, E per phase and the excitation 
ampere-tums per pair of poles at constant speed is given in the accompanying diagram. 
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AMPERE-TURNS PER PAIR OF POLES 

Question 5. 


6, Obtain an expression for the natural frequency of oscillation of a three-phase 
synchronous machine, 

7. Show that^ if there is a pair of curves such as the circles MCD and MAB in 
the accompanying diagram, and if fhe^e curves be inverted until reference to a point O, 


BP 


the ratio for an elementary area PQTR of the first pair of curves will he the same 


rp 

as the ratio — for the area of inversion in the second pair of curves. 


rt 


8. A long, straight horizontal wire of O' 8 cm. radius is supported within a cylindrical 
metal sheath of radius 3 cm. so that the axes are parallel and 1 cm. apart. Find the 
capacitance of the electrostatic field between the two conductors by the method of 
transforming this eccentric system into an equivalent system of a wire O' 8 cm. radius . 
set at a definite height h above a flat metal plate parallel to the conductor. 


9. Find the capacitance of the system of two eccentric cylindrical conductors defined 
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in Example 8 by the method of transforming the eccentric system into an equivalent 
system of two concentric conductors, 

10. Apply the results obtained for the capacitance between two eccentric cylindrical 
conductors to determine the magnetic reluctance of the space between a cylindrical iron 
rod which is supported in a cylindrical tunnelled hole in a laminated iron block, the 
axes of the rod and the tunnelled hole being parallel and at a definite distance apoH, 

11. Obtain the expression for the magnetic reluctance of the air-space between the 
two eccentric cylindrical surfaces of the accompanying diagram, by inverting the two 
eccentric surfaces into two equivalent co-axial surfaces. 

12. By means of the method of symmetrical component analysis, derive an expression 
for the current which will flow when one phase of a generator is short-circuited to the 
star point and the other two phases are open. 


TEST PAPER ON CHAPTER XIII 

1. The primary winding of a single-phase transformer is connected to a pressure 
wave of sinusoidal form and frequency f hz. Neglecting the resistance of the winding, 
obtain an expression for the induced back e.m.f. 

2. In the accompanying diagram (t/) is shown a situ wave form of flux of peak 
value 9 — 10^ c.g.8. lines, as a function of the circular frequency (o = inf, and in the 
diagram (b) is shoum the relationship between the magnetising current and the flux. 
Obtain the wave form of the magnetising current. 

3. Analyse, as far as the seventh harmonic, the current wa/ve form obtained 
in Example 2, 

4. Currents of different frequencies are flowing in a circuit as follows : 


Frequency : hertz 

0 

(i.e., d.c.) 

50 

150 

750 

Current in r.m.s. amperes .... 

10 

10 

5 

3 


Find the r.m.s. value of the current indicated by an a.c, ammeter in series with the 
circuit. 
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J. Since a third harmonic cannot flow in a three-phase supply system with an 
insulated star point, stoic what means are available for enabling the requisite third 
harmonic of the current wave to flow in the transformer winding, 

6, What will be the effect on the harmonics of the magnetising curreni wave of 
a transformer if a third harmonic appears in the flux wave ? 

7, Draw a diagram showing the flux density distribution in the air-gap of a single- 
phase concentrated two-pole winding. The radial length of the air-gap is 8 cm, and 
the air-gap surfaces of both stator and rotor cores are smooth cylindrical su/rfaces. 
Show in the diagram the fundamental sine wave and the third harmonic of flux density 
distribution in the air-gap. 

8, A three-phase two-pole concentrated stator winding is shown in the accompanying 
diagram, together with the time vector duigram of the three-phase alternating current 
whicb is supplied to the winding. Construct a diagram showing the three fundamental 



waves of magnetic flux density with the time as the abscissa axis, as well as the fifth 
harmonic waves associated with each of these fundamental uaves. From this diagram 
derive the direction of rotation of the 10-pole magnetic field as referred to that of the 
2 -pole field. Find the speed of rotation of the 10 -pole field in terms of the speed of 
rotation of the 2 -pole field. 

9. If a balanced three-phase star -connected inductive system is connected in parallel 
with a balanced three-phase mesh-connected inductive system, show that, when the cores 
of the inductances are operating at saturation values of the flux densities, the conscqusnt 
fifth and seventh harmonics in the individual phases of each system can be eliminated 
from the line currents. 

10. Describe some method by means of which the magnitudes of the individual 
harmonics in a given wave form of e.m.f. may be measured. 

11. What is meant by the ** frequency spectrum ” of a non-sinusoidal wave form ? 
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TEST PAPER ON CHAPTER XIV 


1. Find the diameter of the iron rod which will satisfy the following conditions, viz. : 

Resistance to a.c. ^ ^ , 

D “ ^ ^ ^ •* frequency f «= 2,000 hz. : 

Resistance to d.c. , ^ ^ 

p ss 12 X 10-^ ohm per cm.lcm^^ ; permeability p « 500. 

2. At what frequency will a straight copper wire, 1 mm. diameter, have a resistance 
4 times its d.c. vi^ite ? 


S. An iron wire carries a.c. at a frequency of 5,000 hz. Find what the diameter 
will be if the resistance to a.c. is 4 times the d.c. value. The specific resistance is 
p — 12 X 10 ® ohmlcm.lcm.^ 

4. Find the current distribution over the section of a straight copper wire, 1 mm. 
diameter, for a frequency of 0^25 x 10^ hz., if p = h77 x 10 ^ ohm/cm. /cm.^ 
Draw the vector diagram for the current distribution. 

5. Alternating current at 5,000 frequency is passed through an iron lamination to 
which the following numerical data apply : 

thickness 2 A = O' 5 mm. : p — 2,000 : p ^ 10 x 10-^ ohfn/cm.lcm.^ 

Plot a curve of current distribution for the following moments : 

(i) The current in the surface skin has its maximum value. 

(ii) The current in the surface skin is zero. 

6. Find the “ penetration depth ” of alternating magnetic flux in laminated con- 
ductors as defined by the following data : 


Dynamo stampings 
Permalloy . 

Cast steel . 


P 

Qjcm.Jcm.* 





P 10-^ 

0 2 X 10-* 
0-2 X 10 


2,000 

10,000 

1,000 


7. Derive an expression for a, the depth of penetration in a straight wire which is 
carrying high-frequency alternating current. 

8. Give an account of some practical application of “ skin-effect ” at low frequencies. 

9. Derive the conditions for which the damping of an iron-core, alternating -current 
inductance coil becomes a minimum. 

10. Give an account of the characteristic features of a “ pot ” type oscillator or 
resonator for ultra -high-frequency systems. 

11. A copper oscillation-pot of the form described in Example 10 carries an 
oscillatory current of 1 metre wavelength. Find the effective resistance and the power 
loss per square centimetre of the cylindrical wall. The specific resistance of copper 
is p — 1'77 X 10~^ ohm per cm. cube. 

12. Discuss the significance of the oscillation pot with respect to its “ resonance 
quality ” and its “ resonance resistance ” R,„^. 


TEST PAPER ON CHAPTER XV 

1. If a three-phase transmission line is “ compensated " by connecting a uniformly 
distributed reactance between each line and the star point, find what reactive volt-amperes 
will be taken by this reactance for any given value of the load at the consumer's terminals. 

2, If the line pressure at each end of an unloaded three-phase transmission line is 
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tnmntained cU the constant value of 132 kV., find : {%) What capacitance current 
must he supplied to each end of the Une ; (ii) what pressure rise will develop at the 
midpoint of the Une, The surge-impedance is Zq 380 ohms per phase, the supply 
frequency is 50 and the length of the line is 2s 200 km, 

3. Referring to Example 2, one method by means of which the necessary capacitance 
current can he supplied to the receiver's terminals is to connect at that end of the line 
an inductance of vedue Lb henry, such that U will dra/w a current of 20*7 amperes from 
that end of the line. Explain how it is that cm inductance can he said to supply 
a capacitance current to the line in this way, 

4, What is the ** Lecher Line ”, and what is its purpose f 

5, Find what reactive kV A, per kilometre must he supplied to a three-phase overhead 
transmission line and show the results as a function of the line pressure for the following 
leads : (i) No load, {ii) 0*75 times the natural load, (Hi) 1*25 times the natural 
lead. The line constants are as follows : 

Capacitance Cq = 0*0096 y. 10-^ farad per kilometre ; 

Inductance Lq =« 0*00127 henry per kilometre. 

The supply frequency is 50 hz, 

6. Draw the vector diagram for one phase of a three-phase transmission line hy 
making use of the equivalent 4 -terminal n unit. From this diagram derive the relation- 
ship which defines the natural power of the line. 

7, Show how the resistance of a transmission line may he taken into account in 
the equivalent 4-terminal n unit. 

8, Explain how an arc to earth which starts on an overhead line may he automatically 
suppressed (Petersen coil), 

9. Define the heV^ : **deciheV\* '‘'‘neper". From these definitions derive the 
numerical relationships between the three quantities, 

10, A resistance of R ohms connects an underground cable of surge impedance 
^oa = 50 ohms with an overhead line of surge impedance Z^i == 500 ohms. The 
resistance is of such a magnitude that it gives maximum efficiency of absorption of energy. 
Construct the graphical representations of the current and pressure for the following 
conditions, viz. : (i) When the surge passes from the overhead line into the cable ; 
(ii) when the surge passes from the cable into the overhead line. Contrast these results 
with those obtained when the resistance R ^ 0, 

11. Show how a 4-pole unit system may be \ised as a filter to block the passage of 
high-frequency currents. 

12. Show how a 4-pole unit system- may he used to block the passage of low-frequency 
currents, 

13. Show how a 4-pole T system may he used as a filter to pass a selected hand of 
frequencies. 

14, A single-phase overhead line of bronze conductors 3 mm. diameter is used for 
high-frequency transmission. Calculate the damping factor as a function of the 
frequency. 

15, How would you measure the damping factor of a high-frequency cable ? 

16. Discuss the significance of the damping factor as regards the question of the 
installation of amplifiers for the operation of a hiqh-frequency transmission Une, 

17. For the transmission cable such as that shown in Fig, 29, Example 15, 
find what power is dissipated per metre length of the cable when the consumer is receiving 
1 watt. 

18, Show how : (1) the damping of a cable may be measured, and (2) how the 
damping of cable may be derived from the Q factor and the dielectric loss factor of the 
cable, viz,, tan 6, 
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19, What is meant by the ^^attentiuition*^ of a transmission line ? Show by means 
of a numerical example the effect of the altentuation of the power transmitted. 

20, A symmetrical 4 -pole T system of non-inductive resistances is shown in the 
accompanying diagram. Obtain the two simultaneous equations which relate the input 
pressure and current respectioely, with the output pressure and current. 


Ru 



Question 20 . Question 21 . 


21. A symmetrical 4 -pole n system of non-inductive resistances is shown in the 
accompanying diagram. Obtain the two simultaneous eq'uations relating the input 
pressure and current respectively with the output pressure and current. 


TEST PAPER ON CHAPTER XVI 


1. Show that when a quarter -wave transmission line of surge impedance is 

Z * 

connected to a resistance Re ohms at the receiver'' s end, the input impedance is 5 ^. 

Re 


2, What methods are used for connecting a radio sending station to the antenna ? 
What are the characteristic features of each method ? 

3. If a quarter -wave transmission line is open-circuited at the receiver's end, find 
what the iryput impedance will he if the supply freguency is slightly higher than the 
resonance value. 


4. If a quarter -wave transmission line is short-circuited at the receiver's end, find 
what will be the input impedance when the frequency is slightly higher than the resonance 
value. 


6. Compare the characteristics of the normal high-frequency cable and the co-axial 
cable. 

6. Prove that the surge impedance of open space is 376*7 ohms. 

7. Show how a transmission line may be matched to a load by means of a transformer. 

8. What considerations of the damping characteristics of telephone lines govern the 
suitable spacing of the amplifiers ? 

9. In the development of the Maxwell-Hertz equations it was assumed that 
the current density was uniform throughout the dipole. For practical antennae, how- 
ever, this assumption is not valid. Find the height of an antenna having uniformly 
distributed current density, which will be equivalent to the actual antenna having 
sinusoidally distributed current density. 

10. Compare the characteristic features of high-frequency cables and of high- 
frequency radio for alt emmting -current transmission . 

11. Prove that if a, parallel resonance circuit of inductance L henry, capacitance 
C farad and non-inductive scries resistance of R ohms is placed in each of the two 
parallel branches, then the input impedance of the system will be irvdependent of the 

frequency if R (television aerial of fJhe Empire State Building, New York). 
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Absolute system of units : 7, S, 9 
Acceleration, diinensions : 4 
„ of motor ; 394 

Acceptor circuit : 265 
Accumulator, alkaline : 58 
Edison : 58 
electric : 57 
Faure ; 58 
lead : 58 
Plants : 58 

Active power : 363, 366 
Admittance diagram : 371, 374, 379 
„ vector : 300 

Aldrey, alloy wire : 48 
Alloys, resistance ; 43, 45 
Alpha rays : 29 
Aluminium coi iduc t( )rs : 127 
A.C. resistance, rneasureTnent of : 428 
„ resistance of wire : 442, 444, 456 
Ampere, international : 12, 20 
„ -turns: 20, 177, 199 
Analysis, of rectified waves : 415 
,, „ pulse waves : 421 

,, „ rectangular waves : 41 7 

,, spectroscopic : 174 

,, of trapoz<ndal waves : 420 

,, ,, triangular waves : 418 

Angle of loss ; 63, 64, 68, 309, 363 
„ Table : 114 

Angstrom : 28 
Anode : 30 

„ drop : 34 

Antenna characteristics : 508 
,, charge : 494 

,, dipole : 493 

,, effective capacitance : 513 

,, equivalent height : 507 

„ equivalent lumped circuit : 509 

,, loading: 513 

,, surge impedance : 514 

,, T fonn ; 514 

,, tuning : 515, 517 

,, types. Table : 516 

Arc discharge : 35 
„ rectifier : 39 
Armco iron ; 1 84, 1 85 
Arnold and Elmer : 192 
Arrester, lightning : 47 
Asymmetry factor : 403 
Atmospheric potential : 93, 94 
Atomic structure : 25-27, 174 
,, core : 25 
„ disintegration : 29 
„ number; 174 
Avalanche effect : 33 
Avogadro*s number : 1 1 


B 

Balance, current : 14 

Balanced 3-phase system : 354, 358 

Ballistic constant : 342 

„ galvanometer : 200, 204, 322, 

339, 340 

Battery, Groves’ : 57 
Bar-and-Yoke tost : 198, 203 
Beta rays : 29 
Bidwell, Shelford : 190 
Binary alh)ys : 194 
Binomial theorem : 521 
Bismuth : 180 
„ wire : 48 

Bismuth-antimony couple ; 1 64 
Black body : 164 
Blocking boundary : 39 
Blondel leakage factor : 239, 335 
Bohr atom : 27 

Boning, dielcf tTu* strength : 70-75 
Breakdown stress, Table : 114 
Bridge, Campbell : 306 

„ Maxwell: 16, 17, 308 

„ Thomsojj : 311-313 

„ Wheatstone: 17,125 

„ Wien : 309 

British Association : 7 

B.A. unit : 10 

Bureau of Standards : 12, 14, 16, 164 

C 

Cable, belted : 105 

capacitance : 372 
cavities : 1 07 
charging current : 472 
co-axial : 456 
dielectric strength : 120 
gas-filled : 109 
glow-discharge : 107 
high-frequency : 456 
Hochstadter : 107 
junction with overhead line : 467 
oil-filled: 108 
rubber: 105 
screened : 106 
surge impedance : 463 
„ power : 464 
three-phase: 105 
Cady,W. G.: 171 

Calibration of galvanometer : 206, 207, 
342 

Calorie, gram : 1, 59 
„ kgm. : 59 
Campbell Bridge ; 306 
Capacitance : 5, 8, 20 

„ Bridge : 1 6, 1 7 
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Capacitance : current : 484 
of cable : 372 
„ disc I 103 
„ electric field : 99 
„ overhead line : 371 
„ parallel plates : 102 
„ „ wires : 102 

„ sphere : 101 
„ straight wire : 103 
„ three-phase line : 104 
,, tube of force : 100 
„ two concentric cylinders: 

103 

„ „ „ „ spheres : 

101 

„ „ „ eccentric cylinders : 

373 

Carbon resistance : 42 
Carbonyl iron : 184 
Carrier wave : 328 
Cathode : 31, 33, 50 
„ drop : 34, 36 

„ rays ; 25, 36 

C.G.S. units : 1, 2, 7, 19, 23, 328 
Ceramic insulation : 69 

„ sheath for thermo-couple : 163 

Characteristic of antenna : 508 
„ „ dynamo : 221 

Charge due to atmospheric electricity : 94 
„ of electron ; 25 

„ „ neutron : 25 

,, „ proton ; 25 

Charlottenburg Conference : 11, 12, 13 
Chicago Conference : 11, 12, 13 
Circle diagram, induction motor : 385 
,, „ transmission line : 486, 

488 

Circular frequency : 247, 315, 325 
„ functions : 528 

Clark’s cell : 13 
Clock, pendulum : 17, 18, 173 
„ quartz : 17, 18, 173 
Closed and open circuits : 492 
Closed ring magnetic test : 199 
Co-axial cable : 456 

„ capacitance : 456 

„ impedance : 457 

,, inductance ; 466 

„ Russell’s formula ; 456 

„ surge impedance : 457 

Cobalt : 180 

„ steel : 198 

Coefficient of self induction : 235, 236 
„ „ mutual induction : 237- 

239 

Coercive force : 182 
Communication technique : 1 91 
Commutator : 231 

Comparison of skin-effect formulae : 
465, 456 

Compensation, transmission line : 487 
Complex quantities : 291 


Compound cfrcuit : 378 

„ „ power distribution : 

382 

Condenser charge : 270 

„ discharge: 269, 275,278, 316 
Conductance : 300, 377 
Conductivity : 5, 42, 44 

„ aluminium : 127 

„ copper : 127 

Conductors : 40 

„ non-metallic : 45, 46 

Conjugate vector : 365 
Contact corrosion: 57 
Continuous functions: 407 
Control couple of galvanometer : 340 
Converter, thermo- : 166 
Coolidge tube : 37 
Copemick alloy : 193 
Copper, conductivity : 127 
Copper-constantan junction : 160 
Copper-eureka „ Table: 161 

Core of atom : 25 
Corona : 85 
Crookes, Sir W. : 36 
„ dark space : 34 
Corrosion, contact : 57 
Coulomb : 2, 4, 5, 6, 22, 25, 53 

„ law : 2, 4, 5, 6, 22, 52, 76, 84, 
175 

Coupled oscillation circuits : 334 
Coupling, capacitance : 338, 534 
„ inductance : 338, 534 
„ reactance : 338, 534 

„ resistance : 338, 634 

Cross-wire structure : 1 95, 207 
„ core : 196 

Crystal, quartz : 167 
„ iron : 188 
,, lattice : 190 
Gumming : 158 
Curie, I. and P. : 167 
Curie point : 180, 188 
Current, Balance : 14 

force due to : 209, 216 
distributors : 127 
moment ; 128 
networks : 154 
resonance : 333 
unit : 4, 5, 8 


Damping surges : 465 

„ of galvanometer : 340 
Dark space, Crookes : 34 
„ Faraday ; 34 
Debye : 116 
Decay of current : 267 
Definition of surge wave form : 460 
Delta system : 349 
Demagnetisation curves : 182, 198 
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Density, surface : 77 
„ quartz : 1 72 
Determinants : 154 
Diamagnetic : 180 
Dielectric : diiuensions of : 4, 22 
Dielectric constant : 2, 5, 23, 24, 52, 113, 
169 

„ Table ; 114 
energy : 326 
power loss : 362 
strain : 118 

strength, theory ; 70-75 

Dielectrics : 63 
Dimensions of units, Xable ; 5 
Dipole : 116 

„ antenna : 493, 497, 498 
Direct piozo-electrie effect : 169, 170 
Disc, capacity : 103 
„ flywheel : 390 
Discharge of condenser : 316 
Disintegration of atom : 29 
Displacement current : 495 
„ electric : 5 

Dissociation : 53 
Distribution of a.o. in wire : 433 

„ „ „ „ lamination : 447, 

448 

,, ,, flux ,, ,, : 444 

,, ,, ,, ,, wire : 439 

Distributors : 127 

,, and economical load : 148 

„ equivalent currents : 129 

„ fed at both ends ; 132-137 

,, miiformly loaded : 131 

Dorn, Dr. : 11 

Double Bridge, Thomson : 311 
Dynamical relationship : 385 
Dynamo characteristic : 220 
„ stampings: 180 
Dyne : 1, 2, 19 


£ 

Earth wire for transmission lino : 93, 94, 
97 

Economical current ; 148 
Eddy current constant : 431, 432 
„ loss ; 430, 432 

Edison accumulator : 58 
Effect of wave form on measurements : 
426 

Effective a.c. resistance ; 429 
Elasticity : 119 
Electric accumulator : 57 

current energy : 59 
displacement : 118 
fleld capacitance : 99 
„ energy: 117 
generator : 227-232 
motor : 233-235 
potential : 5 


Electric power from thermo-couple ; 166 
„ quantity : 5, 8 

„ Standards Committee : 16 

,, surface density : 77 

„ surge : 458 

Electrical degrees : 351 
„ units : 2, 8 
Electrolysis : 50 

,, and the electron : 55 

„ „ insulation : 70 

„ in practice : 56 

Electrolyte : 42, 50 
Electrolytic iron : 1 84 
,, meter : 56 

Electro-chemical equivalent : 53 

„ „ Table : 64 

Electro-magnetic coupling : 337 
„ energy : 326 

„ force (K.M.F.): 3, 226 

„ induction : 223, 275 

„ potenual : 213 

„ time constant : 245 

,, unit of current : 4, 212 

„ units. Table : 8 

„ wave energy : 492 

„ „ spectrum : 28 

Electron : 25 

energy : 27 
orbits : 25, 174 
shell: 174 
spin : 174 
valency : 174 

Electrostatic energy : 32 
,, pressure : 85 

„ units. Table : 8, 325 

Elmer and Arnold : 192 
Energy : 1, 2, 8, 19 

interchange : 492 
and mass : 29 

of electric field : 117, 241, 242 
,, electrolysis : 55 
„ hemispherical shell : 505 
„ hysteresis: 181,198 
„ oscillating current : 323 
„ radiation : 503 
,, surge : 463 
quantmn : 28 

stored in dielectric : 117, 120, 
320 

„ transmitted across a junction : 
408 

Equaliser flywheel : 386 
Equivalent current in distributor : 129 

„ depth of a.c. penetration : 

451 

„ height of antenna : 507 
„ TT unit : 484, 485 

Erg : 1, 2, 19 

Even harmonics : 408, 413 
Exciting a transmission line : 484 
Exponential form for cos x : 295 
„ functions : 528, 629 
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F 

Farad, unit of capacitance : 15, 20, 100 
Faraday and dielectric constant : 114 
„ dark space ; 34 
„ laws of electrolysis : 53 
Faure accumulator : 58 
Feeder ; 128 

Ferro-^magnetic ; 174, 176, 180, 187 
Feussner thermo-couple : 1 62 
Fleming’s rules : 4, 229, 234 
Flux, magnetic unit : 21 
Flywheel equaliser : 385 
Force between two charged plates : 83 
due to charged sphere : 87 
„ „ ,, wire : 82 

„ „ current : 209, 216 

electro -magnetic : 3 
flux of; 76 

lines of: 78-80, 209, 212, 493 
magnetic : 178, 182, 187, 188 
measurement by piczo-electricity : 
171 

„ unit of: 1, 2, 19, 76 
Forced oscillations ; 284, 324 
Form factor : 431 

Formulae for a.c. resistance ; 453, 454 
Forward-travelling wave ; 450, 467 
Fourier series ; 407 

French railways and piezo-electricity. : 171 
Frequency, circular : 270, 315 
„ natural : 257, 314 
„ of tourmaline plate : 173 
„ ,, tuning-fork; 17 
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„ „ equivalent n unit ; 

481, 485 

,, „ maximum power : 

488 
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